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5.1 Infinite limits

Example 1.
1
||I'T]—2 =00
X-0 X

Solution: (%i1) limit(1/x"2,x,0); p@wﬁ L limit( AN FplGag > )|

N ATY 1 C[2=% £17 40 a2 ' =
LR Eﬁuy s AyFSASET Y x o FRlE D X HTHS 0

(Fo0l) oo

Example 2.

.1 .1
lim = =00, |lim==-w
x-0" X x-0" X

Solution: (%i1) limit(1/x,x,0,plus); [l 4} 7 * limit( 7= - fi by asah| 1/

S R 1 C[ &% £42 470 AT T N - Y o4 =
A P':’;; ) @B{iﬂg@ﬁ‘:}, X > fafE B X i@ hT 0 plus £V F[/ﬁ]ﬂﬂ

(Fo0l) oo

(%i2) limit(1/x,x,0,minus); [iy[SE -5 limit(HAEC > Ao gl /A
Fl

S 1 C | £ E42 v AT ) 1= H 3 A (=
Eh— o ApUASE R x o FEfE L X TR 0 0 minus BRIV S AL
X

(502) -

Example 3.

4 —
Find lim X *2X~2
x-o 2X" —6X" +7

Solution: (%i1) limit((3*x 4+5*x-2)/(2*x -6+ 3+7),x,inf); [yt 7 < limit( 7]

S Ce== s L RN 3X4+5X_2 o s g e 1 R
P iy ma)| AR RS x o FER S X
2X" —6x°+7
JTH 00
(5ol) °
o =
z2

Let H be positive infinite. Then



3H*+5H -2 _3+5H°-2H™
2H*-6H®*+7 2-6H'+7H™
3H*+5H -2, _3+0-0_3

and thereforest(— =)= =—.
2H"-6H"+7" 2-0+0 2

)

Thus the limit exists and isz—.

Example 4.

Find lim (x* +200x2) .

X — —00

Solution: (%il) limit(x"3+200*x"2,x,minf); \@Bﬂ?‘g—ﬁ Slimit(HAE S A [UE e |

[ AT x® + 20007 > ARG T x o AR ET X TS — o0

(50l) —-oo

We have x® +200x* = x*(x+ 200 ) When H is negative infinite, H* is positive
infinite and (H +200) is negative infinite, so their product is negaiivinite.

Thuslim (x® + 200x%) = oo

X — —00

Example 5.

A student can get a score @DQ/(t+  ©n his math exam if he studids hours for
it (Figure 5.1.2). If he studies infinitely longrfthe exam, his score will be infinitely
close to 100, because il is positive infinite,
100H 100 100
st( ) = st( )=
H+1 1+1/H" 1+0
In the notation of limits,
im 9% =100
teot+1
(%i1) limit(L00*t/(t+1),t,inf);  [RHIEGE 5 @ limit( LAY > FpGag - maf)| /17
v, 10Qx
Tt+l

=100.

» FpPAEET T t o AR ED t YT 0o

(%c0l1) 100

Example 6.
Given any polynomial

f(t)=at"+a t""+..+at+a,



Of degreen >0, the limits ast approaches—o or +o are as follows. Suppose

a,>0.Whenn is even,tlirp f(t) =oo, !im f(t) =c0.

When n is odd, tIirp f(t) =—o0, !im f(t)=c0.

The signs are all reversed when < . 0
All these limits can be computed from

ft)=t"(a, +%+...+t%+%).

Example 7.

In the special theory of relativity, a body whichmoving at constant velocity,
—-c<v<c, will have mass

M

V1-v?/c?

and its length in the direction of motion will be
| =1,v1-Vv?/c*.

Here m,, |,, and c are positive constants denoting the mass attresti§, the

m=

mass wherev = ) the length at rest, and the speed of light.
Suppose the velocity is infinitely close to the speed of light, that is,
v=c—-¢&, &>0 infinitesimal.

Ve (c-&)* _ [c*-(c®-2ce+&?)
Then \/1—? —\/1— —\/

c Cc
2 &7 £
=\ =& -=)
cC c c

which is the square root of a positive infinitesinfdaus v1-v*/c” is a positive

infinitesimal. Therefore forv infinitely close to ¢, m is positive infinite andl is
positive infinitesimal. That is, a body moving &iecity infinitely close to (but less
than ) the speed of light has infinite mass anchit@simal length in the direction of
motion. In the notation of limits this means that

im0 — 4o

v=e y1-v?/c? '
liml,v1-v*/c? =0.

Caution: This example must be understood in the light aofpmlicy of speaking as if
a line in physical space really is like the hypaliee. Actually, there is no evidence



one way or the other on whether a line in spatigashe hyperreal line, but the
hyperreal line is a useful model for the purposapylications.

Example 8.

smx
Evaluate lim ——

X=X
Solution: (%il1) limit(sin(x)/x,x,inf); \@Hﬁ[ Ak s limit(HEEFE > AfpRAEET FmLEjI)|

_sinx
//ij%ék t’r

 RHIEGBELET X » AT X HITH 00
(%ol) 0

When H is positive infinite, sinH is between -1 and 1 and thus finite, so

(sinH)/H is infinitesimal. The limit is therefore zero
. sinx

lim——=0.

X— 00 X

Example 9.

Find lim cosx.

Solution: (%i1) limit(cos(x),x,inf); ijzH F[l Hlimit(THAEEC S AEASE F"EJLfJ[)| Il
AR cosx @Hﬁ@ﬁ" > A ET X @ﬁ‘jﬁ/\oo ) H—@H}a Fl jﬁi £ ind s ind
represents a bounded, indefinite result

(%c0l) ind

If H is any integer or hyperinteger, then

cosRrH) =1, cos@QrH +n)=-

In fact, cosx will keep oscillating between 1 and -1 even fdinite x.
Therefore the limit does not exist.

5.2 L'Hospital’s rule

Example 1.
Find lim——— (/) - 1

x-1 \/_ -1

Solution: (%i1) limit((((1/x)-1)/(sqrt(x)-1)),x,1); P@H = | limit( AR > A

ﬂM RGBT, x o B X i
X -

B A R R



2T 1

(%c0l) -2

Both (1/x)-1 and Jx-1 approach 0 asx approaches 1. The limit is thus of the

form 0/0. Using I'Hospital’'s Rule,

(1/x) 1_ i -x7 it S
x 1 \/_ 1 x-'léx_llz 1 '
2 2
Example 2.
Find fim ¥X 171
X
Solution: (%i1) limit((sqrt(x+1)-1)/(x"3),x,0); P@H f 'I Climit(THAEFY S A

P ~ + RS AN AT} S
L g x - i X T 0
(Fo0l) oo

The limit is of the form 0/0. The limit off '(x)/g'(x )as x - 0is oo,

1 -1/2
(LD _ "mz(“l)
i d(x®)/dx x-0  3x?

