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6.1 INFINITE SUM THEOREM

Examplel  Find the volume of a pyramid of height h whose base hasarea B, as
inFigure 6.1.7.

Place the pyramid on its sidewith the apex at x=0andthebaseat x=h.We usethe
fact that at any point x between O and h, the cross section has area proportional to
x>, so that

AX) B
X  n’

Bx?
A(X) = H2

The volumeisthen

2 37N 3
vo[BC gl B LB 1o
0 h 3 h o 3 h 3

The solutionis V = (%) Bh.

(%i2) integrate(b* x"2/"2, x, 0, h):

bk
(30Z2) —
3

2

© s A= 5 BB 0] h P

Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP

Example2 A wedgeiscut from acylindrical tree trunk of radius 3 ft, by cutting
the tree with two planes meeting on aline through the axis of the cylinder.
Thewedgeis 1 ft thick at its thickest point. Find its volume.

The wedge is shown in Figure 6.1.8. The cross sections perpendicular to the x-axis
are similar triangles. Place the edge dlong the x-axiswith x from-3to 3.At the
thickest point, where x=0, the cross section isatriangle with base 3 ft and altitude
1 ft. The base of the cross section triangleat x is

b=+9-x?,
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and the dltitude is
—b_—VQ X2,

The area of the cross section is
A(X) =< base- altitude = ~b- 1b= 1 (9— x?).
2 2 3 6

The volumeis thus
5 31 3 1.7
V= AX)dx=| =(9-x*dx=(=x-—Xx° =6ft3.
[ A0dx= [ = (9-x)dx=(Cx— )L
The solution is 6 cubic feet.

(%1 3) integrate((9-x"2)/6, X, -3, 3);
(%03) B

O]l lg A(X):%(9—x2), Bh [ EaRI -3 2] 3, | IE'EIHJF’I"AJ

Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP

B ST e R P R



http://www.npue.edu.tw/academic/math/index.htm

6.2 VOLUMESOF SOLIDSOF REVOLUTION

Examplel  Find the volume of aright circular cone with height h and base of
radius r .1t isconvenient to center the coneonthe x-axiswith itsvertex at theorigin

as shown in Figure 6.2.5. This cone is the solid generated by rotating about the
x -axisthe triangular region R under theline y=(r/h)x, 0< x<h.

Since x istheindependent variable we use the Disc Method. The volume formula

3 h
gives V:J‘:ﬂ(%x)2 dx =7 jx dx —7r—— =%m2h,

or V:Eﬂrzh.

(%i2) integrate(%epi* ((r* x/h))*2, x,0,h):

;n;hrz

(%oZ)

O FirHh y=r(ox)°, B0 ] h i ¥ 454

Pintegrate( [k, By BRI, B ), A

Example2 Theregion R betweenthecurves y=2-x* and y=x* isrotated
about the x-axisgenerating asolid S. Find the volume of S.

Thecurves y=2-x> and y=x* crossat x=+1. Theregionissketched in
Figure 6.2.8. Thevolumeis

V= fln(z— x2)? olx—j_lln(xz)2 dx

= .[_lln(Z— x?)? — 7 x* dx

1 2 4 5 '
:Ln(4—4x Jox=r(4x-2x7) | =167/3
-1

(%i3) integrate(%pi* ((2-x72))"2-%pi* (x2))*2, X, -1, 1);

le T
(%ol
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© [}‘[E‘ﬁ“}, yzﬂ(Z—XZ)z_n(xz)z’ T L e 11 ';5“ 1, F'JfE'EIHJF’I‘IbJ

Pintegrate( [k, By BRI, BRI ), A A

Example3  Theregion R betweentheline y=0 andthecurve y=2x-x* is
rotate about the y -axisto form asolid of revolution S. Find the volume of S. We use
the cylindrical shell method because y isthe dependent variable. We see that the
curve crossesthe x-axisat x=0 and x=2, and sketch theregionin Figure 6.2.11.
Thevolumeis

2
\Y; :.[2 27 X(2x— x?)dx = 27r.[22x2 —-x3dx = 27r(gx3 —lx“) =§7r.
0 0 3 4 3

0

(%14) integrate(2* Yopi* x* ((2*x-x"2)), X, 0, 2);

