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7.1 Trigonometry

7.2 Derivatives of Trigopnometric Functions

Example 1.
Find the derivative ofy = tan*(3x .)
Solution: dy = 2tan3xd(tan3x) = 2tan3xsec 3xd (3x)

= 6tan3xsec 3xdx.
Example 2.
Evaluate lim cost .
t-mi2t — 77/ 2

Solution: (%i1) limit(cos(t)/(t-%6pi/2),t,%pi/2); [FIL 1 ¢ limit( A= filis

— ... cost . et L
Gy mEaRy) /A » TG t o BRI t TR /2

t—7m/2

(%c0l) -1

This is a limit of the form 0/0 because
lim cost =0, lim (t-2%=0.
toml2 toml2 2

By I'Hospital’s Rule (Section 5.2)
lim —O% = jim 2SNt _giny = -1,
tmi2t — 72 t-mi2 ] 2

Example 3.

A particle travels around a vertical circle of naglir, with constant angular velocity
a =d@/dt, beginning with d = Oat time t = Q If the sun is directly overhead, find
the position, velocity, and acceleration of thedsiva

Let us center the circle at the origin in tig,y plane (Figure 7.2.5). Then
X=r,c0s8, y=r,sind.

At time t,6 has the valued = «t . So the motion of the patrticle is given by the
parametric equations

X =r,cost), y=r,sint).

The shadow is directly below the particle, angitsition is given by the

X -component

X =T, COS(t) .



The velocity and acceleration of the shadow are

dx .
V=—=-r,wsin(au),
o 0 (at)

a= % = —1,&’ COS(ut) .

Example 4.

A light beam on a 100 ft tower rotates in a veilt@ecle at the rate of one revolution
per second. Find the speed of the spot of lightingpalong the ground at a point
1000 ft from the base of the tower.

We start by drawing the picture in Figure 7.2.6.

Solution:

Assume the rotation is counterclockwise. lietbe time and letx and 8 be as in
the figure. Then

% =2 radians/sec,x =100tangft.

We wish to find dx/dt when x= 1000

ax _ 100se 0% =200715eC° 4.
dt dt

When x = 1000
se’d =1+tan® §=1+(x/100% =1+10* =101

Therefore % = 202007 ~ 63000ft/sec.

Example 5.

Find J'sinstcostdt. Let u=sint, du=costdt.

Solution: (%il) integrate(sin(t)*3*cos(t),t); I*ET 7J ?ﬁﬁ : integrateflr=" » ALy > o
FrErtTsinteost » ATt PUEE T ERLAT AR T 4

ainf )t

(Fol)

‘4
SN t+C.

4
Then jsin3t costdt = jusdu :UT+C =

Example 6.
Find the area under one arch of the cunyve cosx.



Solution: (%i1) plot2d(cos(x),[x,-2*%pi,2*%pi]); /1" cosxp@g%ﬂ% » X JlidEEEY
-2n-~2n

(%o0l)

IR croplot zraph

-1

6.89140, 0.488553 b4

(%i2) integrate(cos(x),X,-%pi/2,%pi/2); i 3 11147 tintegratey=" - Ay i DI
Brthsin®tcost » ARG t o AT AR L - /2~ nl2

(302 2

From Figure 7.2.7 we see that one arch lies betweehmits x=-7 /2 and
x=n/2, therefore the area is

l2
-ml2

[ costatt = sint|"*, =1-(-1) = 2.

Example 7.

Evaluate jseé‘xdx .

Solution: (%i1) integrate(sec(x)"4,X); Fﬁy’? fr1 tintegratefle=" - AL ] Eﬂ)| Fi
Byt sed x » A x o PEL L EH T AT H S Eu




tanl{X]l3
(Fol) T+tanl{xj

Using the identitysec¢ x =1+ tan® x, we have

jseé‘ xdx = j (1+ tan® x) sec xdx

3
tan X+C.

= I(1+ tan® x)d(tanx) = tanx +

Example 8.

Find J'\/l— cosxdx .

Solution: (%i1) integrate(sqrt(l-cos(x)),x);I%Eﬁﬁ} fri1] - integratefy=' > A@Ly > &

SR V1= cosx o MBS X o [RIEG T KR 3 AR | A

(%ol (—'\J?cosixj—m'?jSin(x+x]+ﬂ?sinixlcos(2{;n]

z

Using the identitysin® x+cos’ x = 1we have

J1=cosx = V1-cosx+/1+cosx _ +/1-cos x
1+ cosx \1+cos x

_ Wsin?x _ [sinX

~ J1+cosx +1+cosx

Case 1l In an interval wheresinx =0,

i 1
/10— cosxdx = ﬂdx = -
j I v/1+ cosx I 41+ cosx

=-24J1+cosx+C.

