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9.1 Sequences

Example 1.
If the sequence is simple enough one can lookedfirtst few terms and guess the

general rule for computing thath term. For instance

1,1,1,1,1,... a, =1
-1,0,1,2,3, ... a =n- 2
-2, -4, -6, -8, -10,... a, =-2n
1,-1,1,-1,1,... a, =(-)™*
1 1 1 1 1
1, —, =, =, =, a, =—
2 3 4 5 n
Solution:
1,1,1,1,1,...

(%i1) load(solve_rec); [X Maxima ™ 1 ¢7 [ I it i@l =0 » - RLZY o4 ’:EJ?;E;??V%&I
R0 PR BERL Maxima P [E Y- J B - T TS FRIFTEV solve_rec
Fﬁ%ﬂ ’ ﬂé[’é’ﬁlﬁ:?i[ﬂ_'?“ﬁfﬁﬁ{ IFEZVELEE solve _rec

(%ol
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrik/solve rec/

(%i2) solve_rec(a[n+1]=a[n],a[n],a[1]=1);

RS M=UEE T ¢ solve_recE = ,@|

e PR IR R 8, = 8, RGTR e, o F D 1

(Fo2) an=1

-1,0,1,2,3, ...

(%il) Ioad(solve_rec)j[ﬂ Maxima " 7 ¢ [ IE it L2y [ o4 ZEJ%?ETVTEZI

R AR WERL Maxima P [E Y- f B - T TS FRIFTEV solve_reci




ﬁ%ﬂ ’ ﬂé[’é’ﬁlﬁ:?i[ﬂ_'?“ﬁ’lfﬁﬁ{ IFEZVAELEE solve rec

(%ol
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrik/solve rec/

(%i2) solve_rec(a[n+1]=a[n]+1,a[n],a[1]=-1);

= 4 ¢ solve_recliE i o |
ol FRAMY  IREES 8, =, +1 o @R a, o F -1

(%02 4 =n -2

-2, -4, -6, -8, -10,...

(%i1) load(solve_rec);

[ Maxima™ 7 & F I imsil= » F R LS 4 FiFovig]
R P [P IERL Maxima [ [R5~ [ PRS- 7 S PRI solve_rec i

FF%LL’ ’ ié[’é‘ﬁlf%@?“ﬁfﬁﬁ# IFEITVIEAE solve _rec

(%ol
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrik/solve rec/

(%i2) solve_rec(a[n+1]=a[n]-2,a[n],a[1]=-2);

SRS solve_recEfI
B FUR) R R e A, =8, -2 BT A, 52

[FoZ) aH:—E (n—-1)-Z2

(%i3) ratsimp(%); /L U HECE HE] A, = =2n

(F03) an=—211

1,-1,1,-1,1,...

(%i1) load(solve_rec);

(Y Maxima = 1 €7 [ | E il A > B RLES ] AR Tvis]

e AT R Maxima [ Y- T RSN - A TS FIRIFIV solve_recg




AT o e R VRS solve_rec

(%ol
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrik/solve rec/

(%i2) solve_rec(a[n+1]=a[n]*(-1),a[n],a[1]=1);
\?‘ ARl ¥ |’§Ej)| IR P A, =a, * (1) » @gyiftia, o T“fiﬁ

fliE% 1

R solve_rec{ﬁ:?i[ﬂ_'|

(302) a =(-1)

1111

1, , , , .
2 3 4 5

(%i1) load(solve_rec);

P Maxima ™ 7 @ [ I i =" » 0 RLES 4 v
LL’ ’ ’:’l"ﬁ;j GEHERL Maxima [ E - P BEAREY S T IS MR solve_recﬁf[ﬁ*‘

FA o R IRV solve_rec

(%ol
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrik/solve rec/

(%i2) solve_rec(a[n+1]=a[n]/(1+a[n]),a[n],a[1]=1);

RS 4 solve_rec{ﬁ:ﬁ[ﬂ_ﬂ

RN =% i — ’. 7 2 )= T —C = g = a AerEl < i 3 1 f
‘j ,ﬁﬁgr,%J%”@ﬂ /H@ﬁhiﬂ$%ﬁq%%paml_l+; ’HE@W$5}EEa”’%J%”@

n

(%i3) ratsimp(%); /F] - iR E e, = %

(%03) a_=

n

ale



Example 2.

The sequence

3.1, 3.14, 3.141, 3.1415, 3.14159,...
is defined by the rule

a, = to n decimal places,

+
that is, a, = \where m is the integer such that '~ < 7< 1.
1¢" 10" 10"

Example 3.

The numbern ! , read n factorial, is defined as the product of the first positive
integers;

n ! =102[...[n

<n | >is an important sequence. Its first few terms are

1, 2,6, 24,120, 720,...

By convention, 0 Is defined by 0 =1.