% 4
(o] _—
l: :I

© B y=27x(2x-x), GRIRMIE0 B2, T [ 54

Pintegrate( [k, By BRI, BRI ), A A

Example4  Theregion betweenthecurves y=x and y= Jx isrotated about

the y -axis. Find the volume of the solid of revolution.
We make a sketch in Figure6.2.13 and find that the curvescrossat x=0 and x=1.
Wetake x for the independent variable and use the Cylindrical Shell Method.

o2
=—7.
, 15

1 1 2 1
V= jo 27x(\ X — X)dx = L 27 (x¥? - x*)dx = Zn(g x>/ 3 xs)}

(%1 6) integrate(2* %opi* x* ((sqrt((x))-x)), x, 0, 1);

21
tofB) —
{ J I
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© FHERD y=27x(/x-x), BEIERE0 2 1, F'f{l B R

Pintegrate( [k, By BRI, BRI ), A A

Example5 Derivetheformula V = gn r*for the volume of a sphere by both the

Disc Method and the Cylindrical Shell Method.
Thecircleof radius r and center at the origin has the equation

X +y?=r2,
Theregion R inside this circlein the first quadrant will generate a hemisphere of
radius r whenitisrotated about the x-axis.
First take x astheindependent variable and use the Disc Method. R isthe region
under the curve

y=+r?-x2, 0<x<r.

The hemisphere has volume

%v :J:n(f(x))zdx

:jrn(rz—xz)dx:nrzx—lnxs}
0 3 0

:ﬂr3——nr3:—nr3

Therefore the sphere has volume
3

V:ﬂﬂr
3

Now take y astheindependent variable and use the Cylindrical Shell Method.
R isthe region under the curve

X=4r>—y?, o<y<r.

The hemisphere has volume

%V =J:27r yyr2 —y? dy

Putting u=r®—-y?, du=-2ydy, weget

CREIE [ e S o = S E
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0

r2

1., o 1, . 2 a3
EV—LZZHﬁ(—E)du—J'rz—ﬁ\/adu——gﬂu }
. 4
Thusagain Vzgnr .

(%1 7) integrate(Yopi* ((r"2-x"2)), X, 0, r);

2mr3

(%07

(%i9) solve]2*%07];

(%5091 solve 2
4mr

3

O FErs  #(r*-x) |, GEEWIE O r, FRMIES

Fintegrate( FEr, By, AT [, AEEAR ), AT
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6.3 LENGTH OF A CURVE

Examplel  Find the length of the curve

y=2x%?%, 0<x<1
shown in Figure 6.3.3. We have
dy/dx = 3x"?, S:'[Ol\/l-i- 9x dx.

Put u=1+9x. Then

10

101 21 2
s=| =Judu==-Zu¥?| =-=(41000-1).
L 9\/_ 309 } 27( )

1
Sometimesacurveinthe (x,y) planeisgiven by parametric equations

x= f(t), y = g(t), c<t<d
A natural example isthe path of amoving particle where t istime. Wegive a
formulafor the length of such acurve.

(%i 10) integrate(sgrt((1+9*x)), X, 0, 1);

2 103/% 3
(%010}

=7 27

O FrErss  V1+Ox, GEERIE 0 F] 1, "<

Pintegrate( [k, By BRI, B ), AR

Example2  Find the length of the path of a ball whose motion is given by
x = 20t, y =32t —16t°
from t=0 until the ball hitsthe ground. (Ground level is y=0, seeFigure6.3.5)
The ball isat ground level when
32t-16t°=0, t=0 and t=2.
We have dx/ dt= 20, dy/dt =32-32t,

s= [ /20 + (32-321)%ct.

We cannot evaluate thisintegral yet, so the answer isleft in the above form.

CREIE [ e S o = S E
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We can get an approximate answer by the Trapezoidal Rule. When Ax = % :

the Trapezoidal Approximation is
s~535 error<04

(%i14) diff(20*t,t,1):

PEold) 20

(%i15) diff(32*t-16* 12,1, 1);
(%o0ll) 32 -32 ¢

(%i11) integrate(sqrt((20°2+((32-32*1))"2)), t, 0, 2):

]
z5 asinh(E]HB Al8 5

2

(Foll)

(%1 13) float(%), numer;

(30l3) solvecs s4z21612703737

© FiErES 202+ (32-321)° | GafElERIE 0F) 2, = 4

Fintegrate( FEr, By, AT [, AEEAR ), AT

Example3 Let

x=1-t*, y=1, -1<t<l.
As t goesfrom-1to1,thepoint (x,y) movesfrom (0, 1) to (1, 1) and then back
along the same lineto (0, 1) again. The path is shown in Figure 6.3.6.