Case 2 In an interval wheresinx< 0

J'«/l— cosxdx = 2+/1+ cosx +C.

d 1+ cosx)

7.3 Inverse Trigonometric Functions
Example 1.




Find arccos(/z 12) .

Solution: (%i1) plot2d(acos(y),[y,-2,2]); /& I} arcco: Q%W/ >y BHIEEEIEE-2~2

plotZ2d: expression evaluates to non-numeric value somewhere in plots
(3ol

|! znuplot graph

257

acos(y)

157

0 . . . . .
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-2.60000, -0.497368 \Y

(%i2) acos(sqrt(2)/2); [arccosff; & : acos@yff)| /i1 arccosy/2 /2)ffif

%2“
(0)4

From Table 7.1.1,cos(7/4) =+/2/2. Since 0< n/4<n,

arccos{/2/2) = /4.

Example 2.
Find arcsin¢l).
Solution: (%il) plot2d(asin(y),[y,-2,2]); //Z I} arcsinﬁ%ﬂ% >y AT EE-2~2



plotZ2d: expression evaluates to non-numeric value somewhere in plots
(3ol

|! znuplot graph

-
=

"

=
L]
Ly

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-0.743200, 0.763158 v

(%i2) asin(-1); farcsindg; 1 © asin@eff) /PFELL T arcsin(L)ivff

o2 i
(02) >

From Table 7.1.1,sin(372/2) =-1. But 37n2/2 is notinthe intervalt n/2,n /2
Using sin(@+2nn) =sind, we have

sin(-=721/2) =sin(3n/2) = -1,

So arcsinEl) =-n /2.

Example 3.

Find arctanh@) .



Solution: (%i1) plot2d(atan(y),[y,-2,2]); //&! arctar Q%‘[”I%/ >y BHIEREIEE-2~2
(Eol)

|! znuplot graph

atan(y)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
1.33460, 1.24243 v

(%i2) atan(-sqrt(3)); farctants; % : atan@rfl)|  /F=EEEL T arctanE/3)Avii
F F

o2 i
(02) 3

We must find aé in the interval F 72/2,721/2] such that tan@ = -J/3. From Table

7.1.1, sin(r/3) =~/3/2, cos@/3)=1/2.

Then sin(-77/3) = -J3/2, coscn/3)=1/2. So

_\/5/2:_\/:—3’

tan(-r7/3) = 12



arctan(+/3) = -77/3.

Example 4.
Find cos(arctary) .

Solution: (%il) cos(atan(y));

(Fol)

Let @ =arctany. Thus tand =y . Using
sin@+cos f=1

sing _
cosd

we solve for cos@ .

sind =ycosd, (ycosh)® +cos 8=1,

cos’ 6(y’+1) =1, cosf=——.
y +1

1

Yy +1

Thus cosfd =+

By definition of arctary, we know that—7n/2<6<n /2In this interval,

1

Jyi+1

cosd = 0. Therefore cosg =

Example 5.

Show that arcsiny + arccosy = n /2 (Figure 7.3.6). Letd = arcsiny .



We have y =sind =cos@/2-6) . Also, when -n/2<6<n/2, we have
nl2=z-0=2-n/2, n=2nl2-6=0.
Thus n/2-6 =arccoyy,

arcsiny +arccosy =6+ (n/2-6)=nl2.

Example 6.

(a) Find the area of the region under the curye for —1<x<1.

1+ x?

(b) Find the area of the region under the same cunve-f® < x <. The regions are
shown in Figure 7.3.7.

Solution:
(@) (%il) integrate(1/(1+x"2),x,-1,1); I%Eﬁi} if‘g[ﬁ Lintegratefle=" - ARGy AE) R
BEL L R X+ A -1~ 1
1+x
(301) —
R

A= —1 gx= arctarlxll_l = % - (—g) =

n
11+ %2 2

(b) (%i1) integrate(1/(1+x"2),x,minf,inf); Fﬁﬁi} 1547 ¢ integrateffe=" > AAg %‘ET[EU)|

il ! o AR X o AT AR T — 00 ~ o0
1+ X
(Z0l) m
;A\:-ro 1 d)(:-"0 1 dX+ *® 1 X
_001+X2 —ool+x2 0 1+X2d
b
= lim dx +lim dx

a~wdaltx?  bowd0]4x?



= lim (arctar0 — arctam) + Lim (arctarb — arctarD)

a— —oo

=—|lim arctam+ Lim arctaro.

a— —o

From the graph ofarctarx we see that the first limit is- 7/2 and the second limit
is n/2,so0

7, T
A=—(——)+—=r1.
( 2) 2

Thus the region undely =1/(1+ x> has exactly the same area as the unit circle, and
half of this area is betweer=- 4nd x=1

Example 7.

Find -2 1
In j_z 4dX\/X2__1x.