Example 1. (Continued)

lim1=1, converges, because, =1 forall H.

n-oo

limn-2=oc, diverges, becausél —2 is positive infinite for all H .

n-oo

lim(—2n) = —co , diverges, because 2H is negative infinite for allH .

n-oo

lim(-1)" is undefined, diverges, becauge1)*” = bt (-1)*"*" =-1.

n-oo

1 1
lim= =0, converges, becauseH— has standard part zero.
n- o n



Solution: (%i1) limit(1,n,inf); Hﬁﬂﬂ#ﬁﬁ s limit(HFEEC o Ap[RARET ﬁﬁ[ﬁﬂﬂ /1=

FIEEY AL > AT n o AR n T 0o

(%c0l) 1

(%i2) limit(n-2,n,inf);  [EIEEE 4 limit( A=Y AIRGEg - mEl)

=L

AR n-2 ARG n o ASJEIED n BT o

(F02) oo

(%i3) limit((-2)n,n,inf);  [FIELE 5 < limit(C AR R - wa)

AV HEFEL-2n AR n o BERIED n T oo

=&

(03] —oo

(%i4) limit((-1)"n,n,inf); - iRy < limit(hH R S ARG &[T EERTE
HY

Fl BTG (D" o AU L n o SEIEL n T 0o

(%04) ind

9%i5) limit(L/n,n,inf); [FIEGT 7 - limit( 7E= - i aany - mE)| /s
F]
R L RIS 0 AR 0 TR o
n

(%o5) 0O

Example 2. (Continued)
The sequence

3.1, 3.14, 3.141, 3.1415, 3.14159, .a,,...

where a, =(7n to n decimal places), converges . That is

lima, = 7.

n-oo



Example 3. (Continued)

limnl=o

n-oo

Solution: (%iZ) limit(n!,n,inf);  [l4E F s limit(Ch A > A alil)| /)

e A n Lo AREEEEEE n o SR n T e

(Fo0l) oo

Example 4.

. An*+1 . 4xP+1
lim > =lim

> =4.
n-en®+3n  n-e XT 43X

Similarly, if lim f(x) =c then lim f(n) =c.

Solution: (%i1) limit((4*n~2+1)/(n*2+3*n),n,inf); F@ﬂf«%ﬁ limit( A 0 R

B )] A e A L e o i n g e
n
(Fol) 4
Example 5.

limIn(n) =limIn(x) = co .
n—oo X — 00

Solution: (%i1) limit(log(n),n,inf); I@M Fl || Climit( HEEES S A %‘ﬁ[ﬁﬂ)\ Il

FETES Y R L In(n) o A IEAERES n o BRI ED Nt Th o

(Fo0l) oo

Example 6.

limcY" =limc*=c®=1,if ¢>0.

n- o x-0"



Solution: (%i1) limit(c™(1/n),n,inf); F@’J[ﬁﬁﬁ Hlimit( R Ry s /)
Py AT CY o RRG@E R n o RIS n TR oo
(Eol) 1

Example 7.

Evaluate the limits

(@) Iim(1+%)n where ¢>0,
(b) lm@+1)® where ¢> Q
n- o n

© lim@+3)".
el

Solution: (%i1) assume (c>0);|fﬁip%ﬂjfﬁ ik assumef@,%m?{)\ //&ﬁ@iﬂ;r%wo
(20l) [c>=0]

(%i2) limit((1+1/c) n,n,inf);  EHIEYE 5 ¢ limit( SRS > Feiagy o ) /=)

VA (1+—) s FIGEEEL n o> BT N T

(F02) oo

(%i3) limit((1+1/n)c,n,inf); el Fef limit(h A - IS w1y

EEV AR (1+—) AL n > ES[EEL n T o

(%03 1

(%i4) limit((1+1/n)*n,n,inf); Hujﬂi Fl 1[ Climit(HAEFY > AfpfRAEEY m[gﬂ)| 1=

EEV AR (1+—)  AIEAREEEE n > ES[EEL n T o

(%od) %e

The answer are



@ lim@+3)" = im@+3)® = oo
n- oo C n-oo C

(b) lim@+1) = im (1+)° =1.
n- oo n X =

© lim@+3)" =lima+3) =e.
n- o n X - 00 x

Example 8.

From Theorem 1, the following sequences all apgroac
2 3 V3 n

N2 In3"In4" In(n)

2t 22 28 2¢ 2"

FIFIE!FI"')FI"'

il 2! 3 4! nl

10C* "10C® "10C° '10C* T 10C" T

If lima, =, then liml/a, = 0 becausel/a, will be infinitesimal.

n- o n- o

9.2 Series
Example 1.
1 1
1+ 01+ 001+ 0.001+...= =1-.
1+1/1C 9
1 1 1 1 2
1-—+=——-=+...=——  =—,
2 4 8 1-(-1/2) 3

Solution: (%i1) load(functs); % M4 < TR0 IpAT > PN Maximaj“iiéﬁﬂ
RS RIS T4 BRIV functsiE AR P P Y geosumi £
PEETEERIIOA] IREVARED functs

Warning - you are redefining the Maxima function lem

[Fol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun




(%i2) geosum(1,1/10,inf); [Z T4 #i 4 : geosumfiZf - 2t fdop E) M
IREFIERD 1 2P 17100 SVET B

(302} 10
) —
9

(%i3) geosum (1,-1/2,inf); 40510 A1 1 ¢ geosumfiZfi » 2 E @ )|
PR 10 S P2 0 SV

%32
EOJS

Example 2.
Every sequenceS,, S, ,S;,...,S, ...
is the partial sum sequence of an infinite senasyely

Sl +(SZ _Sl) +(SS _SZ) +"'+(Sn+1 _Sn) o

111 1

For example,,=,=,=,....—,...
P 12 34 'n

is the partial sum sequence of

1 1 1 1 1
1+E-D+(E— D)+ +(—-)+...
(2 ) (3 2) (n+1 n)

Example 3.

The harmonic series

T P

n

is the example promised in our warning. It hasgiroperty that

lim a, :IimE:O

n-oo n_.oon

and yet the series diverges.