The path has length one. However, the point goes along the path twice for a total
distance of two. The length formula gives the total distance the point moves.

5= J._ll\/(dx/dt)z +(dy/dt)2dt = fl (=2t)% + 02t

CREIE [ e S o = S E
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_ fl\/4t_2 dt = j_112|t| dt =2

(%i16) diff(1-t"2,t,1);

(%o0le) -2t

(%i17) diff(1,t,1);

PEol7) 0

(%i 18) integrate(sgrt(((-2*t)2)), t, -1, 1);

1
($a18) zj |t]at
-1

© FrEtE VA | BRIEBE L] 1, PR

Fintegrate( FEr, By, AT [, AEEAR ), AT

CRENEIRS S
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6.4 AREA OF A SURFACE OF REVOLUTION

Examplel Thelinesegment y=3x, from x=1 to x=4, isrotated about the
y -axis (Figure 6.4.7). Find the area of the surface of revolution.

FIRST SOLUTION We usetheintegration formula. dy/dx=3, so

A= on’X 1+ (dy/ dx)?dx

= _[1427r xv1+32dx = Zﬂ\/ﬁfxdx

%2 16-1
- 2010 :zﬂm[Tj _ 152410
1

SECOND SOLUTION This surface of revolution is afrustum of a cone, so the
formulafor the lateral area of afrustum can be used directly. From the diagram we
that the radii and slant height are :
rn=1 r, =4,
| =distance from (1,3) to (4,12)

= J(4-1)? +(12-3)? =3 +9? = /90 = 3J10.

Then A=rx(r,+r,)l =71+ 4)3J10 =157/10

(%i21) diff(3*x,x,1);

FEozl) 3

(%122) integrate(2* %opi* x* sqrt((1+372)), x, 1, 4);

(80ZZ2) 1510 7

© FErty 27 Xm , BhEREE 1 ] 4, FH J}_‘F'l_lbj

Pintegrate( [k, By BRI, BRI ), A A
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Example2 Thecurve y= % x>, 0<x<1,isrotated about the y -axis (Figure
6.4.8). Find the area of the surface of revolution.

d_

dx

1
A= jo 27 X4J1+ (dy/ dx)*dx

= j:2n Xv1+ x2dx = fn\/a du (where u =1+ x?)

2
=E7ru3/2} :Eﬁ(Z\/E—l).
3 .3

(%i23) diff(x*2/2,x,1);

(B0Z23)

(%i24) integrate(2* %opi* x* srt((1+x"2)), x, 0, 1);

[23;2 lJ
($024) 2 —
33

O FHEE  2rxJ1+x , BEEBEIE 1% 2, P g

Fintegrate( FEr, By, AT, AEEAR ), AT

Example3 Thecurve x=2t?>, y=t% 0<t<1 isrotated about the y -axis.
Find the area of the surface of revolution (Figure 6.4.11).
Wefirst find dx/dt and dy/dt and then apply the formulafor area.

L
dt dt

1
A= 2n Xy (dx/ dit)? + (dly/ dt) 2 cit

= [[ant? (40 + @) ot

R e o e e EE L o
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- 47rJ.:t2\/16t2 +ot*dt
- 47rJ.Olt3\/16+9t2dt

u-16

Let u=16+9t?, du=18tdt, dt:%du, t? = . Then u=16 a t=0

and u=25 a t=1,s0

A= 4nj25t3\/aidu = 4r zsi[u _16j\/adu
16 18t

1618\ 9

2 025 5692
= 8_7]Z:J;6 (U3/2 —16\/6) du = Eﬂ' ~4. 7.

(%i25) diff(2*t"2,t,1);

(%o0Z5) 4 ¢

(%i26) diff(t"3,t,1);

(302Z6) 3 t2

(%i27) integrate(4* %opi* t"2* sort(((((4*)"2)+((3*172))"2)), 1, 0, 1):;

5692 ¢
1215

LEo2T)

(%i28) float(%), numer;
(BozZB8) 14.71765052200255

© PErts Art (A + (), BHAEBIG 0 F 1, TREHES

Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP
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Example4 Derivetheformula A=4ar® for the areaof the surface of asphere
of radius r.

