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81 EXPONENTIAL FUNCTIONS

Examplel Approximate 2" . We have

J2 ~1.4142, 7 ~3.14.

Thus 1.414 <~/2 <1.415, 31l<r <32

By the inequalities for exponents,

(1.414) 3 <27 <(1.415)%2,

or 2.91<+/27 <3.06.

Thus \/2_” iswithin % of 3.0.

(%11) sqrt(27%pi);

(201] 272

(%12) tloat(%), numer;
(%02 2.8970686842355201%

ES

Example2 If a>1, evauatethelimit lima*.

X—>00

Let H be positive infinite and a=b+1. Then b>0 and by inequality,
a" =(b+D" >bH +1.
So a" ispositiveinfinite. Therefore

lima* = oo
(%16) assume(a>1);

(%oca) [ax1]

@O0
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(%18) 'Timit(a"x,x,ind);
(%08) lim a®

H —on
(%19) limit(ax,x,inf);

(509) @

*

x+1
Example3  Evauatethelimit Iim4 o

x> 4¥1 _ 3"

Let H be positiveinfinite. Then
4745 44N 5.4 445.47"
e I R e W

~-_3.4"
4

By Example 2, 4" isinfinite, so (%)H isinfinitessmal. Thus

4" 45 4+5-4" 4+5.0

St( H-1 ):a( ) 16!
47" -3 1_3.4*'* 1_3.0
4 4
X+1
im2 _*2_16.
X~)oo4X _3

(%112) limit((ANx+1D)+5)/(4MNx-1)-3));

4}:+l
(%3012 +
g*¥7l_q 4% 14

(%113) mit((ANx+1D)+5)/(4"N(x-1)-3),x,1nD);
PEol3) 1A

@O0
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82 LOGARITHMIC FUNCTIONS

Examplel Simplify theterm log, (log, (a%)).
Ioga(loga(aax)):loga(axIogaa):loga(ax):x.

(%116) loga(x) :=log(x) / log(a);

logix)
(2o0lda) logalx):=

log(a)

(%117) loga(loga(a™a™x));

(Bo0l7) o

x3\/§ .
Example2  Express log, intermsof log, x, log, y,and log, z.
z

3
Iog{x ;N

=3log, x+%logb y-log, z.

Example3  Solvethe equation below for x.
3 ==
Wetake log, of both sides of the equation.

(x* —2x)log, 3=10g,(3"),

x? —2x = -1,
x? —2x+1=0,
x=1.

The inequalities for exponents can be used to compute limits of logarithms.
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(%124) solve[3MNxN2-2%x)=1/3];

(%02d) solve 1

3 ¥ —Ex__

3

(%123) solve([3Mx"2-2*x)=1/3],[x]);
(%0Z23) [x=17]

Example4  Evauatethelimit limlog, x, a>1.

Let H be positive infinite. Then O=log, 1< log, H, so log, H ispositive.
If log, H isfinite, say log, H <n, then
H=a"%%"<a",
which isimpossible because H isinfinite. Therefore log, H ispositiveinfinite, so

limlog, X = oo
X—>0

(%16) assume(a>1);

(%oca) [ax1]

(%116) loga(x) :=log(x) / log(a);

logix)

(2o0lda) logalx):=
log(a)

(%126) limit(loga(x),x,inf);

(%o0Za) a

@O0
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8.3 DERIVATIVE OF EXPONENTIAL FUNCTIONAND THE NUMBER e

Examplel Given y=e""%, find d?y/dx?.
dy _
dx

d? . .
d zzesmxcoszx_esmx
X

eS"* cosX,
sin x.

(%135) diff(%e"sin(x),x,1);

(%3033) cos(x) %eSincXJ

(%134) diff(%e™(sin((x))))*cos((x)),x,1);

2

(%3034 cos(x) %e sin{x]

Sinim—sin(x) )

(%i32) diff(%e((Sin((x))))X,2);

2

(%203Z2) cos(x) %e sin{x]

Sinim—sin(x) )

Example2  Find the area under the curve

arctan x

e

=1 > 0<x<1.
+ X

y

dx.