Thus by I'Hospital’s Rule,

Im«/x+1—1:

X-0 X

=00,

Example 3.

Find lim(x+
X-3 X

is)(«/x+1—2).

Solution: (%i1) limit((x+1/(x-3))*(sqrt(x+1)-2),x,3); \@Wﬁ“ﬁfﬁ limit(HAEE o

#l) (x+—)(«/x+1 2) > FIERErET x o AR EL X HT

73

%11
Iio}g

The limit is not in a form where we can apply I'kasl’'s Rule. We must first use
algebra to put it in another form,



(Xt )(Wx+1-2) = x(x+1-2)+ X+ =2
x—3 x—3
By elementary computationslirr; X(Wx+1-2)=30=0.

Using I'Hospital’s Rule,

1
_ *(X"‘l) 1/2

im¥X+1=2 i 2 L

08 x—3 a1 2 4

We then add the limits to get the desired answer,
lin;(X+i3)(\/x+1—2) = lim x(/x+1-2) +lim === X+13‘2
= X= X— X _

X

=0+

NP
N

Example 4.
(x=3) N 1

Find lim—4 —X*1
-1 (x+1)

Solution: (%il) limit(((x-3)/4+1/(x+1))/(x-1)"2,x,1); %ﬁjﬁﬂ?ﬁﬁ limit(CHAEZ
(x—3)+i

vy w1 t% RSO X - FTEET X M 1
X

%11
EOJB

This limit is of the form 0/0. When I'Hospital’'s Rais used the limit is still of the
form 0/0. But when it is used a second time wea@npute the limit.

- 1 1
(x 3)+ 1

o im2 -3
fim— 4 X*Lojyyd XD 2xH ) 71
x-1  (x-1 x-1  2(x-1) x-1 2 8
Example 5.
Find lim YX*4°2

X-0 \/;



Solution: (%il) limit((sqrt(x+4)-2)/sqrt(x),x,0,plus); Hﬁyliﬂ}‘g 770 limit(C A
NX+4-2
Jx

Gty ) A

pIusE\"‘ﬁ\/‘F[@l’sﬂ
(sol) 0O

s ApAEREY RS X o FEEEE X HTET 0

The limitas x — 0 does not exist becauséx is defined only forx > OHowever,
the one-sided limit asx -~ 0" has the form 0/0 and can be found by I'HospitdleRu

1 -1/2
Jx+a-2_ U+

. - Wx
lim ————=1lim 45— =lim =0.
x-0" \/; x-0" 1)(_1/2 x-0" \/X+ 4
2
Example 6.
Find fim XFYX*L
o [x +4/x+1

Solution: (%i1) limit((x+sqrt(x)+1)/(sqrt(x)+sqrt(x+1)),x,inf); I@I&}gﬁ = limit( ﬂ|

> TC | == 12 SN — LR X+ X +1 TE =2 £4/ g vh AT Ay N -
=N RRU@E s a1 e R x o AT X T
Ix+/x+1
K 00
(Fo0l) oo

By I'Hospital’s Rule for c /o,

1
1+——
im XFVXFL 20x  _,
o xHalx+l e 11 '
2Jx  2x+1
Example 7.
FmdnmiziQQQ.

X-1 X



Solution: (%i1) limit((sqrt(x)-(1/x))/x,x,1); I?ﬁijjlifi}ﬁ 7 limit(H AR S AUl |

Lo ANX—(@/X e A -
FafEl) /A Hu » iFEAEE RS X o ARED X TR 1
X

(%21 0O

The limit has the form 0/1, so I'Hospital’s Ruleedonot apply.
Jx-@x _méx-a) o

Correct - lim : —=0.
x-1 X Ilmlx 1
Incorrect - IimM =lim d(\/;_ (/X)) / ax = Iim(i+i) :§.
ol x x-1 dx/ dx 12 x  x2T 2

5.3 Limits and Curve Sketching
Example 1.

Consider the limitlim 2. X1 = 5
x-01/x-1

Solution: (%i1) limit((2/x+1)/(1/x+1),x,0); [Fl=ts 7 ¢ limit( A= flrag |

Lo 2lx+1l A -
FaE) Uxl » ipfRAEE RS x o AR X TR 0
X —

(%0l 2

This limit is evaluated by lettingc # 0 be infinitesimal:

2/x+1 _2+x

1/x-1 1-x'

im 2/x+1:5t(2+x) _ st(2+ x) _ 2+0 _

x-01/x-1 1-x° st@-x) 1-0

Let us see what happens if instead of takixgto be infinitely small we takex to
2/ x+1

be a “small” real number. We shall make a tableadfies of f (x) = Ux—1 for
various small x.
X 2/ x+1 f(x) to four places
f(x)=
1/x-1
0.1 21/9 2.3333
0001 201/99 2.0303
0.001 2001/999 2.0030




0.0001 20001/9999 2.0003
-0.1 19/11 1.7364
-0.01 199/101 1.9703

-0.001 1999/1001 1.9970

-0.0001 19999/10001 1.9997

We see that ax gets closer and closer to zerd(x) gets closer and closer to 2.

Example 2.

Consider the limitlim -~ = oo
x-2(x—=2)

Solution: (%i1) limit(1/(x-2)"2,x,2); [ FGr 5« limit( A s baiy s mafa)|

1

[ A =R,
S

(%cl) oo

For x infinitely close but not equal to 2L/(x—2)? is positive infinite. Let us make

s RIS ET X o IR L X HETHS 2

a table of values wherx is a real number close to but not equal to 2.

X f(X)
2.1 100
2.01 10000
2.001 1000000
1.9 100
1.99 10000
1.999 1000000

As x gets closer and closer to &,(x

Example 3.

lim @+
e (x-2)?

)=1

Solution: (%i1) limit(1+1/(x-2)"2,x,inf); \@Bﬂ?ﬁ—ﬁ Slimit(HREEE AR A

gets larger and larger.

- 1 e e et -
I Lo G X I X A o

(x-

(%o0l1) 1



For infinitely large x, 1+1/(x—2)? is infinitely close to 1. Here is a table of vaue
of 1+1/(x—2)* for large real x.