When the portion of thecircle x* +y* =r? inthefirst quadrant is rotated about the
y —axisit will form ahemisphere of radius r (Figure 6.4.12). The surface of the

sphere has twice the area of this hemisphere.
Itissimpler totake y astheindependent variable, so the curve has the equation

X=4I?—y?, o<y<r.

then dx _ - y

dy  frroy?
This derivativeisundefined at y = 0. To get around this difficulty welet O<a<r

and divide the surface into the two parts shown in Figure 6.4.13, generated by the
curvefrom y=a to y=r.

Theareaof C is

C:j; 277 %y (dx/ dy)? +1dy

:J';Zyr\/rz —y2 1+ Y2 /(r2 - y?) dy

:J';Zn\/rz—yz\/rzl(rz—yz)dy

:.[;27rrdy:27rr]r =27 1(r - a).

We could find theareaof B by taking x astheindependent variable. However, it
issimplertolet a beaninfinitesima . Then B isan infinitely thin ring-shaped
surface, so its areaisinfinitesimal. Therefore the hemisphere has area

%Az B+C~0+271r(r—¢)=2nr?,

or 1A:27rr2

and the spherehas A= 4rr?2.

© ﬁ[ﬁ‘ﬁ@ 27r\/r2_y2\/1+ y2 /(rz_yz) , B SRS a 2l or, FIJ fEIEIJj;’F‘[_IAJ

Pintegrate( [k, By BRI, BRI ), A A

CREIE [ e S o = S E
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(%129) integrate(2* Yopi* sqrt(r"2-y"2)* sqrt(1+y"2/(r"2-y"2)), y, a, r);
Iz r positive or negativerpositive;

(3029) 2 (xS —a r)

Example5 Let C bethecurve

y=x*  0<x<1.
Set up an integral for the surface area generated by rotating the curve C about
(@) the y-axis, (b) the x-axis

(@ dy/dx = 4x®

1 2
A= joznx 1+ (dy/ dx)? dx

- Ezn xy1+16X° dx

We cannot evaluate thisintegral, so we leave it in the above it in the above form. The
Trapezoidal Rule can be used to get approximate values. When Ax = % the

Trapezoidal Approximation is
A~6.42, eror<0.26.

O FiErEE 27 xJ1+16x° | BRFAERITE O 2 1, Frfl7 I

Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP

(%i31) integrate(2* Y%opi* x* sgrt((1+16* x"6)), X, 0, 1);

1
(3031) 29 J xAl16 x®+1dx

u]

(b) A= [ 27 y\J1+ (dy/ d)? ik

- Ezn x*\1+16X° dx.

CREIE [ e S o = S E
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The Trapezoidal Approximation when Ax = % is

A~ 3.582, error< 0.9.

© P 27 x'W1+16x° | W[HIEEIAE O Z[ 1, TR

Fintegrate( [¥i8t, @8, &EE |, WEEN ), AP

(%1 33) integrate(2* %opi* x"4* sgrt((1+16* x°6)), X, 0, 1);

1
(%3033) 2 70 J xtal1e x%+1dx

u]

B ST e R P R



http://www.npue.edu.tw/academic/math/index.htm

6.5 AVERAGES

Examplel  Find the average value of y=\/; from x=1to x=4

2 3/2}4 2
* X ~.-1
_L&dx_?, L :3( ):E

Yae = (4_1) N 3 3 9
rﬁdx _
O FEt® S R 1E) 4, TR

Fintegrate( fiEy, @, MRE-L M, WRESE ) 25 RS
(%i34) integrate(sgrt((x))/3, x, 1, 4);

14
(Fo34) —
9

Example2 A car starts at rest and moves with velocity v=3t2. Find its average
velocity betweentimes t =0 and t=5. Atwhat point of timeisitsvelocity equa
to the average velocity?

_ [t ) 125

e =25.
5-0 5 5

Tofind thevalueof t where v=v__., weput

ave!

32 = 25, t =/25/3 =5/4/3.

© FiBetd

)  BREETIE 0 2] 5, TRl

Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP

(%1 36) integrate(3*t"2/5-0, t, O, 5);
(3036) 25

R e o e e EE L o
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Example3 A car travelswith velocity v =4t +10, where t istime. Between times
t=0 and t=4 findthe average velocity with respect to (a) time, and (b) distance.