Let u=arctanx, du= 5
1+ x

arctan x

Then J-Oli+ > dx=J';”4e“du=e“]§/4 =e"" -1,

(%138) mtegrate(%e”((arctan((x))/(1+x2), x, 0, 1);

1 arctani X)
te
(%038) j —dx

n x2+l

(%139) 1ntegrate(%e((atan(x)))/(1+x72), x, 0, 1);

(3039) 3™ -1

@O0
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Example3 Find d(a*)/dx. We usetheformula

X _ qXlogea

a:elogea’ a*=e

Put u=xlog,a. Then a*=e", s

(%12) log%e(x):=log(x)/1og(%e);

logi{x)

(Fo02d) loglelsx):=
logi%e)

(%13) log%e(a);
(%03) loglia)

(%014) a:%e"(log%e(a));
(%o04) =2

(%15) diff(a’x,x,1);

(205) a®logla)

@O0
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84 SOME USESOF EXPONENTIAL FUNCTIONS

Example 1 Find the area of the region under the catenary y = coshx from
x=-1to x=1,
1 1
A= '[ cosh xdx = sinh x]
-1 -1
=sinh1-sinh(-1)
_e-e’ e’-e 1

— -—e——
2 2 €

Example2  If money isreceived at therate f(t) =2t dollars per year, and earns
interest at the annual rate of 7%, how much will be accumulated from times

t=0 to t=10 ?
Theformulagives

C- J‘lo 2t 007(10-1)
0

Wefirst find the indefinite integral .
I 2te0.07(10—t) dt = J‘ 2te®7e 00 gt

=2e%’ j te " dt

Let u=-0.07t, du=-0.07dt.Then
- e" ! du
-0.07 -0.07

J‘ 2te0.o7(1oft)dt _ 260'7
=2e°7(0.07) ‘Zj ue“du

Using integration by parts,

jue“du = ue" —je”du =ue" —e" + Constant.

Therefore IZte°'°7‘1°“’ dt = 2e°7(0.07) % (ue" —e") + Constant.
When t=0, u=0 andwhen t=10, u=-0.7. Thus
C =[2e(0.07) ? (ue" —e")];*’

=2e*7(0.07)*(-0.7e %" —e " +¢€°)
=2(0.07) 2(e"” —1.7) ~ 128.08.

The answer is $128.08.
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(%19) ntegrate(2*t*%eN((0.07*((10-1)))), t, 0, 10);

rat:
rat:
rat:
rat:
rat:
rat:

(Fo09)

replaced
replaced
replaced
replaced
replaced
replaced

0.07 by 7/10
0.07 by 7/10
0.07 by 7/10

o

0 =

o

~-0.07 by —-7/100 =

0.7 by 7/10

a7

2, 013752707470477

10

9243125 1848625 %e

7

22491 2646

(%110) float(%), numer;
PEol0) 128.062330587181%2

CRETIES RN & e S e
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a.
o.07
=,

a7

a7

by 14783/7344

R
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85 NATURAL LOGARITHMS

F| nd d(loglo X)

Example 1
P dx
Right: d(log,, X) d(0.4343Inx) _ 0.4343
d dx X
Wrong: (99, %) =1
dx X

(%i 13) 1og10(x):=log(x)/1og(10);

logi =)
(%0l3) loglix):=——
logilo)

(%i114) diffdogl10((x)),x,1);

(%o0ld) ———
log{lD)x

(%115) float(%), numer;

0.43425448130325

(Eol5)
x

. 101
Example2 Find j —dx.
1 X
el 10
Right: [ =dx=Inx}’ =In10-In1~ 23026
X

Wrong: J;lol dx = logy, X],” =10g,,10~log,, 1=1
X

(%116) integrate(1/x, x, 1, 10);
(2o0léa) logil0)

@O0
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(%117) float(%), numer;
(2o0l7) 2.30Z2585092994046

1

Example3  Find J'_ldx
ey

J'_%dx =Inx]’ =In1-Ine=-1

—-e

Notethat Inx isundefinedat-1and —e but InX isdefined there,

The absolute value sign is put in when integrating 1/ x and removed

when differentiating In/x.

(%118) integrate(1/x, x, -%e, -1);
{3018y —1

Example4 Find dy/dx where y=In[(3—2x)°].

We have (3-2x)=|3-2X", and by therules of logarithms,

y = 2Inj3—2x,

dy 2 d(B-2x) _ -4
dx 3-2x dx 3-2x
Thisanswer is correct when 3-2x isnegative aswell as positive.