Solution: (%i1) load(solve_rec); [+ Maxima ™ 7} ¢ e R N ™
|4 pFTVRAY » TP AT PR L Maximal* [E Y- - BRI 7 IF=28 PRI
\solve reclﬂ[ﬁ “” 1[&.?1@&;%%1)?@ IFE VRS solve _rec
(Eol)
C:/PROGRA~1/MAXIMA~],2/share/maxima/s/5.19. 2/share/contrik/solve rec/

PJ’**#’WL:WH ]t solve rec{gjﬂ
\*“ R ?Jifm;!ﬁ)l //w’%Lf“EIEiEEI#ﬁIDa —a/(1+a)’ S tha, o ¥
JE il s 1

FI

(F02) a, = -1

(%i3) ratsimp(%); /L N HECE HE a, :%

(503) a_ =

I

Ble

(%i4) limit(%,n,inf); Hujyﬂ Fl'l Climit(ChAESY > AEAEE arcj[zﬂ)\ =z

a1 -
RIS BT n - RIS 0 T o

(%041 lim aH=EI

Il —=00

9.3 Properties of Infinite Series

Example 1.
For any constant, and any/|d <1,

b+bc+bc? +...+bc" +...=b(l+c+c’* +...+c" +..)

b

1-



Solution: (%i1) load(functs); ST IAOAT > [UEL Maxima ™32 £ [ji]
i f 0 RS [ FIEI&%W functswﬁff%” MY geosurrﬁfﬁﬁﬂﬂ*l
ETEIpYA| IFETVRAY functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%i2) assume(abs(c)<1);H= if ]+ assumeET |A) //T}iF%JFE @I%M <1

(302) [|e]|<1]

F0 0 geosumfiEl o N | ) I

BEFIFINL b SR oo SVE[E

b
(%03
1-c
Example 2.
The serlesi +i+— .. z E
5 5 = D

is a tail of the geometric series

had 1
2"

n=0

Solution: (%i1) load(functs); |25 MR EITR S EHE3 YA » PEL Maxima ™% ¢ ]
9 f RS M R R IRV functslmﬁ s BT Y geosurTﬁfﬁﬁﬂM*l
ETEIpYA| IFETVRAE functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun



7] * geosumg’fi- E )

e 1 .1 il i gl
//LFEEJF[T‘?E@? ’ ff“?f’bg » VA E
(50z) -
07y ——
100

Its sum can be found in two ways.

1 1
a " = =\ - = -+t )=
()Z() Z() Z( 1(525) 100"
5
=1 1&,1 1 1 1 1
b O\ == 2\ = B! = = .
();(5) 5° n=0(5) 125 ,_1 1254 100
5
Example 3.
Here is a convergent geometric series.
1+1+1+1+1+1+...: 1 252125_

g 5 5 5 5 5

The following series still converges by CorollaryFRnd its sum.

1 1 1
3—8+?+¥+¥+
We have
1 1 1 1.1 1 1
3_8+_+_+_ ..=3-8+ —+—+—+...
5 5% 5° 5350 5 B2 )
= 3- 8)+—E-E-— 5+ ©
10C

=-499.

Solution: (%il) load(functs);

KEL Maxima™

':I
y

\}%gu i ,[ » A LEG {7 24 glgiﬁgﬁv functslﬂ[ﬁ - F'Jib[ EIE geosumﬁ[&




ETEIpYA| IFEETVRAE functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%i2) 3-8+geosum(1/(5"3),1/5,inf); | =4 |I: I #1547 : geosumf’-fi -

1”‘ SEETY TR A S \\1 O Z3 [ o ol =
0] //ﬁﬁgwm? P PSS ELLBA 0 £143-8

493
(Fo0d) ——
100

=

9.4 Series with Positive Terms

Example 1.

The harmonic series diverges to,

1 1 1 1
1+=+=+=—+. . +=+...= 0.

4 n

This is because it is a positive term series anthawe shown that it diverges.

Example 2.
If O<a the geometric series
l+a+a’+..+a" +...

is a positive term series. It converges whar arid diverges toco when a= 1

Solution: (%i1) load(functs); |5 AR =45V A1 » FEG Maxima: 14 ¢ (]

B [93E 0 0 RS PRIV fUﬂCthﬁl’ﬁ i P Y geosumi £ Ry
SR VR functs

Warning - vou are redefining the Maxima function lcm
(%o l)
' /PROGRA~1/MAXNTMA~1 . 2/sharve/maxima/s5. 19, . 2/shave/simplification/fun



(%i2) assume (a>0); ||’E;F%Fufﬁl| assumef@,%m?&[’)\ //&iﬁ@iﬁ;r%a>0

(%02) [a>0]

(%i3) geosum(1,a,inf); == 59 I #1455 © geosumgizf » B i E) M
» PR a > JVETES > SN a<l L*E‘ﬁﬂ'*ﬁﬂ%@*r
o ﬁ'|a>1 Wf@fﬂ*éﬁﬁ?‘f@

W{

(%03) 1f a<1 then

i
I . l - a ]
else llmlt[ ;1;&J

1-a 1-a

Example 3.

Test the seriesZ6” /(7" =5") for convergence. Intuitively, th&" should

n=1

overcome the-5", so we shall compare witle" /7" . The simplest approach is to

factor out 7". We have
6" 6" P 7 (_)
7"=-5" 7"A-@6G/7") 7"(2I7) 27

The geometric seriesz (6/7)" is convergent, so the given series converges.
n=1

Solution: (%i1) load(functs); S IYAT [ Maxima 4 £ (]
BE [ RS 4 F'%I%W funCtSlH.lﬁ G BT ﬁﬂ}geosunﬁrﬁi\\ﬂ
SRR VL functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

£ - geosumgifl > TEE |

6" ) B .
7" —gn  VEZ B Al N B T o

<1l

)| FREEICEEL 3> P




3 6"

PRI s P 2 L R
1- 6 7' -5
7" -5"
Fyd
%oz 1f | |<1 then el=e
78 g .8
l .?H_SH
Ein
31—
(77 -5%)
limit P s
Eﬂ
l_
.?H_SI‘J
Example 4.