Solution: (%il) integrate(l/(x*sqrt(x’\2-1)),x,-2,-sqrt(2));I%Eﬁj}}f‘gfﬁ : integrate@ﬁ

- 1
B ) i ———
£ B P e

s RBETET X o LAY AR -2 ~ =42

(301} —
1y E
12

The region is shown in Figure 7.3.8. Singe is negative, X = —|x] Thus

J'_\/E 1 X - J’_\/E 1

—————=dXx
-2 |X| 2 -1

=— arcsecx| :f = —(arcsec(—\/i) —arcsec(2))

3n_2n__n
4 3 12



7.4 Integration by Parts

Example 1.

Evaluate J'xsindx . Our plan is to breakksinxdx into a product of the fornudv,

evaluate the integralsj. dv and jvdu, and then use integration by parts to gje;ldv.

There are several choices we might make tdiorand dv, and not all of them lead to
a solution of the problem. Some guesswork is regluir

Solution: (%i1) integrate(x*sin(x),x); [ 7 74} : integratef=" » @G &)
Br¥E xsinx » WG x + [EDT K ) 0 el

(20l) ginl(x)—3x cos(x)

Firsttry - u=sinx,dv = xdx . jdv=jxdx=%x2 +C. Take v=%x2.
Next we find du and try to evaluatejvdu.

du = cosxdx, jvdu = J'% x> cosxdx .

This integral looks harder than the one we stasti¢idl, so we shall start over with
another choice ofu and dv.

Secondtry - u = Xx,dv =sinxdx.

[dv=sinxdx =-cosx+C.
We take v =-cosx. This time we finddu and easily evaluatejvdu :

du = dx, jvdu :j—cosxdx: -sinx+C, .

Finally we use the rule



judv = uv—jvdu ,
Ixsin xdx = x(—cosx) - (-sinx+C,),

or jxsinxdx =—-Xcosx+sinx+C .

Example 2.

Evaluate Iarcsinxdx . A choice ofu and dv which works is

u = arcsinx, dv=dx.

Solution: (%i1) integrate(asin(x),x); [ /) 11 9] * integratefy=" - "y - B
B tharcsink » RREYHE x > PUEL T R A T AT 4T AR

(230l) xasin(x)+al-x°

We may takev = x. Then

jvdu :J.\/% =—J1-x* +C,.

Finally, jarcsinxdx = xarcsinx — (—/1-x* +C,),

jarcsinxdx = xarcsinx++/1- x> +C.

Example 3.



Evaluate J'x2 sinxdx. This requires two integrations by parts.

Solution: (%il) integrate(x"2*sin(x),x); I%Eﬁj}jf‘gfﬁ : integrateffr=" » AL %ﬁﬂéﬂﬂ
FHEZES X* sinx > ABEH x o PREL T L T AT 7 4

(%0l) 2 xsinf(x)t(Zz —x? 1oos( )

2

Sepl u=x°, dv=sinxdx,
du = 2xdx, J’dvzj'sinxdx:—cosx+C.
We take v =—-cosX.

sz sinxdx = uv - jvdu = —x? cOSX +I2xcosxdx.

Sep 2 - Evaluate I 2xcosxdx .

u, =2x, dv, =cosxdx,

du, = 2dx, J‘dvl = Icosxdx =sinx+C.
We take v, =sinx.

j2xcosxdx SRTAVARS J‘vldul

= 2xsinx—stin xdx

=2xsinx+ 2cosx+C .

Combining the two steps,

sz sinxdx = —x? cosx + 2xsinx + 2cosx + C .



Example 4.

Evaluate J‘sin2 aé .

Solution: (%i1) integrate(sin(x)"2,x); [ 53 {4 : integratefy=" - i@y i)
BrET sin® x » A@EI LT x 0 PIEL T B LA 5T R R AR o 6 MaXimaH'jﬁB
A HERLES PR x (YT Oag e

X
Finl(2 x)
r—_—
(%ol :
L]
z

Let u=sind, dv=sin&é.

Then du =cos@dd, v=-cosf.

J‘sin2 &g = —sianosH—j— cos’ &8
= —sinfcosd + [ cos’ 616
= —sinecose+j(1—sin2 6)do
= —sindcosd + 6 — jsin2 a6 .
We solve this equation foy‘sin2 aé ,

[sin® a6 = —%sin@cos€+%6+c .

Example 5.

Evaluate J'Onxsin xdx (Figure 7.4.2).



Solution: (%i1) integrate(x*sin(x),x,0,%pi); I%Eﬁy’? ff integratefly=" > i@y #

B FREeEE xsinx o AEYEL x o A faE £ 0~n
F¥ =
(%ol =

(%i2) plot2d(x*sin(x),[x,0,%pil); /i1 xsinx {191 » x HFTIEL 0~n

(20Z)

|! znuplot graph

X*sin(x)

0 0.5 1 1.5 2 25 3
0.644812, 2.07487

Take u=x, dv=sinxdx asin Example 1. Thewv =-cosx and

T T Vs
J' xsinxdx = - xcos —j — cosxdx
0 0 0

= - xcosX +sinx’

=(-n(-1)+0[D)+(0-0)=n.