X e L
(x=2)°
12 1.01
102 1.0001
1002 1.000001
10002 1.00000001

As x gets large,1+1/(x-2)* gets close to 1. Also notice that

lim (1+( 12 ) =1,
X — —00 X -

and for large negativex, 1+1/(x—2)* is close to 1.

Example 4.
1

Sketch the curvef (x) =1+ 5
(x-2)

Solution: (%i1) plot2d(1+1/(x-2)"2,[x,-10,10],[y,0,10]); Fﬂ@ﬁ%ﬂ?ﬁ*ﬁgjﬁé’ﬁ : |
plot2d([expr- x_range- options])> plot2d}:. Maximafiuz@fifs 5 » maximadhi |
Flagh > €72 PP gunplot gl [T -

1
(x-2)°

expr: JLOFIRATIOREE S FrEIR

x_range: L x fHiftge=. &fE Frh[ﬁﬁﬂj F XIS AR ST Ry
OB B IR TRy i R RSO R R
ti @l ERIES TRy WIpVENTR 0~10 b ISt FrBrl poRg e mty L
fOBEAL -

opﬂons:?ﬁjjibgﬁﬁﬁﬁﬂigjﬁ ,0D§R$@§E5}, %NﬂgTT?JEq ,3R$UAK»F ,;Qig....%g

o
S

plot2d: szome valuses were clipped.
(%ol)



|! znuplot graph
8 L
¥ 67
o
o
=
= 47
2 L
U ) L
-10 -5 0 5 10
-12.6378, -1.42105 X

(%i2) diff(1+1/(x-2)"2,%);
1
(x=2)°

sy dn S differ(Fpll 0 Ig s pURBER)
1+

FIY X Ryt

(%02) -

(x-2)

(%i3) diff(1+1/(x-2)"2,X,2);

B3 ot ¢ differ(FBe RIS URBED . VR U

1+

=2 FIPY X Aotk oy 2 %
X_

(%03)

(x—-2y"

The first two derivatives are

f'(x) =-2(x-2)7° f'(x)=6(x-2)".

The first and second derivatives are never zefr¢x) is undefined atx=2. In our
table we shall show the values df(x and its first two derivatives at a point on
each side ofx = 2We shall also show the limits of (x &nd its first derivative as
Xo=0, X->2, X->2",and x - . (We will not need the limits off "'(x .)



f(X) f'(x) f"'(x) Comments

”m 1 0 Horizontal
x=1 2 2 6 Increasing,L]
lim 00 Vertical
X-2

im o0 - Vertical

X 2"
X=3 2 -2 6 Decreasing,

]
lim 1 0 horizontal

The first line of the table,lim , shows that for large negative@ the curve is close to

X — —00

1 and its slope is nearly horizontal. The second, lix = 1, shows that the curve is
increasing and concave upward in the intervado( ), ghd passes through the point

(1, 2) with a slope of 2. The third linejm , shows that just beforx=  2he curve

X—2"

is far above thex —axis and its slope is nearly vertical. Going througe table in
this way, we are able to sketch the curve as inrgi§.3.2.
The curve approaches the dotted horizontal lyne antl the dotted vertical line

x = 2. The lines are called asymptotes of the curve,.

Example 5.
f(x) = x%5.

Solution: (%i1) plot2d(x”(3/5),[x,-2,2],Iy,-2,21); Féililis 773 © plot2d([expr |
\x_rangef options])> plot2d L MaximafUaglfis 17 > maximah = Z[gH > ¢4
[} qunplot Gl - |

expr i kLA ERGHIAVERE - SRR X i)

X_range: fil x ST B H{ AR L X WO B 7S PP y
S ULy W SRR T L
X ST IRy JIEOIT-2-2> bISH prer] R R R
B -

options: #F’[;H *LL'E[U;;@@H{;[I;%?F] > YIRSLPIEE @%W P AR SR



x"(315)

-2.60000, -2.56842 X

(%0i2) diff(x(3/5),x);
ERES

B [t o ¢ differ(FrBr > B o) fomdn)] 115 X% Flips x

(F0Z)

5 x2/7

%53 POgE 4 - differ(FrEe BRSO puRdgys VBRI X3

|
T 3

(%i3) diff(x"(3/5),x,2);
PP X Aotk oy 2 %

(%03) °
O e e
o5 x /5
3 _ 6 _
Then f'(x)==x72®, f"(x)=-——x""'5,
(x) 5 (x) 5

At the point x=0, f(x)=0 and f'(x) does not exist. We first plot a few points,

compute the necessary limits, and make a table.
f(X) f'(x) f"'(x) Comments




jim - 0 Horizontal
x=-1 -1 3/5 6/25 Increasing]
lim 0 00 Vertical
X-0"
x=0 0 Undef.
lim 0 0 Vertical
x-0*
x=1 1 3/5 -6/25 Increasing]
lim 0 Horizontal
Example 6.
f(x) = x*°.
Solution: (%il) plot2d(x~(4/5),[x,-2,2],[y,-2,2]); Fﬁéﬁﬁg‘ﬂ}ﬁﬁ 5 1 plot2d([expr: |

x_range’ options]): plot2d £ MaximapJ5gil!

L] gunplot 557 -

expr: kL RlRgEl i i?pl’ﬂfql_X“’sE}‘@ﬁﬁ“’%/

fﬁul’/l\] : maximaﬁh”;?ﬂiﬁﬁgf B

x_range: kil x filipogi. s - ?'[/H\F[[HF[J{:X fHlpRE Bl 2 I'F'EJ“JFIJJ‘HE%Y
gl FE o P I ‘}‘F"[i{gy gill > ;{j&mﬁ E’lﬁﬁﬁii{gﬁﬁp@&j\ > T *Pir"r {L_FQI}‘F’[
Tx gl ;ﬁ@fy M }‘F‘[ ETy PV ARTE-2~2 B R lgl’cﬁﬁaﬂ@'gﬁ@??ﬁﬁf@l}ﬁ R

YA -

=N
— o
=~

(%ol)

options: }“F’[;H k&’ﬂfjﬁ@ﬁgﬂﬁéfﬁ ) {/[l;’&ﬁ’l’tjﬁgﬁu‘-'] ) ugliﬂ/é*r’]’ﬁj o j&LF[fJJ\/J~ ) %g,@fgj -




|! znuplot graph

)
3
=
>
-0.5
At
-1.57
-2 : : : : : :
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-1.15380, -0.474737 X