Test for convergence > n?/(n° +1). We haven® +1< 2n°, so
n=1

n? n> 1
>

nf+1 2n® 2 n

The harmonic seriele/ n diverges, whence the given series diverges.
n=1

Solution: (%i1) load(functs); FY{ RSP IFYA » PUEL Maxima 4 ¢ (|
B Fod ) WORLES (P4 PEJ?TWfU”dsaﬂﬁﬁﬁﬁn’F'“*{¥$EJ9905UWﬁJﬁAF H
SR VR functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

geosumf[ Eo b

2 2
P IVE[E A SE T n <1 >

n3+ﬂ

n
n+1

IFEE RS 120 2P




1 2

PRI B I A
21—
-
zi
|=|
l_
e 1 (u+1)
{202y 1f <1 then — — el=e limit f 3,00
211- 211-
a2t +1 a2t +1

Example 5.

00

Test
r (Inn)®

We compare this series with the divergent series

2:_

n2n

where p is a positive constant.

Let H Dbe positive infinite. Then by Theorem 1 in Sect@h,
InH <HY?,

(INH)® <H,
1 1

(InH)® H

By the Limit Comparison Test, the given seri@l/(ln n)® diverges.

n=2

Solution: (%i1) load(functs); FY{ ' ‘E*Figl(rrjﬁ@ﬂl’wﬂ Maxima ™% £ fi|

\%ﬁwﬁm,’#ﬁw?ﬂuF@%qunctswﬁ i T[S geosumis £ §51
SR VR functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%i2) assume(p>0); |51 R L assumeE | A)| Ik fﬁal% p>0
(%02) [p>0]




(%i3) geosum(1/(log(2))"p,1/(log(n))"p,

"Gl 95 7y - geosumpi i -

. 1 . .
OYEES R|ATE) PR R N » TVE[E A > U EE
I (In2)° (Inn)® “ G
) o e : R el
In(n)® j prq_ L In(n )p
(In2)PAL-——)
In(n)?
F‘?Eﬁﬁ@%‘w
, 1 1
(5o3) 1f <1 then 1 else
Log(n)® lagfzi¥|1-
login)¥
1
l_ .
o { logl )™
limit 1,

1 r r
logizi¥|1-
log(a)®

Example 6.

The p serlesi an :ninl

converges becausd/3>1. The p series 21/ Jn diverges too because
n=1

1/2<1.

The p series is often used in the Comparison Tests.

Solution: (%i1) load(functs); S IVAT [T Maxima 4 £ (]

TR b F'E‘%W fUﬂCtSlglﬁ i P Y geosumi £ R
SR VR functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%i2) geosum(1,1/(n*(n)N(L/3)),inf); =) A5 4 ¢ geosumf i ZE > 2t

o oE REEEE L S

) ; B 1
y JYE[[E Hs y X | i ) =
T IVEZ A > Al N A <1-1=



eI i< %
i 1
n4/3
1
l_
4 i
| 1 s
%oz 1f <1 then — else llm1t-———z—w.i;m
Y Y-
Example 7.

. Sinn
Test the serlesZ—2

n=1

for convergence.
If H is positive infinite then by Theorem 1 in Sectfi,

INnH <H¢,

InH H° 1
< -

H2 Hz_Hz_C,fOH’ealc>O_

Now take ¢ sothatO<c< 1Then 2-c> 1sothe p series Zl/nz‘c
n=1

converges. By the Limit Comparison Test, the gisenes Z(In n)/n® converges.
n=1

Solution: (%i1) load(functs); [ (At =505 P91 » 5T, Maxima ™12 £ (]
\}%Fu f ,[ » HERLEG (R functslﬁ[ﬁ?ﬁ{” B Y geosum‘ﬁ[ lﬂ»ﬂ
ETEIpYA| IFETVRAY functs

Warning - vou are redefining the Maxima function lcm
(%o l)
' /PROGRA~1/MAXNTMA~1 . 2/sharve/maxima/s5. 19, . 2/shave/simplification/fun

(%i2) geosum(log(1),(log(n))/(n"2),inf); \%‘“F“HE(T?[JJ/?D?H ik : geosumf§iZfi F\
) P ING P S




UOQ(N

g(ﬂ

<L PYIRISEE 0 0 2 I o

- Jrouce) .
(%c2)1 1f —2{1 then 0 else limit(0, I, co)
1

Example 8.

Use the Integral Test to test the improper inteq'gé((ln X)/ x?)dx for convergence.

By Example 7 the seriesz (Inn)/n?* converges. Forx > Ihe function
n-=3

f(x) =(Inx)/ x> is continuous, positive, and has derivative

f'(x) =x>@1-2InXx).
Thus for x> +/e, f'(x) <0 and f(x) is decreasing . Therefore the Integral Test

applies and the improper integral converges.

9.5 Alternating Series

Example 1.

The alternating harmonic series

_1\n+l
TR T
2 3 4 5 n

converges by the Alternating Series Test, beca%lsés decreasing and approaches
n

zero asn — oo. The partial sums are

(157 4737
2'6'12'60 60

60 30 50 35 47 37

60'60°'60 60°'60' 60"

The sum S is between any two consecutive partial sums, armgle



37 47
“—<S<—.
60 6C

Example 2.