7.5 Integralsof Powersof Trigonometric Functions

Example 1.
jtan Xdx = —— tanx jtan xdx =tanx—-x+C.
(%i1) integrate(tan(x)"2,x); i ) ?ﬁﬁ *integratelfy=" - AL il e
tan® X > AREPEL X o [N T EL AT 3 A
(%cl) tan(x)—atanitanizx))
Example 2.
3
J'tan“xdx— tan” x jtan dx— an X _tanx+x+C.
(%il)integrate(tan(x)"4,x), I%Eﬁmfﬁq | i Rl mggﬂ
tan* x > AEEEL X [*“E'ﬁ e P FlfrJ‘}T B gl
tanl{X]IS =3 tan( x)
(50l) atanitanizx+
Example 3.
(%i1) integrate(tan(x)"3,x); I%Eﬁj} ?ﬁﬁ D Rl mggﬂ
tan® x > AR X o PEL T EH T AT R fﬁ“ﬂl[
lu:ugl{sinl{z':]lz—l]l 1
(%ol
Z 2 sin(x)® -2
Example 4.
jsin2 xdx = —lsinxcosx+1jdx = —lsinxcosx+1x+ C.
2 2 2
jcos2 xdlecosxsinx+ljdx:lcosxsinx+1x+c.
2 2 2 2
(%i1) integrate(sin(x)"2,x); i /) ?ﬁﬁ ! integratelfy=" - AL il e

Sin® X > ARG X o PIER T LAY ET ) B



(Fol) >

(%i2) integrate(cos(x)"2,x); Fﬁy’? fri47  integratefly=t > ARG %‘ﬁ[ﬁﬂﬂ PR
cos’ X » MG X o [REG T EL A ST AT B

Fin(z =)
—  +x

[FoZ)

Example 5.

Icos" xdx = Ecos2 XSinx +chosxdx
3 3

:Ecos2 xsinx+zsinx+C.
3 3

(%i1) integrate(cos(x)"3,X); Fﬁy’? fri47  integratefly=t > ARG %‘ﬁ[ﬁﬂﬂ FrEEED
oS’ X > ARG X > PREL T L A ST A B !

sin{f{}3

(5o0l) sin(x)— 3

Example 6.

J'sec”’ xdx = lsec,2 xsinx+lj'secxdx.
2 2

(%i1) integrate(sec(x)"3,x); Fi 73 14 ¢ integratelfy=" > gy - dlal) BT
sec x + ABHET x + UKL R 53 P |4
log{sin{x)+1) log({sin(x)—1) sini X
3 3

(%ol)

2 sin(x)° -2

Example 7.

Iseéxdx = Esec”‘ xsinx+gj'sec,2 xdx
3 3



:Esec" xsinx+§tanx+C.

(%i1) integrate(sec(x)"4,X); Fﬁy’? ﬁ’[ﬁ © integratefly=" » &L ﬂ*‘ﬁ[ﬁﬂﬂ FrEEED
sec x » ARG x o PREL R AT AT 5 S EEE

tanl{X]l3
(Fol) ——E———+tan(xj

Example 8.

J'sin4 XCOS® XdX .

Solution: (%il) integrate((sin(x)*4)*(cos(x)"3),x); I%é% j};v‘grﬁ . integratefly=" > @1
FriErT sin® xcos® x o AEEEL x o PIER T ER AT AR 7 2
5 sin(x) -7 sin(x)

(Fol) -

Let u=sinx, du=cosxdx.

Isin“ XcoS’ xdx = Iu“ (1—u®)du

SENCIE S
5 7
:Esinsx—lsin7x+c.
5 7
Example 9.
J'«/cosxsin3 xdXx .

Solution: (%il)integrate(sqrt(cos(x))*(sin(x)"3),x);I%Eﬁﬁ#gfﬁ : integrateglr=" >
gy ) FREEIL Veosxsin® x o ARG x o PR AR T AT ) BT AR

6 cos(x) ' °—14 cos(x) ' °
71

(Fol)

Let u=cosx, du=-sinxdx.

j Jcosxsin® xdx = j Ju@-u?)(-1)du



= —u? +u52dy = _%ualz +§u7/2 +C
= —g(cosx)3’2 +E(cosx)7’2 +C.
3 7
Example 10.
J‘sin5 xax .

Solution: (%i1) integrate(sin(x)"5,x); Fﬁﬁ 117 ¢ integratefle=" > Adgly > FlE')
By sin® x > AT x o PUEE D R AT AR B [T A

1

c05{K}5 z CDSI{X]IS
(Fol) - + 3 —cosi)

Let u=cosx, du=-sinxdx.