(%i2) diff(x™(4/5),%);
Bt

i pUin ) differ(BBe 0 RIEKSTAVARED)| /X lIfY X

(302)
5 %175

%53 POgE 4 - differ(Frle B ESO) pURBgy VER)| 15X

|
T 3

(%i3) diff(x"(4/5),x,2);
Y x Rdglyfis sy 2 7%

3
(303) ——
25 %/

4 _ 4 _
Then f'(x)=—=x"5, f"(x)=-——x"°".
(X) 5 (x) e

f'(x) is undefined atx =0. We make the table

f(X) f'(x) f(x) Comments
00 0 Horizontal

lim

X — —00

x=-1 1 -4/5 -4/25 Decreasing,




lim 0 - Vertical
X-0"
x=0 0 Undef.
lim 0 00 Vertical
x-0"
x=1 1 4/5 -4/25 Increasingy
lim 00 0 Horizontal
Example 7.
Sketch the curvef (x) = cox for 0<x<2n.
sinx

Solution: (%i1) plot2d(cos(x)/sin(x),[x,0,2*%pil,ly,-3,3]); Fiéilil 720« |
plot2d([expr- x_range- options]): plot2d L Maximapséilafs 5 - maximadg |
Z[IL] gunplot 5@ EF -

COSX

expr: kLAY TR 'LF; 7L—i}l§‘\7ﬁﬁ‘l' Y

x_range: Jl x fifg=. fafEl Fi DI }F[ - X HIEES AR 2 [H Ity
fliF s AuE o PN T ,\_yiﬂi’ i JUL“FAE' *ﬁ;iﬁfg S LF;I}F,
xS fﬁﬁ»wp@ y BORTI-3~3> 191 Pl R e A
A -

options: ’}‘F"[;E[ ‘LL'E[fJ,%@uEH]Hi”/F[ > YUASNEH L ﬁﬁﬂﬁlwﬁf?ﬁj IR C N ;;Lfrij. -

plotZ2d: expression evaluates to non-numeric value somewhere in plots
plotZd: =some values were clipped.

(%ol



IR croplot zraph

cos(x)/sin(x)
[ ]

-3 : : : ' ' '
0 1 2 3 4 5 6

5.50114, 1.42382 X

- === ., COSX
B S Of 0 ¢ differ(FrEle RIBES ORBED) 18—

(%i12) diff(cos(x)/sin(x),x); Sinx

FITES X ARt 5

cus{sz

[(Fo0Z) ——-1

sin{sz

(%i3) diff(cos(x)/sin(x),x,2);

BT ot ¢ differ(FpEe e RIREO pREE > VB /)
... COSX . ssmes gy o<~y ok,
S —— 1P x A% 5y 2 7%

SIN X

z CDSI:K:I-'LZ cgs(x}3

(%03)

sin(X] sinl{X}S

f(x) and f'(x) are undefined atx = 7 because the denominatsinn is zero.
The first two derivatives are

COSX
sin® x

fr(x) = - =2

sin? x



Thus f'(x) is always negative, and ''(x)

When x=7/23n /2 Here is the

table:
f(X) f'(x) f(x) Comments

lim 00 — 00 Vertical

x-0*

nla 1 -1/2 Decreasing]

nl2 -1 Decreasing, inflection
3nl4 -1 -1/2 — Decreasing, n

lim — 00 — 00 Vertical

lim 00 — 00 Vertical
5nl4 1 -1/2 + Decreasing/]
3nl2 0 -1 0 Decreasing, inflection
nl4 -1 -1/2 — Decreasing, n

”rzn, — 0 — 0 Vertical

Notice that the table fronvz to 27 is just a repeat of the table from 0 1. This

cos(k+71) —cOSX COSX
because & ): =

sin(x+77) -sinx sinx

The curve is sketched in Figure 5.3.5.

5.4 Parabolas

Example 1.

Find an equation for the vertical parabola withedirix y=-1 and focusF (0J)

(Figure 5.4.6).

Solution:

Given a point P(x,y ) the perpendicular fronP to the directrix is a vertical line of

length /(y+1)?. Thus




distance from P to directrix=/(y+1)* .

Also, distance fromP to focus= /x* +(y-1)? .

The point P lies on the parabola exactly when these distaacesqual,

VY +D)? = X% +(y-1)2.

Example 2.

Find the focus and directrix of the paraboja= —2x>

Solution: In Theorem 1,a=-2 and d :%a = —%. The focus isF (0,—%), and the

directrix is y = % :

Example 3.
Find the vertex, focus and directrix of the parabgi= 2x* —5x + 4.

Solution: First find the point x, where the slope is 0.

Then 4x,-5= 0,

Xy =

N

Substitute to findy,.

7
Yo = 2(X0)2 _5X0 +4:§'



The vertex is(X,, Y,) = (g,g).

We havea:Z,SO% :%.ByTheorem 2, the focus is
1 5

X0: Yo +—) =(=)).

(X1 Yo 4a) (41)

. o 1 3
The directrixisy=y, ——, y=—.
Y=Y 43 y 2

The vertex, axis, focus, and directrix can be usedketch quickly the graph of a
parabola.

Example 2. (Continued)

2

Sketch the parabolay = —% X

Solution: (%il) plot2d(-(1/2)*x"2,[x,-10,10],[y,-10,10]); L@EHE e \
\plot2d([expr’ X_range> options])> plot2d . MaximafJaglflir 7 > maximadf {’?|
ELgH > ¢ PP gunplot @Bl -

expr: RLOEIRALITIFTEL » Skl y = —% X FrBe i

x_range: b x ffIRE S PSR T HE & x ipoRs s SR TRy
flifI R, giq[gﬂ RN }“F’,?{L_’y gl > 755 at%f 1F Iﬁﬁlﬂiiﬁ[glpﬂx I JLFQI}F,
?{u_’x gl > fﬁ@fy ]’FEJ%}‘F"[{L_'U‘ y i EsfE-10~10 b} /fﬁ@m Ifi ﬁé@ﬁ;[ﬁm@l}ﬁ
ARG -

options: ffi &SRR E  YIRSIVETET > S FTRI € SO L o SR

= °

plotZd: some values were clipped.
(3ol)



B8 roplot zeaph

5 L
o
5;; 0
5
-10 ' '
-10 -5 0 5 10
-0.174213, 10.8421 X
The first two derivatives are
2
ﬂ =-X, d 2/ =-1.
adx adx
The only critical point is atx = 0. The table of values follows.
X y dy/ dx d?y/dx? Comments
jim - 00 Vertical
x=0 0 0 -1 Max, n
lim - — 00 vertical

The parabola is drawn in Figure 5.4.9, using Sfeps

Example 3. (Continued)

Sketch the parabolay = 2x* -5x+ .4




Solution:

The first two derivatives are

" . 5
The only critical point is at the vertex, whepe= 2 The table of values follows.