The alternating series

2—§+ﬂ—§+§—...+(—1)”n—+1+...
2 3 4 5 n

diverges. The termgn+1)/n are decreasing, but their limit is one insteadesd,

. nh+1
lim——=1.
n-oo n

The Cauchy Test for Divergence in Section 9.2 shibvasif the termsa, do not

converge to zero the series diverges.

9.6 Absolute and Conditional Convergence

Example 1.

The alternating series

1 1 1 1

is absolutely convergent, because its absolutee\sdues

is convergent.

Example 2.

The alternating harmonic series

1.1 1,1
-+ += -

1-—+-—-=4=
2 3 4 5

is conditionally convergent. It converges by theefhating Series Test. But its

absolute value series



diverges.

Example 3.
Test the seriesi1
=’

|
C U]

:O,
n-e 1/nl n-en+l

so by the Ratio Test the series converges.
Solution: (%i1) load(functs); Y| ST RUFAT > B Maxima ™ ye

IR F] 0 RS PSRRIV functslﬂ[ﬁ TR geosumﬁ[& |
ETEIpYA| IFETVRAE functs
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Example 4.

Test Z (=D"n
n=1 n!

fim (DD

n-o n"/nl n- o

(n+1))n
n

=lim@+ 1)n =e.
n- o n

€ is greater than one, so by the Ratio Test theséiverges.



Solution: (%il) load(functs); PEL Maxima 2 £ l|

B 9dE £ PR P F%lﬁgﬁv functslﬂ[ﬁ R FIJ*LL[ [FP[ geosumiz 7| 1F]
SRR IRETVRLE functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%i2) geosum(-1,((-1)*n*(n”n))/n!,inf); \Z*F@fu Wpfﬂ ] s geosumgizfic T E |

B TE e D'n S e
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Example 5.

The Ratio Test does not apply to either of theeseri

-1 &1
IEADIES

n=1
2
since Iim—ll(n+1) =1, Yin+D” +21) =
n-o 1/n n-o 1/n
Solution: (%i1) load(functs); P RIS GrpoF > (5T Maxima ™12 €[]

BB EV3E 5 AR P i Y functslﬂ[ﬁ 0 P geosumiz £ o1




ETEIpYA| IFEETVRAE functs

Warning - you are redefining the Maxima function lem
(%o l)

C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun
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9.7 Power Series

Example 1.

Find the interval of convergence of the power serie

> b"x",  where b>0.

This just the geometric series



1+bx+ (bx)* +...+ (bx)" +....

It converges absolutely whegpx| <1, |X <1/b, and diverges whefbx| >1,

X >1/b. So the radius of convergenceiis=1/b. At x=r andatx=-r the

series diverges, becauder" =1. Thus the interval of convergence {s1/bl/b . )
Solution: (%i1) load(functs); Y| T RETERRIPVA  [NER Maxima T2 E ﬁ|

s fT 0 FERLES R R Y functslﬁ[ﬁﬁj” » P Y geosum lﬂ»H
ETEIpYA| IFEETVRAE functs

Warning - vou are redefining the Maxima function lcm
(%o l)
' /PROGRA~1/MAXNTMA~1 . 2/sharve/maxima/s5. 19, . 2/shave/simplification/fun

(%i2) geosum(1,bx,inf); |§E““§'F*7U3/fﬂ?ﬁ ] : geosumfizE » S AR N

HL%EIAF’[IJTEE’! 1> m[_utr bX s *Tvﬁ*u J{FJJ\ , 1?%\[5751 my |bxl <]~ ”35\7,4“ LISI‘BH A

1
1-bx

S

R T [

o J_—bxl
else limit s

(302) if |bx|<1l then
1-bx

1—-kx

Example 2.

Find the interval of convergence of

o0 Xn X2 X3 Xn
— =Xt —+—+. —+,
= N 2 3 n
We compute the limit
n+l
/(n+1)
im—m—
IXIMn+1 X.

By the Ratio Test the series converges |ﬁ<}r< 1 and diverges fodxl >1, so the

radius of convergence is =1.



At x=1 the series is
1.1 1

1+ =+=+...+=+.
2 3 n

which is divergent. Atx = — 1the series is

—1+l—}+1+ +(1)
2 3

4 n

which converges by the Alternating Series Test. interval of convergence is

[-11).

Solution: (%il) load(functs); Y { TR IpA > [ Maximaj‘v]éﬁ“ﬁj@ﬂ
BP0 MRS P IR Y functslmﬁ RS geosur‘rﬁﬁ‘gfﬁi\'\ﬂ
SR VR functs

Warning - vou are redefining the Maxima function lcm
(%o l)

' /PROGRA~1/MAXNTMA~1 . 2/sharve/maxima/s5. 19, . 2/shave/simplification/fun

(%i2) geosum(x,(x*n)/n,inf); [E 3] IV A1 4 Fgeosumfi-pi 2t e B

n

X" X
PREFCPI X » 2P s A ﬁ*’ﬁ%%??'(<LW%f (11l %
n

X
__;? y Ko Vfl >1EU%§WW fﬁﬁpfw
1-2-
n
i
Xﬂ
|« x » "
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1-— 1-—
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Example 3.

Find the interval of convergence of



For all x we have

- n+l /(n+1)|‘
lim

n-oo

Therefore by the Ratio Test the series convergealfox . It has radius of

convergencec, and interval of convergence ¢o, ).

Solution: (%i1) load(functs); S IVAL [ Maxima 4 £ (|
\E‘gp UEE A 0 FTRLES [ Fl{@[gﬁv functslgfﬁ s BN geosunﬁrﬁi\\ﬂ
SR VR functs

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%i2) geosum(1,(x n)/(n!),inf); |E =LV A5 T geosumfizfl > S E s il

n n

’ = X Zi o e e — X
FE) MPREEICEARL > AP SVEIE A ST =

nl |
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U X .
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nl
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(%02) 1f —<1 then elze limit R
|n | | 2 7
1-— 1-—
n! !
Example 4.