J'sin5 xdx = I @-u?)*(-Ddu

= —.[(1—2u2 +u*)du =-u +§u3 —%us +C

= —cosx+§cos3 x—%cos’5 x+C .

Example 11.

J‘sin4 cos'xdx = jsin4 X(L-sin® x)dx

= jsin4 X —2sin® x + sin® xdx .



(%i1) integrate((sin(x)"4)*(cos(x)"4),X); Fﬁﬁ ﬁ’[ﬁ : integratefle=" > WALy %‘ﬁ[ﬁﬂ)\
FrEPHE sin® xcos® x > ARG x o PR HL A T AR E ST AR

zin( g X))

4
= 0 F ain(4 x)

- + X
5 2

&4

(Fol)

Example 12.

When m is even usetan’ x=se¢ x- .1

J‘tan4 xsecxdx = J‘(sec,2 x —1)? secxdx

= jsecr’ X — 2seC X + secxdx.

(%i1) integrate((tan(x)"4)*(sec(x)),x); Fﬁﬁ ﬁ’[ﬁ tintegratefly =t > ALy %‘ﬁ[ﬁﬂ)\ i
Byt tan® xseox » MG X o [REL T EL AT AT B a
Sloglain(x)+1) 3 ng(sin(X}—l}+ 5 sin{K]lS—S =infx)

(Fol)

16 16 0 sinl %) =16 sinix)° +8

Example 13.

When m is odd use the new variable =se(x or u=-cscx.

J‘cot3 XCsC xdx = J‘cot2 xcsc x(cotxcscxdx)

5 u3

= I(uz -u’du :UE—?+C

csC X €sC X
=- + +

= C.
5 3




7.6  Trigonometric Substitutions

Example 1.

Find [ (a2 +x?) " dx.

Solution: (%i1) integrate((@"2+x"2)"(-3/2),X); Fﬁﬁ fr1 © integratefle=t > i@y |
FrErIT (@2 +X2) ™2 » At x o PR DAY R 8 el

x
(Fol)

&2 }{21"&2

Let 8 =arctank/a). Then from Figure 7.6.2,
x=atand, dx=aseC@lf, a?+x?=ased.
So

J‘(a2 +x%)32dx = J‘(asecﬂ)_gasec,2 &g

= [(secd)*dg == [costtd
a a

C= +C.

a® sedd a?+va? + x2

:izsin9+0:i2ta”9+ X
a

Example 2.

Find j\/x2 - a%dx.



Solution: (%il) integrate(sqrt(x"Z-a"Z),x);I%Eﬁj} fri1] - integratefy=' > A@Ly > &

BB AXE —a® B x » [RIEG T EL 5 | P

xmlxz —2? & ng(E "\||X2 —a% 42 :c)
E

2

(Fol)

Let =arcseck/a) (Figure 7.6.3), so

x=asedd, dx=atanfdsecd, +/x*-a® =atand.
So

j\/ x> —a’dx = jatan&atan@seoéd@ = azjtanzesecﬁde
= azj‘(sec2 6 -1)secdg
= azj'seé’ alg - aZJ'seoéblé?
= (la2 sec 6’sin0+1a2jse0§d€) - azjseome
2 2
:la2 sec Hsine—lazjsecﬁde
2 2

:%x«/x2 -a’ —%azj‘seoﬁlﬁ

Example 3.

[~



Solution: (%il) |ntegrate(l/(x"z*(sqrt(a"2 x"2))),X); Fﬂfm Fl 1[ : integrateffe=" > |
[ w) e ﬁ R, X PRI KR5S A T B
937 FURLH akl B EL O F 1 EVFTVEY > T TS a kb T R ERTEE

I= 3 EE¥Yro 0¥ ROonEZero?nNonzero;

(%o0l) -

Let 8 =arcsink/a) (Figure 7.6.4). Then

x=asing, dx=acosédd, +a’-x*>=acosld.

acos&dd j—de
a’sin’@

J. 1 dx:I 1
x2/a? - x2 a®sin® Bacosd

= iJ‘sec? e = —izcot6?+ C

a’ a

i\/az -x?
2

a X

+C.

Example 4.

Solution: (%i1) mtegrate((sqrt(x"z an2))/x,x); I%ﬂfm Fl ll : integratefly=t > AR |

) FBen S0 R x » PER T KRS AR S Bl 5y 5
FL @kl i Oﬁ/j ELSRPVR > TIPS M) a kb T EVRTIVEY

I= 4 Ee¥o oFr nonzero?nonzerO;

Z
2% asin[ 2 ]
ol =} 7

(%ol T2 —a

ol

Put 8 =arcseck/a) (Figure 7.6.5). Then



x=asedd, dx=atandsectd, +/x*>-a® =atand.

J' X -a’ jatané? tandsead = aJ'tan2 aé

ased

= aj‘sec,2 ale - ajd@ = atand-afd+C

=+/x*-a® —aarcsecf/a)+C.