X y dy/ dx d?y/dx? Comments
im 00 - Vertical
5/4 7/8 0 + Min, [
im 00 00 Vertical

The parabola is drawn in Figure 5.4.10, again uSitggps 1-5.

5.5 Ellipses and Hyperbolas

Example 1.

2
Sketch the curve% +y? =1

Solution: (%i1) load(implicit_plot); \Maximai SNSRI ,r{}@ﬁu[@,[ Ol;d
s E ISR T BT T R B PR A" implicit_ plot”|//§ﬂ”w£'}@v
E,qﬁﬂ”ﬁl '””lmpI|C|t plot”

PEol)
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrib/implicit p

(%i2) implicit_plot ((x"2)/9+y
implicit_plot(AH=" » x gyl - y i)
(%02 done

Cahip ]




IR croplot zraph

A24xA2I9 = 1 ——

-3
291011, 157506

The curve is an ellipse that cuts theeaxis at +3 and the y -axis at +1. To sketch
the curve, we first draw the rectangbe=+3, y=x1 with dotted lines and then
inscribe the ellipse in the rectangle. The ellig®mwn in Figure 5.5.4, is horizontal.

Example 2.

Sketch the curvedx® + y* = 9and find the foci.

Solution: (%i1) load(implicit_plot); Tk R A u I
\?'\”F%E'FIIE“’J}E?ﬁﬁﬁﬁl"? > [ R TR ”"’|mpI|C|t plot”|//§ﬁw€'}[§1r
H ﬁ%‘ﬂ{lf’ﬂf%’ﬁ”implicit_plot”
PEol)
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrib/implicit p

(%i2) implicit_plot (4*x"2+y"2=9,[x,-2,2],[y,-4,4]);
implicit_plot(f/AH=" » x il - y fliFEf)
(502) done

R i ¢




IR croplot zraph

YA 2+A XN = 9 ——

119369 337940 1 -2 -1 -0.5 0 0.5 1 1.5 2

The equation may be rewritten as

The graph (Figure 5.5.5) is a vertical ellipse iogttthe x-axis at ig and the

y -axis at + 3.

By Theorem 1, the foci are on the-axis at (0, +c). We computec from the
equation

c? =bh?-a’.

a and b arethex and y intercepts of the eIIipsea:g, b=3. Thus

3 27
c2=32-(2)2 =2~
) =7

021/2—7 ~ 2.598
2



The foci are at (0,£ 2.598).

Example 3.

Sketch the hyperbolaty® - x*> = &nd find its foci.

Solution: (%i1) load(implicit_plot); S ',r%?'y@'gfm[@,[ m 0[5%4
\ Pl £ B [ R B R “””|mpI|C|t plot”|//§%ﬂ”vrf'}[5f
e Jff%g'”lmpllcn_plot”

PEol)
C:/PROGRA~1/MAXIMA~].2/share/maxima/5.19. 2/share/contrib/implicit p

(%i2) implicit_plot (4*y"2-x"2=1,[x,-5,5],[y,-5,51); [Z[H i 1 ¢ |
implicit_plot(AH=" » x fyliai -

(%02 done

IR croplot zraph

Y

4 F

-h.76774, —5.9045_24

First computea and b.



4y? =y |b?, b=
2
x> =x?/a*, a=1.

The rectangle has sides== , y:i%, and the vertices are at (e;%). The

hyperbola is sketched using Steps 1-4 in Figuré85TFhe foci are at (0;t c) where
c?=a’+b* =1 +(%)2 =125

c=+125=1118

5.6 Second Degree Curves

Example 1.

Sketch the curvedx® — y* —-16x—-2y+11= 0

Solution: (%i1) load(implicit_plot); O IR R m};[#d
A FHp J?F[ il T [ R R E uf;;[ =TElY “””|mpl|C|t plot”|//#ﬁv|’ R
= [u{; 5 Jﬁiﬁ\j”lmpllcit_plot"

[Fol)
C:/PROGRA~1/MAXIMA~],2/share/maxima/5.19.2/share/contrib/implicit p

(%i2) implicit_plot (4*x"2-y"2-16*x-2*y+11=0,[x,-1,5],[ys10,10]); [} FL0 [ﬁq‘ﬂ}‘ﬁ\
\ﬁ:mmmtmmmwﬁ,xmﬁahy@@@w
(%02 done




IR croplot zraph

10 MDA 1B X+ = 0 ——
5 -
0Or -
S
S
-10

1

3.35794, '8.04899

Sepl Apply the Discriminant Test to determine the typeuarve.
B2 -4AC =02 -4[4[-1) =16.

The discriminant is positive, so the graph is adrigpla.

Sep 2 Simplify by completing the squares. This is donebiting

sz+£l'Y:y+ji
2A 2C

and writing the original equation in terms of and Y.

X=x+ 30y o x=x+2

20(-1)

Y=y+ =y+1l, y=Y-1

AX+2)2-(Y-D?-16(X +2)-2(Y-1)+11=0

A(XZ+4X +4)-16(X +2) = (Y? -2Y +1) - 2(Y -1) +11=0,



The X and Y terms cancel, and
4X?+16-32-Y?-1+2+11=0,
4X%?-Y?-4=0.

Sep 3 Draw dotted lines for theX and Y axes, and sketch the curve as in Section
5.5. This is a hyperbola in théX,Y -plane. The X -axis is the lineY =0, or
y=-1. The Y-axis is the lineX = Q or x= 2. The graph is shown in Figure
5.6.2.

5.7 Rotation of Axes

Example 1.

Find the equation of the curvey—4 =, Qith respect to the new coordinate axes
X and Y formed by a counterclockwise rotation of 30 degr@agure 5.7.3).

Solution: In this example,

a =30, sinazl, cosazg.
Thus xz—ﬁx—lY, yzlx +£ :
2 2 2 2

Substitute into the original equation and collectrts.

Xy —4=0,

(ﬁx —lv)qlx +£Y)—4=0,
2 2 72 2

ﬁxz +1XY—£Y2 -4=0.