Find the radius of convergence of

Zn!xn =1+ X+2X2 +6X% +....

n=0



‘(n +1)Ix™*

For x#0, lim =limnx = co
n-o ‘n!x”‘ n-e

By the Ratio Test the series diverges for  a@d the radius of convergence is

r=0.

Solution: (%il) load(functs); Y| ST RO PNEL Maxima ™ ie
s f 0 FORLTS P4 FiR Y functslﬁ[ﬁ RIS TR geosumﬁ[?
ETEIpYA| IFEETVRAY functs

Warning - vou are redefining the Maxima function lcm
(%o l)
' /PROGRA~1/MAXNTMA~1 . 2/sharve/maxima/s5. 19, . 2/shave/simplification/fun

(%i2) geosum(1,n!*(x*n),inf); IV FHE f ,[ : geosumg iy T E ﬁ%\fﬁﬂ

IFREFITELL 2 IFRnX > SRR A SR x| <1 gl
1 Ll >1El“ﬂ£§]\7f”rﬁ ST o
T 1-nix" !
i
1 1-(nrl &™)
(2021 if |nl|‘xn‘<1 then ——— elze limit|— 1, o
J_—nlzcn J_—nlxn
Example 5.

Find the interval of convergence of

z(n) (x 5) =1+= (x+5)+( ) (Xx+5)% +.

5 (2n)!
We have

m|(n+1)!(n+1)!(x+5)”+1/(2n+2)!| im | (n+D)?(x+5) | _ |x+5|
- (M)(n)(x+5)"/2n)! | n~w\(2n+1)(2n+2)\

By the Ratio Test the series converges |fX)ﬂ-5| <4 and diverges fodx+5| >4,

The radius of convergence is= 4, and the interval of convergence is centered.at -5



We note that
W 112205 " g oddy -y
2k)! 12 3 4 2n-1) 2n 2 2 4

Therefore at|x+5 <4,

2n) (x+5)

1
>(5)"4" =1.
(4)

Thus at x+5=4 and x+5=- 4 the terms do not approach zero and the series

diverges. The interval of convergence is (-9, -1).

Solution: (%i1) load(functs); E% (Ao T Ee I [RES Maximaj’,jgéjw
BB 945 T RIS BV functsig (s - B |4 [ 1 geosumi £
SRR VR functs

-

Warning - you are redefining the Maxima function lem
(Eol)
C: /PROGRA~1/MAXIMA~1.2/share/maximas5.1%. 2/share/simplification/fun

(%:i2) geosum(1,((n1)"2/(2*n)ly*(x+5)"n,inf); = PRI AR ) ¢ geosumg i |

e = LE[ET Y T A A RN nl 2 Z [ fr ol <. e
b A ) MR 2 E“%%(Xﬁ)” e B SN\

n!z‘(x+5)n L s P 1 o n!Z‘(x+5)” 161
<1 I e = » o il ————— 2 1]
T @n)] FROlfTe L (x+5)" i |2n)] |

(2n)!
B A oo
nlz‘{x+5}n‘ 1
(%02) 1f ———— <1 then ael=ze
2 7)1 7% {x+5)"
12 m)!
i
[ lx+3]
(2 m)!
limit f 3, o
2! Ex+5)"
l_

(2 n)!



9.8 Derivatives and Integrals of Power Series

Example 1.

Differentiate and integrate the power seriEnzx” , and find the radii of
n=0

convergence.

Solution: (%i1) f(x):=sum((n*2)*(x"*n),n,0,inf); //}HZn X" ELLFFHE T (X)

(%i2) integrate(f(x),x,0,inf); // Zn (B 55 ™ (-0 FHE] oo
ﬂz Xn+l Hz Xn+l
(%c2)  lim — |- lim _
xsen— n+1 Ko+t n+1

(%i3) diff(f(x),x); /6] D n®x" EFx 55
n=0

By the Ratio Test this power series has radiuoofergencer =1, for

‘(n +1)2Xn+1

lim
S

1
= i (D < .

Derivative - —(anx“) Zn3 X"t = i(m+1)3x
m=0



For convenience we rewrote the derivative as a pseses in X" where m=n-1,
and the integral as a power series)@fi where m=n+ 1 Both the derivative and

integral also have radius of convergence 1.

9.9 Approximations by Power Series

Example 1.

Approximate In(1%) within 0.01.

Solution: (%i1) float(log(3/2)); /I J‘<In(1—) o fifi > =0 R %ﬂ@ﬁﬂ

(%¥21) 0.40546510810816

We use the power series fdn(1- x),

2 3 4 5
In(1—x)=—x—X——X——X——X——..., r=1.
2 3 4 5
Setting 1-x = 11, xz—l,
2 2

1 1 1 1
In@) = -2+ toos
2 204 38 406 5082
This is an alternating series. The last term shm¥ess than 0.01,

i—i~0006

5032 16C

By the Alternating Series Test, the error in eaattigl sum is less than the next term.

So

1 1 1
In (1—) ~=- + , errors ——,
2 204 3B 406 5032

or In(%) ~ 0.401, error< 0. 006

The actual value isin(l%) ~ 0.405.



Example 2.

Approximate arctar% within 0.001.