Example 5.

The basic integrals

dx = arcsinx+C,

1
@ e

dx = arctanx +C,

o 112

=zarcsecx+C, x>1

(©) J'L
xvx? -1
can be evaluated very easily by a trigonometrisstution.

Solution:

(@) (%i1) integrate(1/sqrt(1-x"2),x); Fﬁn Fl ,[ : integrateflr=" > WALy frq[gﬂ)| ij]

1 == ya [ » B Ao
) ﬂ@};ﬁf@ X [:’K[ ET;,T\ IEE %\_;% 7} E[H—‘J J 7\ FlI Ja[‘j‘ T [ﬁil
1-x?

(20l) asinix)

Let 8 =arcsinx (Figure 7.6.6). Thenx =sind, dx=cos&ld, +/1-x* =cosd.



J-COS&jH_J'de 6+C,

[

I ! dx = arcsinx+C.
1-x?

(b) (%i1) (%il)integrate(1/(1+x"2),x); Fﬁﬁi} ?‘F‘rﬁ tintegratefly =" - Ao %‘E[ﬁﬁﬂ i

1 o BT X 0 PEE T B AT R R4

(%cl) atan(x)

dx
J-1+x2'

Let 8 =arctarx (Figure 7.6.7. Thenx=tand, dx=sec &d, +1+x*> =sed.

jlf’; jzjgde [de=g+cC,
J-1+X2 =arctanx+C.

(c) (%i1) mtegrate(l/(x*sqrt(x"z 1)),x); F‘E’tm ?ﬂ aik : integrateklr=t > AW@gy > A [Eﬂ)|
?}'E‘ﬁfo— » AEEY L X o PR ER AT AR T R4 A
RS ey 1 1

(Fol) —a51nﬁ—ﬂ

J- dx
xyx? -1
Let d=arcsecx (Figure 7.6.8). Then

x=sedd, dx=tanfdsecdd, +/x*-1=tané.

tandsed

J.XJX -1 J.se09tan6?

dezjd9=9+c.



zarcsecx+C, x>1.

J- dx
Xx/? +1

7.7 Polar Coordinates

Example 1.

Plot the following points in polar coordinates.

(2, nl4), (-1, nl4), 3, 3nl/4), (2,-nl4), (-4, -n 14).
The solution is shown in Figure 7.7.3.

Each point P has infinitely many different polar coordinate isaWe see in Figure
7.7.4 that the pointP(3,72/2) has all the coordinates

@ /2+2n7m),
(=33m/2+2nn),

}n an integer.
Example 2.

The graph of the equation = a is the circle of radiusa centered at the origin
(Figure 7.7.6(a)). The graph of the equatiér=b is a straight line through the
origin (Figure 7.7.6(b)).

Example 3.

The graph of the system of formulas

is the spiral of Archimedes formed by moving a plealong the line OX while the
line is rotating with the pencil moving at the saspeed as the poinK . The graph is
shown in Figure 7.7.6(c).



Example 4.

The parabolay = x> has the polar equation

rsind=(rcosd)?*, or r= Sing = tanfsed.

cos? @

Example 5.

The curve y =1/ x has the polar equation

rsing =

. or r’=seddcsch.
r co<d

The graph is shown in Figure 7.7.8.

Example 6.
The graph of the equation
r =asind

is the circle one of whose diameters is the lioenfthe origin to a pointa above the
origin.

This can be seen from Figure 7.7.9, if we remerntitegra diameter and a point on the
circle form a right triangle.

As @ increase, the pointsing, ) goes around this circle once for every
radians.

Example 7.

(&) The spiral r =@ has the parametric equations



Xx=46cosd, y=86sing.
(b) The circle r =asind has the parametric equations

X =asindcosd, y=asin*é.

7.8 Slopesand Curve Sketchingin Polar Coordinates

Example 1.

Sketch the curver =1+ cos4.

Solution: (%i1) load(draw); [/ R L A2 [l 2 (i podn 5 0 FORLES P
[ VG draw > [PRRGEREIpE B0 S LA v | IRV draw
(%o l)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw2d( nticks=200,polar(1+cos(theta),theta,0,23}pi F@J}@%Hﬁ‘?ﬁﬁ |
draw(nticks£i5r» polar@iir=" » ©% » Ja [ purph o g/ AIueR)) I IFRE
Ay L ik Eif}ﬁ‘]gl?ﬂ%ﬁ‘ﬂ%@“ cosf > FPEELG o g UE R RL O AU AL
27+ 7] 200 (FEEAT I

(%20Z2) [gr2dipolar)]




IR croplot zraph

0s

0.5

0.181390. 1.10334 0

Sepl s dr/df=-siné.
Sep2: r=0 when @=7n. dr/déd=0 where 86=0,n.