4 2 4

Given any second degree equation

(1) AX* +Bxy+Cy’+Dx+Ey+F =0



and any angle of rotatiom , one can substitute the equations of rotationcniect
terms to get a new second degree equation inXhend Y coordinates,

(2) AX?+BXY+CY*+DX+EY+F =0.

It can be shown that the discriminant is uncharigethe rotation; that is,
B2 -4AC =B’ -4AC,.

This gives a useful check on the computations.
In Example 1 above, the original discriminant is
B’ -4AC=1°-4[DMD=1.

The new equation has the same discriminant,

R

B -4AC, = 0) ~4C (D) =3+ 2 =1

Example 2.

Sketch the curvexy-4= 0

Solution:

Sep 1 Apply the Discriminant Test to find the type ofree.
B*-4AC=1"-40M0=1.

The discriminant is positive, so the curve is adrppla.
Sep 2 Find an anglea with

cota) = %C :

cot(a) = 0;10 =0.



20 =90°, a=45.
Sep3 Change coordinate axes using the rotation equation

V2 V2

cosqa =——, Cosa =——.
2 2

X = Xcosa -Ysina =£X —QY.
2 2
V2 W2

y=Xsina+Ycosag =— X +—Y.
2 2

Substituting, we get

Xy —4 =0,

(Qx —Qv)mﬂx +£Y)—4:0,
2 2 2 2

Iyz_lyz_4=9
2 2

As a check, the discriminant is sti0® — 4[(1) Eq—l) =1.
2 2

Sep 4 Draw the X and Y axes as dotted lines and sketch the curve.

The new axes are found by rotating the old axesoboy 45 . The curve is shown in
Figure 5.7.5.

5.8 Theg > 8 Condition for Limits

Example 1.

2
10x )=1.
X

Consider the Iimitling(1+

Solution: (%i1) limit(1+(10*x"2)/x,x,0); [fl-Ue 4 ¢ limit( A= Fy e i



g A0XE
[ R £ 1+ RGBT x o BEEIED X BT O
X

(Eol) 1
When x=0, the function f(x)=1+10x*/x is undefined. Whenx is a real
number close to but not equal to ®,(x) is close to 1.

Now let us be more explicit. How should we choaseto get f(x) strictly within

1 : . . - .
s of 17 To solve this problem we assume is strictly within some distance

of 0 and get inequalities forf (x .)

By the lemma, we must find @& >0 such that whenever

-0<x<0 and x# Q,
we havel—}< f(x)<1+l.
5 5

Assume -d <X and X<9.

Then —100 <10x and 10x <109

2 2
2100 <% ang 1% 105 iF xz0
X X
2 2
1-106 <1+ 2% and 1+1% c14+100
X X

1-100 < f(X) <1+100.

If we set 5:i, then 1—E< f(X) <1+E.
50 5 5

This shows that

Whenever—i<x<i and x# 0, 1—E< f(x)<1+l.
50 5C 5 5

In other words, when0 <X <5—1O, [f(x) -1 <é.



A similar computation shows that for each>0, if 0<|X<&/10 then

|f(x) -1 <e&. Thus thee, J condition for Iing(1+10x2/x) =1 is true, and, for a

given &, a correspondingd is J =¢ /10.

Example 2.

In the limit limx*=4

X2

, find a o0>0 such that whenever

1
_ 2 _
O<|x ﬂ<5,‘x <10'

Solution: (%i1) limit(x*2,x,2); =t 7 ¢ limit( HAE= o Fpleaagy sl /f
G P ISR x o ESIRET X BT 2

(%0l 4

By the Lemma, we must find > @uch that whenever
2-0<x<2+0 and x# 2

a-t oy cart

10 10
Assume that2-J <x and x<2+90.
Aslongas2-0 and x are positive we may square both sides,
4-45+0° <x* and X’ <4+40+0°
4+ (-40+0°) < x® and x> <4+ (40+0?%).
Now take & small enough so that

Ll 45462 and as+ar <t
10 10

For example,d = 5—10 will do. Then



Thus whenever 0x -2 < 1 , ‘xz - <i.
5C 10

Notice that any smaller value o, such aso = 1_(1)C will also work.

Example 3.

In the limit lim 2+§:2, find a real numberB >0 such that whenevet > B,

| )

(2+3/t) is strictly within 1/100 of 2.

Solution: (%i) limit(2+3/t,t,inf); [FHILE 1 ¢ limit( A= - RpGage o )|/

, a3 .
HREZUEL 2+ T MR ES t > AR B t B TH oo

(2ol 2

To find B, we assumet >B and t > O, and get inequalities fo2+ 8/ .

o<t, t>B

O<§’ §<§
t t B

2<2+§,2+§<2+§
t t B

Now choose B so that 3?B<1/100 . The numberB = 300will do. It follows that
whenevert > 300

2<2+%<2+i

10C’

and 2+§ is strictly within £=i of 2.
t 10C



Example 4.

In the limit lim(x*-x)=c , find a B>0 such that whenever

X 00

X > B, x* —x>10000.

Solution: (%i1) limit(x*2-x,x,inf); U5 7 ¢ limit( A= FpltGagy mfa))]  /
HFTU R, X2 = x o AIABE T X o AR ED X T oo

(%cl) oo
This time we assumex>B and get an inequality fox”> - x. We may assume
B>1.
x>B>1
x=-1>B-1>0
x(x=-1) >B(B-1)
x*-x>B*-B.

Now take a B such thatB?-B> 10000The numberB = 200will do, because
(200* —200=13980Q Thus wheneverx > 20Q x* — x >10000 .

5.9 Newton’s Method

Example 1.

Approximate a zero off (x) = x® + 2x* - Sy Newton’s method.