By Theorem 1,

Example5 Find d(log, x)/dx

Inx
log, Xx=—,
Ina
d(log,x) 1 d(nx) 1
dx “Ina dx xIna

@O0
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(%11) loga(x):=log(x)/log(a);

logi=)

(%o0l) logalx):=
log(a)

(%12) diff(loga((x)),x,1);

(302) ———
logi{a)x

dx. Let u=2x-5, du=2dx

Example 6 Find IZ z
X_

_[ 1 dx:lj'ldu:lln|u|+C:1In|2x—5|+C.
2x-5 2° U 2 2
(%i4) integrate(1/((2* x-5)), X);

log(Z x—5)

(Fod) -

Example 7 Find the improper integral L = dx.
X

["Lax=lim[ 2 dx=limfinx} )= liminb = co.
1 X b—owdl ¥ b—w b—w

Thusthe region under thecurve y=1/x from1lto o

(%I5) integrate(1/x, X, 1, inf);

defint: integral is divergent.
—— 4R error. To debug this try debugmode {true);

(%i7) limit(integrate(1/x, X, 1, b),b,inf);

Iz k-1 positive, negative, or zero?positive;
(o7 ap

@O0
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Example 8 Theregion R under thecurve y=1/x from1to o isrotated about
the x-—axis, forming asolid of revolution. Find the volume of this solid
The volume is given by the improper integral

V= fn(%}z dx = nJ-:O X"2dx

b 1 b 1
Then V =rxlim X_ZdX=7T|im[——:| JZ?T“m[l—Bj:?T

b—o0 J1 b—0 X 1 b—w

Thus the solid has volume 7.

(%18) integrate(op1*((1/x))"2, x, 1, inf);
(Eo8) =

(%19) limit(%p1*integrate((1/x)"2, x, 1, b),b,inf);

Iz k-1 positive, negative, or zerofPpositive;:
(o) T

@O0
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86 SOME DIFFERENTIAL EQUATIONS

Example 1 A country has a population of ten million at time t=0, and

constant annual birthrate b=0.020 and death rate d =0.015 per
person. Find the population at time t.
The population satisfies the differential equation

Y =(b-d)y=0.005y.

dt
Theinitial conditionis

y=10" a t=0.

The general solutionis

y:Ce0.00St
Sinceat t=0, 10" =Ce’ =C, theactua solutionis
y:107e0.005t

(%11) 'diff(y,1)-0.005*y=0;

(Fol) o 0.005 =0

? PR ¥

Ry Tl
(%12) 0ode2(%,y,1);
rat: replaced —-0.005 by 17200 = —-0.005
rat: replaced —0.005 by -1/200 = —-0.005
rat: replaced —-0.005 by —-1/200 = -0.005

(202) y=%c 3et/200

5T 4514] 55 ode (= i /@R )

(%13) 1c1(%,t=0,y=10"7);

(303) y=10000000 et/ 207

B FIG AR D il (0 RSEVEL D SRR );
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Example 2 A radioactive element has a half-life of N years, that is, half of the

substance will decay every N years. Given ten pounds of the element at time
t =0, how much will remain at time t?
In radioactive decay theamount y of the element is decreasing at arate
proportional to vy, so the differential equation has the form
dy/dt = ky.
The general solutionis
y = Ce".

Since y isdecreasing, k will be negative. We must find the constants C
and k.Tofind C weusetheinitia condition

y=10 a t=0, C=10.
Tofind k we usethe given half-life. It tells us that

y:%-10:5 a t=N.

Therefore 10e™ =5,

08
oy

The solution is y =10 t"2)/N

(%11) 'diff(y,t)-k*y=0;

d
50l) — 3y -k =10
( ] T Y

ﬂ‘_?@iﬂ'/j“;\?

(%12) 0de2(%,y,1);

(302) y=2%c 3e®®
[ 5T 4514] 55 ode (= il /@R )

RN IE R AU R ]
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(%13) ic1(%,t=0,y=10);

(3031 ¥w=10 3™ °

T IR IR RS el (72 RV BB );

(%18) k:solve(%,k);

1 ¥
ao| —
ng

t

(%08 [k=

7

Tk SH_ VR k i

(%19) k:subst([y=5,t=N],k);

logiz)
- i
n

(209) [k=

Ay AN S FIN TR iy 50 subst ([y [, ¢ 1], #555);

(%116) y:10*(%eNk*1));

logiz) t
T

i%ole) 10 %e

G AT K B %03 A BE] y i

Example 3 Solve dy/dx=e’sinx
e Vdy = sinxdx,
—e Y =-cosx-C,
e =cosx+C,
—y=In(cosx+C),

@O0
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y =—In(cosx+C).
Second order differential equations also arise frequently in applications. Asa
rule, the general solution of a second order differential equation will involve two
constants, and two initial conditions are needed to determine a particular solution.