Solution: (%il) float(atan(1/2)); /I #arctan— pfifi > =M H Eﬂ[gﬁm

(%o0l) 0.458364760200081

The power series folarctarx is

3 5 7 9

x> X X' X
arctanx=x-—+——-——+—-—..., r=1.
3 5 7 9
Setting x==
1 1 1 1 1 1
arctan- =— - + - + — e

2 2 3B 5032 7028 9051z

This is an alternating series. The last term is than 0.001,

L ~ 0.0002.
9B1z
Therefore
arctan1~1— 1 + 1 1 , error< 0.0002

2 2 3B 5082 702¢

Adding up, arctan% ~0.4635, erros 0. 0002

The series

3 X5 X7

X
arctanx=x-—+——-—+...,, r=1
3 5 7

can be used to approximation. We start with

7l 1 1 7l
tang =— arctan—=—

V3’ V3

Setting x=1/+/3 in the series,

NERETEUNE v
J§ 11, 1,1, 1,1

? __(_) g(5) _7(5) +§(Z) —



This is an alternating series, so

£ﬂ~1—l+i— = : errorsi(i)f’,
6 9 45 18¢ 72¢ 113
V3

?ﬂ'* 0.9072 error< 0.0004.

Dividing everything by\/§/6 we get
n1~3.1426 error<0.0013

Example 3.
Approximate e™ within 0.001.

The power series foe* is

. 2 X3 X4 X5
@ =l+X+—+—+—+—+.., r=o0.

2 3 4 5
Setting x=-1
1 1 1 1 1 1
+ +

etzl-1+=--—+—- - +....
2 6 24 12C 72C 504C

The series alternates and the last term is lessGlt®1, so

4 1 1 1 1 1
e ~1-1+——-—+—-—-+—, error<
2 6 24 12C 72C

t 0.0002.
4(

Adding up, e ~ 0. 36806 error< 0. 0002

The actual value ise™ ~ 0. 36788

Example 4.

Approximate 1/(1- 002) to six decimal places.

Solution: (%i1) float(L/(1-0.02)); //:+1/(1- 002) [iufif + = M I7REFe T
(so0l) 1.020408163265306

Take x= 002



1
1-0.02

=1+ 002+ (002 + (002)° +E,

=1+ 002+ 0.0004+ 0.000008+ E,
=1.020408+ E,.

The error E, after four terms is

4
= (002* _ 0.00000016_ 0.00000016_ 000000020
1-0.02 0.98 0.8

So 1/(1- 002) ~1.020408 to six places.

Example 5.
Given a constantc where —1<c<1, find a simple error estimate for the power

series

2 3 n
In@-x) = -x->-X - X _
2 3

valid for —1<c< 1.

We start with the equation

tn+1

1 2
1) —=(@A+t+t°+..+t")+E., E_ = )
(1) == )*Ey B =i

For —1<t<c we have

| |n+1

1-t=1-c, |E[s—.
1-c

Integrating Equation 1 from O tox we have

X2 X3 Xn+l

(@) ~In@-x)= (o + b

|X|n+2

<[ T @-on+2)

)+ [ E,dt

| |n+1

and on E, dt

Multiplying Equation 2 by -1 and settingn=n+ e have the following error

estimate forIn(1-x )valid for —1<x<c.

2 3 m

X X
(3) M=%~ (x=" = =),



|X|m+1

errors ———,
@L-c)(m+1)

Example 6.

Use Example 5 to approximaﬂtﬂl% within 0.01. We setc = x = 1 in Equation 3.

ndy--t-1_1_ 1 _ 1
2 2 204 3B 406 ~ mi2"’
m+1
|error|s(1/2) S —.
= (m+1) (m+1)2
2
Table 9.9.1 shows approximate values and erranaggts.
m 1 Approximate value forln Error Estimate
m[2™
_ 1
N (m+12"
2 204 m[2™
1 0.5000 -0.5000 0.2500
2 0.1250 -0.6250 0.0833
3 0.04167 -0.6667 0.0313
4 0.01563 -0.6823 0.0125
5 0.00625 -0.6886 0.0052

We see that the error estimate drops below 0.0hwine=5.

So In% ~ —0.689, error< 001.

Since In% =-In2, we have

In2 ~ 0.689, error< 001

Example 7.

Find an error estimate for the power series fo(1+x)/(1-x)) valid for




—Cc < x<c. Use it to approximatdn2 within 0.00001.

From Example 5 we have the following error estimdte In(1+x) and —In(1-x)

valid for —c<x<c.

2 3

X® X x™
IN@+X) ~X=—+"——. .+ (=)™ —
( ) 2 3 D m

m+1

X
error< |—
@L-c)(m+1
2 3 m
—In(1-x) ~ N TANNIRAMNIE
2 3 m
m+1
X
errors ————.
@L-c)(m+1

We add the two sums and error estimates,

(=% < 2x +
1-x

ax|2m+l

error< .
@L-c)(2m+1)

2x3  2x° 2x2mt
+ +.+
2m-1

We wish to choosex so that (1+x)/(1-x)= 2 Solving for x we get x=%.

Now set ¢ :% and x= % . The error estimate fox =% is

2|XI 2m+l _ 1
@d-c)(2m+1) (2m+1)3*"

Table 9.9.2
m 2 Approximate value forln 2 Error estimate
(2m-13*"*
2 2 2 1
—_—t—t — _—
103 3027 (2m-13*"* (2m+1)3*"
1 0.666667 0.666667 0.037037
2 0.024691 0.691358 0.002469
3 0.001646 0.693004 0.000196




4 0.000131 0.693134 0.000017

5 0.000011 0.693146 0.000002

The error estimate drops below 0.00001 whar5. Thus

In2 ~ 0.693146, error< 0.00001.

Example 8.