Sep 3 - See Figure 7.8.6.

Sep 4 -
6 r =1+ cosd dr/dé tary Comments
0 2 0 — max
nl2 1 -1 -1 .
r| decreasing
7l 0 0 — Min, cusp at 0
3n/2 1 1 1 . .
r| increasing

Sep5 - We draw the curve in Figure 7.8.7. The curve |Ikedaa cardioid because of
its heart shape.

Example 2.



Sketch the curver =sin26.

Solution: (%i1) load(draw); | A LA R [ E R VTR 1 0 PRI MFT 'l|
VR draw s FERGE RIPE &0 28 TR T o] v draw
PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw2d(nticks:200,polar(sin(2*theta),theta,0,2*%'pi)|7ﬁ7§i?EL}J—E.«', ﬁ%‘?ﬁﬁ : \
\draw(nticks:%ﬁg(f’ polar(ile=* » #P% > Py el s A E"’J@))\ 1175 PR
AT O D Sin@8) + PR ERE - T TRELO - i AL
27 » 7] 200 f[ﬁ%ﬁ?ﬁ%@ﬁlm‘ﬁ

(Fo2) [gr2dipolar)]

IR croplot zraph

04 r

0z r

02 r

04 r

06 \ | | | | | /

0.184722, 0.739197°° 04 02 0 0.2 04 08

Sepl - dr/df=2cos26.

Sep2 - r=0 at 9=0'g'”'37n- dr/do=0 at 0=2 37 1 7

Sep 3 - See Figure 7.8.8.



Sep4 - We take values at intervals (% beginning atd = 0. We can save some

time by observing that the values from to 2721 are the same as those from 040

6 r =sin26 dr/dé tary Comments

Oand n 0 2 0 Crosses origin

n/8 and 9n /8 J212 NE 1/2 | increasing
2n/8 and 1071 /8 1 0 — max

37/8 and 117 /8 V212 -2 -1/2 | decreasing

4n/8 and 1271 /8 0 -2 0 Crosses origin

57/8 and 137 /8 -J21/2 -2 1/2 | increasing
67/8 and 147 /8 -1 0 — min

7n/8 and 157 /8 -J212 V2 -1/2 | decreasing

Sep 5 - We plot the points and trace out the curveésncreases from 0 td®27 .

Figure 7.8.9 shows the curve at various stagegwldpment. The graph looks like a
four-leaf clover.

If r approachesx as @ approaches 0 orz, the curve may have a horizontal
asymptote which can be found by computing the lwhity . At 6=7n/2 or 3n/2

there may be vertical asymptotes. The methodustithted in the following example.

Example 3.

Sketch r = tan(%e) .

Solution: (%i1) load(draw); | Ay LA R [ E R VTR 0 0 RS ]'F'EJ%T",'I|
FIIVRLE draw » IFRGE RRIPE &) 20 T ifodn o] v draw
PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw2d(nticks=50, polar(tan((1/2)*theta),theta,0, Didk; Fﬁy;ﬁf@%zqﬁﬂwﬁ |



draw(nticks£i5r» polar@iy=" » ©% » J& [ pUrph o g/ ANIuEPR)) I FRE
@4@%% Eifjﬁ‘lg?ﬂ%"[ﬂ/ém’ tané&) > E‘.'J@ F,.6 > ﬁ’J‘FIUEﬁ]@ﬂO > fﬁ&ﬂfj E‘.,J@ﬂ

2n > H] 50 [HRAE R Tas:
(Fo2) [gr2dipolar)]

|! znuplot graph

18 [

16

14T

12

1 F

08 r

06

04 r

02 r

]

- -20 -10 0 10 20 30
2.34599, 2.%%334

Sepl: dr/do=—sed(lo).
272
: 1 1
y=rSIn0:sm§6?sm9/cos§9

- sin1a@sin coss 8)/cos 6 = 2sin’ (2 6) .
2 27°0%; 2 2

Sep2 r=0 at 6=0.
r is undefined atd =1.

dr/dé@ is never 0.



Sep 3 - See Figure 7.8.10.

Sep 4 -
7] ror limr limy dr/dé tary Comments
0 0 1/2 crosses origin
nl2 1 1 1 . .
r| increasing
6 - m 00 2 asymptotey = 2
6 - m — 2 asymptotey = 2
3nl2 -1 1 -1 .
r| decreasing

Sep5 - The curve crosses itself at the poirt=0, y = , bkcause this point has
both polar coordinates

(r=1 6=ni2), (r=-1 6=3n/2).

Figure 7.8.11 shows the graph for various stageewe¢lopment.

7.9 Areain Polar Coordinates

Example 1.

Find the area of one loop of the “four-leaf clover=sin24.