(%11) 'diff(y,x)-(%ey)*sin(x)=0;

d 1
(%0l) — yv—sinix)3e¥=0
d =

ﬂ‘_?@iﬂ'/j“;\?

(%12) ode2(%,y,x);

(%021 —%e Y=%2o—cosix)

5T 4514] 55 ode (= i /@R )

(%13) solve(%,y);

1
(%03) f}f:log(——J}

FCc—goos(H)

Sy (i

Example4  Newton’slaw, F =ma, statesthat force equals masstimes
acceleration. Suppose aconstant force F isapplied alongthe y—axistoan
object of constant mass m. Then the position y of the object is governed by
the second order differential equation

d’y d’y F

dt> m

m

dtz  m’
The general solution of this equation is found by integration twice,

EERTESIRN Ll Ea I
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dy Ft

—~ =—4V,,
gt m °
t2
y:%"'vo"'YO.
Setting t =0 we seethat the constants v, and vy, arejust thevelocity and

position at time t = 0. Thus the motion of the object is known if we know its
initial position y, and velocity v, .

If theforce F(t) varieswith timewe have the differential equation

d’y F(t)

a m
The general solution can still be found by integrating twice, and the motion will
still be determined by the initial position and velocity. Suppose for example that

F(t)=t?,and y,=5, v, =1 attime t=0.Then

(%14) m*'diff(y,t,2)-F=0;
dz
(Fo0d) m|—— —-F=0
q @

(%15) 0de2(%,y.t);
e F

(%05) w=——+3k2 t+3k1
Zm

(%16) v:%;
2

t°F
(%0B) w=——T3%k2 t+32k1

2 m

@O0
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(%17) subst([F=t"2,%k1=5,%k2=1],y);
pd
(307) y=—*1t+5

2 m

Example5.  When aspring of natural length L iscompressed adistance x it
exertsaforce F = —kx. The negative sign indicates that the forceisin the
opposite direction from x.

When xis negative the spring is expanded and the equation F =—kx ill
holds.

Supposeamass m isattached to the end of thespringand at time t =0 is
at position x, and hasvelocity v,.The motion of the mass follows the
differential equation

d’x  d’x_ k

F = ma, —kx=m ,
dt? dt?

The general solution is
X=acoswt+bsnwt

where o =+/k/m. Using theinitia conditions, the motion of the massis
Vo .
X = X,Coswt+—sinot.
()
Thisfunction is periodic with period 27/ w, S0 as expected the mass oscillates
back and forth.

@O0
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8.7 DERIVATIVESAND INTEGRALSINVOLVING Inx

Examplel Find dy/dx where y=(2x+1)(3x-1(4- X).
Inly| = In2x+1 +In3x -1 + In[4 - X,

dy 2 3 1
_:y + _
dx 2x+1 3x-1 4-x

)

2 N 3 B 1
X+1 3x-1 4-x

= (2x+ (X -D(4-X)(; ).

Example2 Find dy/dx where y=x".
Iny =xInx.
dy d(xlnx)
&—y dx

xx(§+lnx) = x*(1+InXx).
X

Inthisexample, Iny=In|y| because y> 0.

(X*+1)°(x* + x+2)

Example3 Find dy/dx where y=
P Y Y (x-Dvx+4

Iny| =3In|x2 +]1+In|x3 +x+2|—|n|x—]j—%|n|x+4{,

dy 6x+3x2+1_1_ 1
dx X*+1 X*+x+2 x-1 2(x+4)

(P +DP(C+x+2)( 6X . x+1 1 1
(X—DJx+4 X*+1 XP+x+2 x-1 2(x+4))

This derivative could have been found using the Product and Quotient Rules but
it would take a great deal of work.

Example4  Find jtan@d@. Wehave tanf =(sin6/cosf). Let

u=cos@, du=-sinfdé . Then
jtan@d@ :—Illudu = —In|u[+ C = —In|cosé| + C.

Remember the absol ute value sign inside the logarithm. It is needed because
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cosf may be negative.

Example5 Find jsec@ do.

Isewde_j%ce(%ceﬂane) 40
secO +tan@
:J-d(%c0+tan9) =Inlseco + tan 6|+ C.
sech +tan@

Example6  Find J‘sec3 0 d6. From the reduction formulain Section 7.5.
3 1 2 . 1
[sec 0do = sec an9+§I§£9d9.

Therefore jsec39d9 =%secz€sin9+%ln|se09+tan9|+c.