4
_ J-o 4t +10dt _ 212 +10t]g

(a) Vave 4 4 =18
j44t+10dt _
O fE S BRERLE 0 FH 4, RN

Fintegrate( FEr, By, AT [, AEEAR ), AT

(%1 37) integrate((4*t+10)/4, t, O, 4);
(%037) 18

(b) Let s bethedistance, and put s=0 whent =0. Since ds=vdt = (4t +10)dt,
attime t=4 wehave

4 ) 4
s= [ 4t+10dt =2t +10t] =72

) [F(at+10)ds [ (4t +10)(4t+10)ct
ave 72 72

16
[[16t +80t+1000t 5 t°+40% +100t],
B 72 B 72

~1024/3+ 640+ 400
72

~19.2

(%139) integrate((4*t+10)/72, s, 0, 72);

(%03%) 4 £+10

B ST e R P R
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(%140) integrate((4*t+10)* (4*t+10)/72, t, O, 4);

518
(Eod4d) ——
27

(%i41) float(%), numer;
(%o04l) 19.1851851851851%

72
jo (4t +10) ds

© FreErtd =

, BB O 2 72, T 7 454

Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP

ERRVESIES S EITE S v E I R
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6.6 SOMEAPPLICATIONSTOPHYSICS

Examplel Find the mass of awire 6 cm long whose density at distance x from the
center is9- x> gm/cm. In Figure6.6.2, we put the center of the wire at the origin.

3
Then m:ng—x2 dx=9x—%x3} =36gm
-3

O FiErs 9-x |, BREBIE -3 Z[ 3, PTG

Pintegrate( [k, By BRI, BRI ), A

(%142) integrate(9-x"2, X, -3, 3);
(3042) 36

Example2  Acircular disc of radius r has density at each point equal to the
distance of the point from the y—axis. Find its mass. The circleisthe region

between the curves —+/r> —x* and r? —x* from —r to r.Thedensity at a

point (X, y) inthediscis |x] By symmetry, all four quadrants have the same mass.
We shall find the mass m, of the first quadrant and multiply by four.
m, = J'Or\/r2 — X% xdx.

Put u=r?—x% du=-2xdx; u=r? when x=0, andu=0 when x=r.

e 1 1 212 500 1
ml—jrz—E\/adU—Ejo Judu= Eu l _ér.

N

Then m=4m =gr3.

CREIE [ e S o = S E
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© FErEE  VrP-x®x , BRREERIE O

S

=) v A

Fintegrate( FEr, By, AT [, AEEAR ), AT

(%143) integrate(sqrt((r*2-x*2))*x, X, 0, r);

Is r positive, negative, or zero?positive;
P
(%3043) —
3
Example3 Awirebetween x=0 and x=1 hasdensity p(x)= x*
1 T 1
The moment is M :j xzxdx:—} ==
0 . 4

© Frlrth x*x , GRRAERIE O 2 1, B 0PI

Fintegrate( [¥i8t, @8, &EE |, WEEN ), AP

The mass and center of mass are
m:J.lx2 dx:i,
0 3
X=M /m:§.
4

O FES X . BRIFWE 0 Z 1, f iRl

Fintegrate( [¥i8t, @8, &EE |, WEEN ), AP

(%i44) integrate(x"2, x, 0, 1);

1
($o044) —
3

e ) A

s
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(%i45) integrate(x"2*x, X, 0, 1);

1
(Eod43) —
4

(%i47) solve] (U4)/(1/3)];

(%od7) solveh,q

Example4  Find the centroid of the triangular region R bounded by the x - axis,

the y—axis, andtheline yzl—%x shown in Figure 6.611. R istheregion under

the curve yzl—%x from x=0 to x=2. Theareaof R is

1
A:rl—lxdx:x—lx2 =1
07 2 4

0

© Flirs L%x,&%ﬁ@@O?MLF@Mﬁﬁ
Pintegrate( FrEk, M AT, EEEA ), 2T R

(%i148) integrate(1-x/2, x, 0, 2);

PEod48) 1

Thecentroidis (X,y) where

X:jzx(l—%x)dx:%xz—%xs} :g,

0

CREIE [ e S o = S E
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© FECS x(-2X)  BRIRWIE 0 5] 2, TPl

Fintegrate( FEr, By, AT [, AEEAR ), AT

(%149) integrate((1-x/2)*x, X, 0, 2);

Z
($o0849) —
3

21 1 21 1 1
V=] Z(@-=x)°dx=| =—-=x+=x*dx
y '[02( 2 ) '[02 2 8

Thus the centroid is the point (% % ).