Solution: (%i1) (1/2)*integrate(sin(2*theta)"2,theta,0,%pi/2)fif 731 7] |
integratefy=" - i@gy> #A)|  FEEtL sin® (26) - @ L 6 AT ElEE 0~n /2
z FT R Ul R - 172

%1“
IIOIIB

From Figure 7.9.6, we see that one loop is tracgédh®n 8 goes from 0 tonz /2
Therefore the area is




1z 1l
A_Ejo sin (29)d9_§j0§sm )

s

1
=—TI.
o 8

17 ., 1, 1. 1
== sin == (-=singcosp+ =
2], sin® glp=" (= singcosp+ > g)

As one would expect, all four loops have the sarea.a

On the loop form& =n/2 to 6 =n, the value ofr =sin26 is negative. However,
the area is again

1, 1
A—Ej”/28|n (26)do =7

Example 2.

Find the area of the region inside the cirele= sing (Figure 7.9.7).

Solution: (%i1) integrate((1/2)*(sin(theta)"2),theta,O,%pi)I?;jﬁ RERE integratefjﬁ

B Al ) E}‘@ﬁ.\'gzsmze » RBEPEY @ o AT ARIEY 0~

%1“
(0)4

The point (r,d) goes around the circle once wh&x 6 < n with r positive, and
againwhenn<6<2n with r negative. The theorem says that we will get the
correct area if we take either O armd, or 7 and 27, as the limits of integration.
Thus

A= ["Zsin” @16 =2 (-=sindcosd+ = 6) == (7-0) = 71/4.
0 2 2\ 2 27 "2

Alternatively,



2

1(—lsinﬁcos@+19) :1(277—77):77/4.
2 27, 4

A= ["Zsin® a6 =
"2 2

. . : .1 .
Since the curve is a circle of radluzs, our answern/4 agrees with the usual

formula A=7?.

Integrating from 0 to272 would count the area twice and give the wrongvans

Example 3.
Find the area of the region inside both the circtessind and r = coséd.

Solution: (%il)
integrate((1/2)*(sin(theta)"2),theta,0,%pi/4)+intaig((1/2)*(cos(theta)*2),theta, %pi/

4,%pil2); 53454 ¢ integrateffy=" - AL wfi) E’}“@ﬁf’b%sinzeﬂl%cosze ,
Aot @ o HA TR0~ nl4HInl4~nl2 ’}{ﬁﬁwﬁ%i? R

B

= T2
+

tol
|: :I 2 la

(%i2) factor(%);  //*] factor?ﬂﬁﬂf"f?“ FREZED > Yok P AN

%2“
(%02) 5

The first thing to do is draw the graphs of bothves. The graphs are in Figure 7.9.8.

We see that the two circles intersect at the ogid at 6 = n /4 The region is
divided into two parts, one bounded bby=sind for 0< @< n/4 and the other
bounded byr =cosf for n/4<6<n/2. Thus

A= j’”“lsinz 6ue+j”’21cosz &l
0 2 77/42



ml4 ml2
-1 Lsingcosp+le) +1tsingcoss+la)
2 2 2 0 22 2 /4
1 1 Vi 1 T T o1
=2 (-=-0)+(=-0)+(0-2)+(=-2) |==-=.
2[( 2 ) (8 )+ ( 4) (4 8)} 8 2

7.10 Length of A Curvein Polar Coordinates

Example 1.

Find the length of the spirat =8> from =7 to 8=4n, shown in Figure
7.10.2.

Solution: (%il) integrate(1/2*(sqrt(u)),u,(%pi)2+4,16*(%pi)2+4) i 75 45,

H z N < z AT JANE 1 e ARE T » P EEae =
\lntegrateﬁl\f?“ » Aedbly gm[at')\ FrEEES =Ju > AAEREL U o R T AR B

)
T +4~16m +4
AieaZra (32 22 +8) Alnf+a (2 2% 18]
(301) 3 3
~ 2

s:j:” r2 +(dr /d6)2dé

= ["Vo* +467do = ["\6* +46d6.

Let u=6@?+4, du=2&486. Then

1672 +4

167 +4 ] 1
s= —\/Udu:—EZFug”2
74 D 23

m+4

:%((16772 +4)%2 — (1 + 4)%?).



Example 2.

Find the length of the curve =sind from 6=a to 6=/, shown in Figure
7.10.3. dr/d8 =cosd, so

s=["Vsin?6+cog 6do = ['do=p-a.

(%11) integrate(sqrt(sin(theta) 2+cos(theta)*2),theta,alpha,beta); [Fi 7747

¥

(

integrateq=" - "l wlal) [iErtiVsin?@+cog 6 YL 6 » EH T
a~p

Is  heta—-o positive, negative, or zeroPpositive;

Is 2 bketa—-m positive, negative, or zero?positive;
Is Z2o-7 positive, negative, or zero?positive;

[sin(bet&q [sin{mi
(%21l) atan|—— | —atan|———

cos(beta) cos(o)