Example 7 Findj ZXdXZ.
a?+x
Let u=a®+x>. Then du=2xdx,
j ZXdXZ _1 %=£In|u|+C:1In|a2+x2|+C.
a“ +Xx 2°'u 2 2

Since a®+ x* isaways positive
J‘%zlln(a2+x2)+c

a’ +x
isequally correct.

) dx
Example 8 Find | ——.
2
Assume a> 0. We make the trigonometric substitution x = aseco

Then dx=atanfsec6do, +Vx*—a? =atané.

atanseco

dg:j atand

d
j;i?%z? do = [seco do

=Injsec6 + tan 6|+ C

@O0
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x, Ix*-a’

a a

=In —lna+C’

+C = In‘x+ Jx? —a?

Therefore +C

dx
j—z |n‘X+\/X2 —a®
Jx? —a?
dx
= In‘x+\/a2 + X2
va? + x?

can be derived in asimilar way and is |eft as an exercise.

The formula J' +C

Theintegrals jarctan x dx, J'arcsecxdx

can now be evaluated using integration by parts,

judv: uv—jvdu.

Example9 Find jarctan X dx.

Let u=arctanx, du=dx/(1+Xx?), v=X, dv=dx

Then jarctanxdx=judv= uv—jvdu
=xarctan x—J'1+Xx2 dx.

From Example 7,
2% Linae sty
1+x 2

Therefore jarctan xdx = xarctan x—%ln(1+ x*)+C.
jarccotxdx can be evaluated in asimilar way.

Example10  Find jarcsecxdx,when X>1.

Let u=arcsecx, du= ! dx =

= dx, v=x, dv=dx
XV x? -1 xvx? -1

Then jarcsecxdx=judv=uv—jvdu:xarcsecx—j%dx
XV X —

1

Vx? -1

dx.

@O0
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From Example 8,
j ! dx = In‘x+ N X2 —1‘ +C.
VX2 -1
Therefore

jarcsecxdx: xarcsecx—ln‘xh/x2 —1‘+C.

8.8 INTEGRATION OF RATIONAL FUNCTIONS

3 2
Example 1 J'L)(ldx.
X+2
The first step is to divide the denominator into the number by long division.
3 2
w: X2 +2X—4+L.
X+ 2 X+2

We now easily integrate each term in the sum.
3 2
jLdex = j(xz +2X— 4+Ljdx
X+ 2 X+ 2

_X3 2
—§+x —4x+7Inx+ 2 +C.

x® +2x* —20x-33
_[ 5 adx.
x—=3x-10
Step1 By long division, divide the denominator into the numerator. The result is
x® +2x* — 20x—33 5x+17
=X+5+

Example 2

x> —3x-10 x> —3x—-10
Step 2 Break up the remainderZSX;17 into asum,
x°—-3x-10
5x+17 -1 6

X —3x—10 x+2 x-5

One can readily check that Equation 1 istrue,
—l+ 6 :—(x—5)+6(x+2): 5x+17
X+2 Xx-5 (x+2)(x-5) x? —3x—-10

The terms_—l2 andi5 are called partial fractions. Later on we shall explain
X+ X—

how they were found. Notice that the denominators of the partial fractions are
factors of the denominator of the rational function,
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(X+2)(x—5) = x* —3x-10.
Step 3 We now have

_[Xg +X22X_23_)<2_0i(0_33dx jxdx+_[5dx+j——dx+ X%dx
2

:X?+5x—ln|x+2|+6ln|x—5|+c.

2

X
Example 3 J-xs +3%x%+3x+1

Step1 Thistime the numerator already has smaller degree than the denominator,
so no long division is needed.
Step 2 Break therational function into asum of partial fractions. T he
denominator can be factored as
X% +3x% +3x+1=(x+1)°.
It turns out that
x? 1 2 1
(x+1)°  x+1 (x+1)° " (x+1)°
This can again be readily checked.

NG 1
Step 3 dx=|——dx+ |-
& J‘(x+1)3 X+1 I

dx

2
dx +
(x+1)? J‘(x+1)3
1 +C
x+1 2(x+1)?