Solution: (%i1) plot2d(x"3+2*x"2-5,[x,-4,41); //iH11x* +2x* =511 » x {1
il [ -d~4

(%o0l)



IR croplot zraph

100

xN3+2+x"2-5

-5.20000, -59.8947 b4

¢ Maxima 3 et o o WIF‘im{%l%‘W newton]
\[F‘fﬁy” ) [F‘fﬁg”;@ﬁ 3 yﬂ ﬁ;f =5 ugdi\ JIETEL newtonlﬁ';rr
(%02
O SPROGRANI A MANTMA~T 2 share /maxima /5. 19, 2/ share /numeria/newtonl . .ma

(%i3) newton(x"3+2*x"2-5,x,1,1); | T “FIL 47 7] : newton(fjiy » fdi » AdLvE
\t[m;aj » eps)> FREpYUREISEHiE 4 [ A eps I OFiE T X3 + 2x2 - BV - A
P KU IIES x=1 > R X RS R

(%03) 1.285714285714Z86

(%i4) ev(x"2-2,x=%); [ 1[ ev: H— TERT pURESY S o d l*’ﬁ?ﬁ T 18]
PR AN L Q@ 28571428514286

(%o04) —0.34692387755102

(%i5) newton(x"3+2*x"2-5,x,1,1/10); [T ik 174 : newtonfily » il > idgipY
(I~ eps): FBREORISEHE 4010 epg M CRER X +2¢F - Bk - A




B X W D x=1 [t x RS it i
(305) 1.243001443001443

(%i6) ev(x"2-2,x=%),
G HISET SN AR 24300144301443

(%o06) —0.45494741269633

PR Do P ST I

(%i7) newton(x"3+2*x"2-5,x,1,1/100); [ 11* {7 f]  newton(ik - Aty - idii]
il > eps): FERIORELE T epy OB X + 26 - Bjivi » i@
BT x - WA RS X=1 - Pl x B i i

(%o07) 1.241897290865231

(%i8) ev(x"2-2,x=%); Fl |[ ev: H— TEPRT pURESY 1 ard |%?E[ - ?E'| 119]
PR RN L f (1.2418972908523)

(%o00) —0.457691118%416

Sep 1 The graph is shown in Figure 5.9.4. We choose=1 as our first
approximation.

Sep2 f'(X) =3x +4x

Sep3 x, = x -0 21 (D 945857
f'(x) 7 7
3
Sepd X, =X, fI(XZ) :xz—x2 *2% -5 1.2430
f'(x,) 3X,” +4x

As a check we compute
f(x) =% +2x,° -5~ 001

One more iteration gives much more accuracy



_f(x) . X, +2x," -5

= = ~1.241897
(k) 7 3x,2+4x,

f(x,) = x,° +2x,”> =5~ 0.000007

Example 2.
Approximation the fifth root of 6 by Newton’s metho

Solution: (%i1) plot2d(x"5-6,[x,0,3]); /&1 x° —GFI'UQ?J[”I// > X fHpYAE[EIE-0~3
(Eol)

IR croplot zraph

250

200 1

150 1

x"5-6

100 1

50 1

-50 ' ' ' ' '
0 0.5 1 1.5 2 2.5 3
-0.450000, -92.6316 X

(%i2) load(newtonl); |15 Maxima | fj< i £ it ofik o WL#%TQI%?V newtonj.
UPSE S PR R S (BT ] RV newton g
(%02
O S PROGRA~1 /MANTMA~T 2/ share/maxima/s5.19,. 2/shayve /numeric/newtonl.ma




: newton(i > L EIVEI I |
\eps) FfEer Jq’é’[iﬁ}j FI JE" ep$ /#IL ?ﬁj* X® — 6 [l » G X o Fii!f‘[ (il 4%
x=1.5 F¥irTE x%ﬁll[ﬁ[ﬁ[}ﬁ

(%ol 1.437037037037037

(%i4) ev(x"5-6,x=%);
PR AN T Q. 437037037@7037)

PR Do ST I

(%04 0.12822703556376

(%i5) newton(x"5-6,x,1.5,1/10); |3 #4547 : newtonfyiy - Adby > ABLLRYF |
[ eps) Fravi At 1 T ep$  H it X -6 i » AL X 0 FUI
MEEY x=1.5 (ke x R T i

(%o05) 1.4310Z010%633641

(7016 €V"5-6,x750); fi TR A T AT i)
BB T (L 43102010983643)

(%c6) 0.0010898728853719

(%i7) newton(x"5-6,x,1.5,1/100); | i 4547 newton({Hy» Adly» AdLrpE |
[~ eps) Ui RE = F 1 epy I G - 61 @HD X K
[HEL x=1.5" FyjEft X Eﬁwlﬁﬁl}i

(%o07) 1.4310Z010%633641

(%i8) ev(x"5-6,x=%);
PR AN T QL 43102010963643)

R R TR E]

(%00 0.00106287528853719

(%i19) newton(x"5-6,x,1.5,1/1000); H EES f ,[ : newton(fy > Ay @5@3?1\
i - eps)> PrEVFORSE IR epy M i T X - 6 Vi » ABEEL X
[@jt x=1.5" FyEre x&ﬁluﬁr[ﬁ[}g
(509 1.430969004744363




(%i10) ev(x"5-6,x=%);
417 *Hza#%JgTq'fc143096908444363

i R e

(3010) 7.6293206419109083 1079

TR SR - newton(Ely > ARy ARGy
[P eps): PO~ 15" opd /i itk o X - 6 RS x
?*J;zlf’”jt[[tr, x=1.5> [FHETE X Bﬂ[puﬁ[;ﬂ]j

(8o0ll) 1.430%65084744363

(%i12) ev(x"5-6,x=%);
IR E N e f @ 430969084744363

TPEA Do H T ]

(30l2) 7.6293206419109083 1077

Sep 1 We must find the zero off (x) = x> — .6The graph is shown in Figure 5.9.5.
Choose x, =15.

Sep2 f'(x)=5x*

5
Sep3 x, =% -2 ° 1437
5x,"

5

0143102

Sepd X, =X, ——=
SX,

As a check we computéx,)® ~ 6.001

In this example more iterations would be necesganyr first approximation had not
been chosen as well. For instance, starting wit=1 we would not reach the
approximation 1.431 untilx, obtaining the successive approximations

x, =1 X,=2 X, =1675 Xx,=149245 x =143583 X, =1.43100

Example 3.