O FrEres %(1—%@2 , BRAERRICE 0 2 2, TP

Fintegrate( FEr, By, AT [, AEEAR ), AT

(%i51) integrate((1-x/2)"2/2, X, 0, 2);

1
[%o051) —
3

Example5  Find the centroid of the semicircle y =+/1—x* . By symmetry, the

centroidisonthe y-axis, Xx=0. Theareaof thesemicircleis %n

Then

B ST e R P R
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1
17137=J'll(l—xz)dx:lx—lxe’ =E,
2 12 2" 6 |, 3

N

/

<
[
|\>H—\|
N |w
[
ES

O]l lg %(1— X)), BhfEEBIG- -1 E o1, | fE,EIH-'F'I_IAJ

Pintegrate( [k, By BRI, BRI ), A

(%152) integrate((1-x"2)/2, X, -1, 1);

Z
($052) —
3

Example6 A semicircular plate of radius one, constant density, and mass m lies

flat on the table. (a)How much work is required to stand it up with the straight edge

horizontal on the table? (b)How much work is required to stand it up with the straight

edge vertical and one corner on the table? From the pervious exercise, we know that

the center of massis on the central radius 4/37 from the center of the circle. Put the

x —axis on the surface of the table.

(a) The center of massislifted adistance 4/3z above thetable. Therefore
W=mg-4/3r.

(b) The center of massislifted adistance 1 above the table, so W = mg.

Example7 A spring shown in Figure 6.6.15, of natural length L exerts aforce
F =cx when compressed adistance x. Find the work done in compressing the
spring fromlength L—a tolength L-b.

b

W = J'bcxdx=lcx2 :lc(b2 —a?).
a 2 2

a

CREIE [ e S o = S E
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O FErsE ox |, BRAERIE a F b, PTG

Fintegrate( FEr, By, AT [, AEEAR ), AT

(%i53) integrate(c*x, X, a, b);

bz az
(2053) [——| e
z z

Example8  Theforce of gravity between two particlesof mass m, and m, is
F=gmm,/s?,

where g isaconstant and s isthe distance between the particles. Find the work

required to move the particle m, fromadistance a toadistance b from m,.

b b ~ 1 1
w = [1F ds= [ s = gmum, ()] - gmlmz(g _E}

© pEris T BEEWIE az b, FREES

SZ
Fintegrate( [¥i8t, @8y, &EE |, WEEN ), AP

(%i55) integrate((g* m1*m2)/s"2, s, a, b);
Iz k—a positive, negatlive, or zZero?positive;
Is k positive, negative, or zero?positive;

Is a2 positive, negative, or zero?positive;

1 1
(%055) [__E] gml mz

=]
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6.7 IMPROPER INTEGRALS

Examplel Find j—dx For u>0,

j\/_dXZ\/_]l 2-2yu.

Then dx=lim —dx_Ilm(2 2u) = 2.

v[ \/_ u—0* \/_ u—>0*
Therefore the region under the curve y =1/ Jx from0to 1 shown in Fi gure6.7.1

has area 2, and the improper integral converges.

@m@m@:% BRI 0 5] 1, R

Pintegrate( [k, By BRI, BRI ), A

(%i57) integrate(1/sqrt((x)), x, 0, 1);

(o057 ) 2

Example2  Find jolx’zdx. For u>0,

le‘zdx:— x‘l]t T

u u

Thistime lim x “Zdx = lim(- 1+—) .
u—0" u—0*

The improper integral diverges. Since the limit goes to infinity we may write
1.2
j X “dx=c0.
0
The region under the curve in Figure 6.7.2 is said to have infinite area.
O pEe: x* , BEIERIE 0 F 1, RIS

Tintegrate( FEC @Gy, AT, EEEAE ), 25T
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(%i58) integrate(x"((-2)), x, 0, 1);

defint: integral 1= divergent.
—— an error. To debug this trv debugmode {true);