Find the sum of the alternating harmonic series

1 11
R
2 3 4
Our first guess is to sek=— 1n the power series
2 3 4
In(1—x)=—x—x——x——x——..., r=1
2 3 4

This guess to us the sum

In2:1—£+ }—£+....
2 3 4

We know the series converges to something by thermdting Series Test. For

-1<x<1 the series converges tm(1-x). But x=-1is an endpoint of the
interval of convergence and the general theorenmtagrating a power series does

not apply. So we must go back to the beginningus®ithe equation

n+l
i:(1+t+...+t“)+t

1-t 1-t

tn+1

For t<0, , whence

t"/(L-1)| <

tn+1

1 _ "
E—(1+t+...+t )+E,, |E,|<

Integrating from 0 tox,

2
—In(l—x):(x+X?+...+

n+l n+2

X
n+1

X
n+2

)+F,, |F|<

This holds for all x< 0



Now we setx=-1 and see that the error terfﬁn|sll(n+2) approaches zero.

This proves thatin2 really is the sum of the alternating harmoniceseri

n2=1-T+I-4
2 3 4

The alternating harmonic series converges very lgldvecause aftem terms the

error estimate is onlyl/(n+1).

9.10 Taylor’'s Formula

Example 1.

Find the first five Taylor polynomials osinx at x = Q We work them out in Table

9.10.1.
Table 9.10.1
k f ®(x) f %) R (X)
0 sinx 0 0
1 COS X 1 X
2 -sinx 0 X
3 —COsX -1 x=x°13
4 sinx 0 x-x>/3
5 COsX 1 x—x%/31+x° /5!

Since the even degree terms are zero,2hé¢h Taylor polynomial is the same as the

(2n—-1) st. Figure 9.10.2 compares the first and third Gagblynomials with sinx .

Example 2.
Find MacLaurin’s Formula forf (x) = e*.

The nth derivative is f ™ (x) = e* Of ™ (0) =1. MacLaurin’s Formula is



eX:1+x+X—2+X—3+ +£+&(x) R (x)=¢" i
2 3 7 ' (n+1)!

for somet, between O

and x. For t between 0 andx the value ofe' is always less than or equal &,
for

e <l <3,

We therefore have the formula

. NG X" P XIM
(3) e —1+X+E+...+E+Rn(x), IR, (¥ <3 E—I(nTl)'

The formula (3) can be used to approximate Let us setx =1 and approximate

€. The error estimate is now

n+l
g - 3

(n+1)!  (n+1)!

n 1/nl Approximate value fore Error estimate

1+1+%+%+...+% (nfl)!
2 0.500000 2.500000 0.500000
3 0.166667 2.666667 0.125000
4 0.041667 2.708333 0.025000
5 0.008333 2.716667 0.004167
6 0.001389 2.718056 0.000594
7 0.000198 2.718254 0.000075
8 0.000025

This compares withe= 2718282 .

Example 3.
Find MacLaurin’s Formula forf (x) = sinx. The derivatives are

f (X) =sinx f®=0



f'(X) = cosx f'o=1

f(x) = —sinx fr0) = 0

f @ (x) = -cosx fP0)=-1
f @(x) =sinx f@0)=0
f ©(x) = cosx fO0) =1

MacLaurin’s Formula for2n terms is

3 5 7 2n-1
sinx:x—x—+X——X—+---+(—1)”_1 X + Ry (%),
3 5 7 (2n-1)!

X2n+l
R,,(X) = (-1)" cost :
(2n+1)!

Forall t, |cost|<1, so we have the error estimate

|X12n+l
[Ren (9] < @2n+1)!"

9.11 Taylor Series

Example 1.

Let f(x) be apolynomial inx-c,

f(x)=a, +a,(x-c)+...+a,(x-c)".

This is just a power series with all but the finst-1 coefficients equal to zero. So by

Theorem 1, the Taylor series of the polynomialust the polynomial itself followed

by infinitely many zeros,

a, ta,(x-c)+...+a,(x—c)"+0+0+....



We can also see this directly from Lemma 1 of &t $ection, namely

f™(c) _
m B

a, for m<n.

Example 6.
Find the sixth derivative off (x) =1/(1+ x* )at x=0.
If we try to differentiate directly we will be holessly bogged down at about the third

derivative. But from the MacLaurin series we se# th

1
1+ x?
f©© N
6l
(6)
f™©) _ 1
6
f ©(0) = -6!=-720.

=1-x2+x*=x+..,

Example 3.

Find the power series foarcsinx .

Solution: (%i1) taylor(asin(x),x,0,10); [Taylor Z-Fi=" s[5 5 : taylor(i]

|
[* W@ ST vnp) /b arcsin [ B > s 107
x3
(%o0l) = +? +

3 7

Ix° S5 x' 35
+ +
40 112 1152

Recall that for|><] <1,

dt

VJ1-12

We start with the binomial series witlpz—% and obtain the following power

arcsinx = jox = jo 1-t2) ™20t

series by substitution and integration. They at@far |X <1.



- 1 1, 3,1
1+X) 7V =1-Zx+ (-2)(-2) =X -+ (D"
d+) 2 ( 2)( 2) 2 =3 2"n!
(1—)()_1/2 =1+£X+§X2+”'+1[3[[(Zn_l) Xn+.__
2 8 2"n!
(1—)(2)_1/2 =1+1X2+§X4+."+1[3[[(Zn_l) X2n+.__
2 8 2"n!

. 1 3 3 5 1[3[[(2n_1) 2n+1
arcsinx = x+—x"+—x" +...+ X +
40 2"nl(2n+1)

1U3L.[(2n-D) o,