Approximate the pointx where sinx =Inx.
Solution: (%i1) plot2d(sin(x)-log(x),[x,-2*%pi,2*%pi]); //= isinx=1In xEl’v[ﬁl
) X fHip SR f— 2n ~ 2n

plotZ2d: expression evaluates to non-numeric value somewhere in plots
(3ol

|! znuplot graph

sin(x)-log(x)

-6 -4 -2 0 2 4 6
-1.72004, -4.27895 X

Maximaj Fe B e ok W[PDIIEA;%FV newtonjr
e TR NS B O] Y newton g
(Fo2)
O S PROGRA~I /MAXTMA~1 ., 2/share/maxima /5. 19. 2/skhare/numeric/newtonl .ma

(%i3) newton(sin(x)-log(x),x,2,1); H ugdijfﬂ 2 : newton (kv > ARl ARV J|
\t[m‘g{ » eps)> FREpYURETSEHiE 4 [ A eps I CEIE T sin(x) = In x i > AR
X o WA EL =2 PRl x RV

(%03 2

(%i4) float(ev(sin(x)-log(x),x=%)): |H djev: fi- PR RS 1ot f*‘ﬂfﬁ\




ISR TR AN BT (2)

(%o04) 0.216150Z2462Z6574

! newton(fHy Ay B
h“ff i > eps) 7[5?‘}“ Jﬂ}il Fak| JE” ep$ I ug_liiﬁﬂ%sin(x) = Inx fivift » Ry
Bb X WL x=2 > FRlee x Ripo it i

(%o05) 2.23593406388912%9

(%|6)float(ev(sm(x) log(x),x=%)); |Hl|ev Bi— TR pOREEN 1o f%fg\
I 2 [ BT £ (2023593408889129

(%c6) —0.017827280704095

{711 * newton(E > @Y B
FW HEI ’ €ps)’ ?[E‘ﬂﬂ JAét TIE (il F/\ ep$ I i singx) = In X [l » A
s ¥ [@jt X=2 [FHtE x&ﬁu[ﬁ[ﬁ[}g
(o) 2.219185521531423

(%|8)float(ev(S|n(x) log(x),x=%)); |Hl|ev Bi— TR pOREEN 1o f%fg\
2 i BT f (2.21918552181423

(%¥o080) —0.2643594711551138 1077

(%:i9) newton(sin(x)-log(x),x,2,1/1000); | 4 T ¢ newton(yb - g - gy
YFIE 0 eps) FrBYRYASSER @ T AT ep$ /# GEE e sin(X) = In x i > Ad
e x o R IIE x=2 0 BT X REY i
(%09) 2.219185521531423

(%llO) float(ev(sm(x) log(x),x=%)); [if; foiev: - TERT R ol |
I P 5 5T (2.219185652181429

(¢0l0) —B.2643594711551138 10°°

As one can see from the graphs@ifiix and Inx in figure 5.9.6,sinx and In x
cross at one poinix, which is somewhere betweex= (vhere Inx crosses the



x-axis going up) andx = 77 (where sinx crosses thex-axis going down). To
apply Newton’s method, we leff (x) be the function

f(x) =sinx—Inx

shown in Figure 5.9.7. We wish to approximate t@f f(x).
Sep 1 Choose x, = 2(since the zero off (x )is between 1 andn).
Sep2 f'(x) =cosx-1/x

_sinx, =Inx, _ 5 sin2-1In2
cosx, —1/x, cos2-1/2

Sep3 X, =X ~ 2.23593

Sep 4 Repeat Step 3. The values af, f(x,), and f'(x, ) are shown in the table.

X

n

f(x,)

(%)

2.000000000

0.216150246

-0.916146836

2.235934064

-0.017827280

-1.064407894

2.219185522

-0.000082645

-1.054519059

AIWIN|FPL| S

2.219107150

-0.000000001

-1.05447250%

The answer isx ~ 2. 219107150

On a calculator we find that

sin(2.21910715p= 0.797104929

In(2.21910715p= 0.797104930

5.10 Derivatives and Increments

Example 1.

Consider the curvef (x) = x*3.

Then f'(X) =%x‘2’3.



At the point x =8, we have
: 1
x=8 f(x)=2 f(x):E:O.0833...

13 _
Thus fim &F&0) " =2_1
b0 AX 12

This is the slope of the line tangent to the cuatethe point (8, 2). AsAx
approaches zero, the slope of the secant line ghrthe two points (8, 2) and (&,
(8+Ax)*?) will approach 1—12 We make a table showing the slope of the seaaat |

for various values ofAx.

Ax By = @+00)" -2 &y =slope of secant ling &y 1
Ax 12
10 0.6207 0.0621 0.0212
0.0801 0.0801 0.0032
0.00829 0.0830 0.0003
10
-10 -3.2599 0.3260 0.2427
-1 -0.0871 0.0871 0.0038
1 -0.00837 0.0837 0.0004
1C

Example 1. (Concluded)

We consider once more the curvi(x) = x** at the pointx= 8 The second
derivative is

f"(x):—gx‘m.

First consider the interval [8, 9]. In this intekvd "' (x) has the maximum value

22—5 _ 1

" _E -5/3 _ -
L (8)|_9(8) 9 144"




Thus we may takeM =i, and
144

i MAX = iAx is an error estimate forlim ﬂ =

1
2 28¢ -0 AX 12

&y 1.1 0.0035,

Thus whenAx =1, <
Ax 12| 288

when Ax = i
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< 1 = 0.00035.
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Next consider the interval [7, 8]. This time wedak

M =|f" (@) =§(7)‘5’3 = 0.0087.

Then %M |AX| = 0.0044Ax

is an error estimate for the limit

dy_1

when Ax=-1 < 0.0044,
Ax 12

when Ax = —i,
10

Ay 1

Ax 12

< 0.00044.

From the table in Example 1 we see that the estmates are slightly greater than

the actual values ok& _1

Ax1_2

Example 2.

Find approximate values fot/9 and 379 . Both these numbers are close to 8,

whose cube root 2 comes out even. Takihfx) = 3x and c= 8 we have



1
f(e)=2 f'(c)=-—-=00833...
() ©=1

From Theorem 1 the approximate values are
f(c+Ax) ~ f(c)+ f'(c)Ax.

Thus

39 ~ 2+1—12 =2.0833,

Y79 ~ 2+ 1_12 (-0.1) =1.99167.

To get an error estimate fol/9 , take the interval [8, 9]. From Example 1 we may

take M = 1%4 Therefore by Theorem 1,

3/9~20833 error< % E—Iy% [1? = 0.0035.,

Thus 2.0798< %/9 < 2.0868.
To get an error estimate fof 79 take the interval [7, 8] anél =0.0087.

By Theorem 1,

3/79 ~1.991667, error< % (0.0087)(0.1)2 = 0.000044.

Thus 1.991623<3/79<1.991711

Example 3.
Find an approximate value fo(099)° .
Let f(x)=x>, c=1.

Then f(c)=1°=1 f'(c)=5¢c*=5.



We put 099=c+Ax, Ax=- 001
Then the approximate value is
f(c+Ax) ~ f(c)+ f'(c)Ax,

(099)° ~1+5(-001) = 095.

To get an error estimate we see thidt(u) = 20u®, so |f"(u)| <20 for u between

0.99and 1. ThenM = 2Qand
2
(099)° ~ 095, error< % (20) = 0.001,

or 0.949< (099)° < 0.951