(%i76) limit(x™((-2)), x, 0, plus);

(%o078) a

Example3  Find thelength of the curve y=x?*, 0<x<8. From Figure6.7.3
the curve must have finite length. However, the derivative

ﬂ _ 2 x 13

dx 3
isundefined at x = 0. Thusthe length formula gives an improper integral,

2/3
s= [ VI+ (dy/ 7 dx = j:,/1+gx2’3 dx = f,/% dx

= igixlgxz’3 +4dx=lim 83—11/3\/9x2’3 + 4dx.
X

0 3X1/3 20" Ja

Let u=9x*3+4, du=6x"*dx. Theindefiniteintegral is

J- :E/s \/de=J-i\/adu :i,zus/z L C
3 18 18

3
1 2/3 3/2
=% (Ox*" +4)”“ +C.
.1 2/3 328
Therefore s=lim—(9x“°+4) ]a
a0t 27

1 32 302 _ﬁ _
ZE((9'4+4) —(9-0+4) )—27(10@ D).

© FEc® ([Leox™ | BRIRBIG 0 F 8, TN

Pintegrate( [k, By BRI, BRI ), A A
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(%i59) diff(x™((2/3)),x,1);

(305 3)

3 1/

(%1 60) integrate(sqrt((1+4/((9* x™((2/3)))))), X, O, 8);

z3/2g3/2 4

($060)
27 27

Example4  Findthe areaunder thecurve y= x> from1to «.Theareaisgiven
by the improper integral

ij’e’dx.

1

For u>0, .[ux‘3dx:—1x-2 :_lu—2+l.
L 27 | 2 2

Thus j‘”x*dx:|imj”x-3dx=|im(—1u-2+1):1_
1 U—o0 J1 U—>o0 2 2 2

© FrErs x° | BEIEWE 1E o, FTHES

Fintegrate( FEr, By, AT, AEEAR ), AT

(%i61) integrate(x™((-3)), X, 1, inf);

1
(Bo6l) —
2

Example5  Findthe areaunder thecurve y=x23, 1<x<o

0 . u
A=Lx’2’3dx=llm X213 dx

Uu—o0 J1

= 1im3xY3 | =lim3(u"® —1) = .

Uu—oo U—oo

B ST e R P R
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© FErE x*°  BESBIE 1% o ’F'JIE'EIHJF'I‘IAJ
Fintegrate( i, BEr, WL, WREAR )y 2

(%i79) integrate(x"((-2/3)), X, 1, u);
Iz u-1 positive, negative, or zZero?positive;

(3079) 3nt’3_3

(%i80) limit(3*u™(1/3)-3, u,inf);

(%o0B0) g

Example6  Theregion in Example 5 is rotated about the x-axis. Find the volume
of the solid of revolution.

We use the Disc Method because the rotation is about the axis of the independent
variable. The volume formula gives us an improper integral.

\Y; =L 7r(x’2’3)2dx:jl 7 x 3 dx

. i _ . _ u
=lim [ 7 x*3 dx = lim-37 x 3}

U—o0 J1 u—o0

=lim3r(-u™*+1) =37

U—o0

So the solid shown in Figure 6.7.5 has finite volume V = 3r .

© FErE o (x*°)? , BEEBIE 1% o ’F'JIE'EIHJF'I‘IAJ

Fintegrate( FEr, By, AT, AEEAR ), AT

(%i63) integrate(Yepi* (X((-2/3)))"2, X, 1, inf);

(%o063) 3@

B ST e R P R
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3

Example 7 Find the improper integral J'_lsx‘” *dx. x*? isdiscontinuousat x=0.

Theindefinite integral is

jx’l’3dx:§x2’3+C.
Then jox’mdx: IimJ'u X 3dx = Iim§x2’3
-8 u—0 vJ-8 u—0" i
. 3 3 3
=limEu??®-=(-8)**)=-=.4=-6.
LH0,(2 2( )7") >
© FHErE x ', BhfEERIE -8 F] O, I fEIE'JﬁEI-ﬁ

Fintegrate( FEr, By, AT [, AEEAR ), AT

(%i64) integrate(x((-1/3)), X, -8, 0);