=Inx+1+

I 2X+3 dx

Example 4 Zaxil
Step1l Nolongdivision is needed.
Step2 Thedenominator x>+ x+1 cannot be factored, i.e., it isirreducible. In
this case no sum of partial fractionsis needed.
I 2x+3
x>+ x+1
We use the method of completing the square. We have

Step 3 Tointegrate dx

x>+ X+1= (x+£)2 +§.
2 4

Let u=x+%.Then du=dx and
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2u->)+3
j 22x+3 dx — 2 du=j2u+§du
X“+x+1 u? 4> Uz >
4
2u 2
—j X 3du+I X 3du
us+— us+—
4 4
d(u? + )
4 1
+2 du
u2 3 u® +(/3/2)?
4
=Inu2+§ +iarctan(£u]+c
4 |3 J3

= In|x2 +x+]1+%arctan(%(x+%)]+c.
u =[§Jtan0, u? J{ gjg :{gjsece

89 METHODSOFINTEGRATION

dx
Example 1 —_
P IVX+1—J;
By multiplying the numerator and denominator by +/x+1++/x (i.e,
rationalizing the denominator), we get the sum

j\/x_erlX—\/; :J‘\/())((Tj;_\/f dx=j(ﬁ+\/;)dx
=ij_Jr1dx+I\/;dx.

Example 2 J‘tan3xsec2 xdx. Usingtheidentity sec® x =1+ tan®x, weobtaina

sum of integrals of powersof tanx:

J‘tan3 xsec® Xdx = jtan3 X (1+ tan? x) dx =Itan3 X dxjtjtan5 X dX.
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Example 3 In( X
x+1

jdx. Using the rules of logarithms we have

jln(xx—:ljdx:j(2|nx—|n(x+1))dx: ZjlnXdX—jln(X-i—l)dX.

Example 4 jsin(x+ a)sin(x—a)dx. Using the addition formulas,

sin(x+a) =sinxcosa+ cosxsina,
sin(x—a) = sinxcosa—cosxsina,
we have

jsin(x+ a)sin(x—a)
:j(én Xcosa+ cosxsina)(sin xcosa— cosxsina)dx
:J‘(sin2 XC0s® a— cos® xsin? a) dx

=cos? ajsin2 xdx —sin? ajcos2 xdx.

The method of partial fractions also makes use of the Sum Rule.

Example 5 j;dx, a=0, b-0. Wehave
(x—a)(x—b)
X B A+ B
(x—a)(x-b) x-a x-b’
A-_B 5B
a-b b-a

O

X a dx dx
j(x—a)(x—b) dx= a—bjx—a+ b—ajx—b'

Example 6 J‘\/2x+1dx. Let u=2x+1 du=2dx. Then

j\/2x+1dx:jﬁ-%du.

This can be integrated using the Constant and Power Rules,
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J‘\/ﬁ.%duz—z 3 :%uy2 :%(2x+1)3’2.
2

Example 7 j ! dx. Let u=~/x.Then du:idx, dx=2udu. We get

Ix+1 2./x

the rational integral

1 2u
j&+ldx=ju—ﬂdu.

Example 8 J‘sin(3x2 —1)xdx. Let u=3x*-1, du=6xdx. Then

[sin@¢ —1)xdx:j(§nu)%du.

Example 9 J‘; dx. Putting u= tané, we obtain the rational integral
23N X+ COS X 2

1 2 2
. du=|——du.
j 4u +1—u2 1+ u? j1+4u—u2

1+u® 1+u?

Example 10 szm dx. We usethe substitution x = 6sec6.
Then +x* —6% =6tang, dx=6tanfdsecOdd, and theintegral
becomes IGZSeCZQ-GtanO-GtanaseCQdQ
=j64tan295ec39d9=64j(sec29—1)sec39d9

:64jsec59d9—64jsec39d9.

Example 11 lenxdx. Try u=Inx, dv=xdx Then

du=1/xdx, v=x?/2,
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2 2
lenxdx=X—Inx—J'X—ldx:—Inx——+C.
2 2 X 2 4
Example 12 j(lnx)zdx. Put u=(Inx)?, dv=xdx. Then

_ 2Inx
X

du dx, V=X,

J‘(Inx)2 dx = x(Inx)? —Zjlnxdx.

Example 13 jsin(lnx)dx. Let u=sin(Inx), dv=dx. Then

cos(Inx)
X
Integrating by parts,

du= dx, V=X

jsin(lnx) dx = xsin(lnx)—jcos(ln X) dX.
Integrating by parts again,
jcos(ln X) dx = xcos(lnx)+jsin(ln X) dX.

Then jsin(lnx) dx = xsin(In x) — xcos(In x) —jsin(lnx) dx,

jsin(lnx)dx:%xsin(lnx)—%xcos(lnxhc.
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