(3c064) —@
. Lo s g, 3
Similarly, on dx_z
So le‘l’sdx:—6+§:—g
-8 2 2

O FErE XV BRI 0 F 1, FRPERS

Fintegrate( FEr, By, AT, AEEAR ), AT

(%i65) integrate(x((-1/3)), X, 0, 1);

3
[Bo063) —
2
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(%i66) solve[-6+3/2];

(%o066) solve

9
2

. 2 2 1
Example8 Find | —+——dx

P J-o \/; [2_x
Thefunction 2/+/x +1/+/2—x iscontinuous the open interval (0, 2) but
discontinuous at both endpoints. Thus

12
S i o et St

First Weflnd the indefinite integral.

j%++dx:4\/§—2\/2—x+c.
12 o2 1

Then Iof \/—dx‘u'LrQLﬁJrﬁdx

= Iirg](4\/;—2«/2—x)]i

= (4-2)-(0-2J2)=2+2V2.

dx = lim [*-2

2 2 1 1
- Iir;](4x/§—2\/2—x)lz

= (42 -0)-(4-2)=4/2-2.
Therefore j e \/_dx (2+22) + (42 - 2) = 6v2.

© FrHre %+% BRI 05 2, FRAIES

Fintegrate( [¥i8t, @8, &EE |, WEEN ), AP

(%i70) integrate(2/sgrt((x))+1/sgrt((2-x)), X, 0, 1);

(3070 23242

CRL RN e S N
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(%i71) integrate(2/sgrt((x))+L/sgrt((2-x)), X, 1, 2);

(3071 2°/Z_2

(%1 73) solve] %070+%071];

(3o73) Solv'925f2+23,-f2

Example9 Find J'liz +%dx .
ox® (x=2
The function 1/x? +1/(x—1)? is continuous on the open interval (0, 1) but
discontinuous at both endpoints. The indefinite integral is
1 1 1 1
_[—2 +-———aX
xX° (x=1 x x-1

1/2
We have j1/2i+ 1 dx=Ilim 11
o x* (x-=1? ol X x—1

2

Similarly we find that
f_£+_;L_
v2x*  (x—1)7?

In this situation we may write
fiﬁ_;L_
0x?  (x—1)°

And we say that the region under the curve has infinite area.

dx =

O BB v g o BRI 03 1 FROHY

Fintegrate( FEr, By, AT, AEEAR ), AT
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(%i74) integrate(1/x"2+1/(x-1D)"2, X, 0, 1);

defint: integral 1= divergent.
—— an error. To debug this trv debugmode {true);

(%I 75) limit(1/x"2+1/(x-1)"2, X, 0, plus);

PEo75) oo

Example10 Find f xdx . We see that

0 .0 1, °
j xdx = lim| xdx= lim=x"| =-oo,
-0 U—>—oodu U——o0 2 "

and J.:XdX=oo

Thus f xdx diverges and has the form < —o. We do not assign it any value or

either of the symbolswo to—o . Theregion under the curveis shownin Figure
6.7.10.

It is tempting to argue that the positive area to the right of the origin and the negative
areato the left exactly cancel each other out so that the improper integral is zero. But
this leads to a paradox.

Wrong: J'_ixdx =0. Let v=x+2, dv=dx. Then

fw (x+2)dx = J'j;vdv =0.
Subtracting fw(x+ 2) - xdx=0-0=0, wadx=O.
But wadx =,

So we do not give the integral f xdx = wothe value 0, and instead leave it undefined.
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(%i81) integrate(x, X, minf, inf);

Principal Values
P3o081) 0

(%i86) limit (integrate(x, x, minf, -h)+integrate(x, x, h,inf),h,0);

defint: integral 1= divergent.
—— an error. To debug this trv debugmode {true);

(%i84) integrate(2, x, minf, inf);

defint: integral 1= divergent.
—— an error. To debug this trv debugmode {true);

© AP PR F B 00 SR 0T
53— Z] 07 10" 2 oo AT IAEBEET > FIZVEGIE b 7R O

%Rl Principal Value

fFF12 @ (Cauchy Principal Value )

RSB BB R- » B+ « WD, Ex=0 /T EX , BT U
Rix= 0 FEBE ReeRaRit- - BIE—@ -n H , Bt h EEL

lim " lim [“xex= [ xax

http://people.chu.edu.tw/~cclu/ComplexVariableAnalysis/Summary%20400.pdf

CREIE [ e S o = S E



