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41 THE DEFINITE INTEGRAL

Example 1
Let f(X)= % X. In Figure4.1.6, the region under the curvefrom x=0 to x=2 is

atriangle with base 2 and height 1, so its area should be

A=Lph=1
2
(%15) integrate(1/2*#((x)), x, 0, 2);
(%051 1
F}‘]@ﬁ f (X) — A X EII-'IF Jﬁ‘c?[ | - 0 ?U Z'F[J fﬁl EIJ}‘FF?J

integrate(Fy iy, @E, ETsE T i, AR ),

Let us compare this value for the area with some Riemann sums. In Figure 4.1.7, we

take Ax:%. Theinterva [0, 2] dividesinto four subintervals[o,%], [%,1], [1,2],

and [2,2]. We make atable of valuesof f (x) at the lower endpoints.

X
K 0 1 1 3
2 2
fdlp 113
4 2 4
The Riemann sum is then
Zf(X)AX — 11+11+§1:§
242 22 42 8
(%i5) Isum (f(x)/2, x, [0, 1/2, 1,3/2)]);
Zohb 4
(%c3) 2
kﬂwzl*—W‘%‘“ﬁ“fwr=— F A

i P 4 lsumFBi AR A 1 o)
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In Figure 4.1.8, wetake Ax= % Thetable of valuesis asfollows.

% g1 2 3 4 5 6 7

4 4 4 4 4 4 4

fx)jy 1 2 3 4 5 6 7

8 8 8 8 8 8 8

The Riemann sum is

2 111 21 31 4151 61 717
Zf(x)Ax:O-—+—-—+—-—+—-—+— === ===
5 4 84 84 84 84 84 84 84 8

(%i6) Isum (F(x)/4, x, [0, 1/4, 2/4,3/4,4/4,5/4,6/4,7/4]);

%67
EOIIB

}{fﬁ’ OZ[2:E 1= % E{fjf’rﬁ’ ST f(X) = % X, [ I A
it P £ sum( e AR e £ )

We see that the value is getting closer to one.
Finaly, let ustake avalueof Ax that doesnot divide evenly into the interval length

2.Let Ax=0.6. Weseein Figure 4.1.9 that the interval then dividesinto three
subintervals of length 0.6 and one of length 0.2, namely [0, 0.6], [0.6, 1.2], [1.2, 1.§],

[1.8, 2.0].

X |0 06 12 18
f(x)0 03 06 09

The Riemann sum is

22: f (X)Ax = 0(.6) + (:3)(.6) + (.6)(.6) + (.9)(.2) = .72.

(%18) Isum (f(x)*0.6, x, [0, 0.6, 1.2]);
(%00 0.54
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[ 5 ) T sum (B AR v 18 VT,

(%110) solve[%08+0.9%0.6/3];

(%ol0) solveD_TE

S OE23E F 0.6 H] ¥ (2T F(X) = S X F TR
; o= XFH

B B ”‘ﬁjj [RIFLL8E]2) L7 O.BIL3, T A EIET |3

Example2 Let f(x)=+1-x*> ,defined ontheclosedinterval | =[-1, 1]. The

region under the curveis asemicircle of radius 1. We know from plane geometry
that theareais /2, or approximately 3.14/2=1.57. Let us compute the values of
some Riemann sums for this function to see how close they areto 1.57. First

take Ax = % asin Figure 4.1.10(a). We make atable of values.

X |1 -2 0 12
fx)] 0 Jaia 1 34

The Riemann sum is then.
1
Z f(X)Ax=0-1/2+.v3/4-1/2+1-1/2+ \3/4 -1/ 2
-1
_1+\/§
2

~1.37
LI 0 7 £ =1 PR

Next we take Ax = é .Then theinterval [-1, 1] isdivided into ten subintervalsasin

Figure 4.1.10(b). Our table of valuesis asfollows.

% 1 24 3 2 1 0 1 2 3 4
5 5 5 5 5 5 5 §
fxJ) o 8 4 Va1 Jaa Vo4 Va1 4 3
5 5 5 5 5 5 5 5

B RS RO PRI R
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The Riemann sum is

L 1 3 4 21 24 N24 21 4 3

D EOAX=Z[ 04—t~ L — = |,

=) 5 5 5 5 5 5 5 5
_19+2v21+2V24

~1.52

25
Thus we are getting closer to the actual area

S 2 5 100 = VLo o FAe

(%i3) integrate(sgrt((1-x"2)), X, -1, 1);

%3“
(0)2

I £ () = V1 X BRI CE-1 2] L 07 45

integrate(Fye, @y, AR, Al ),

Example3 Givenaconstant ¢ >0, evauate the integral Lbc dx.

Figure 4.1.13 shows that for every positive real number Ax ,the finite Riemann sumis
Zb: cAx=c(b-a)

By the Transfer Principle, the infinite Riemann sum in Figure 4.1.14 has the same

b
value, Y cdx=c(b-a).

Taking standard parts,
Lbcdx =c(b-a).

Thisisthe familiar formulafor the area of arectangle.

(%i2) integrate(c, X, a, b);
(%02) (b—-a)co

@06l
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FHEH o BRI -a 2] b1 P 14

integrate(fk, by, FaEE |, AR

Example4 Given b> 0, evauatetheintegra E’ X dx

The areaunder theline y = xisdivided into vertical strips of widthdx.
Study Figure 4.1.15. The area of the lower region A istheinfinite Riemann sum

b
(1) areaof A=) xdx
0

By symmetry, the upper region B hasthe same areaas A;
2 areaof A= areaof B

Call the remaining region C, formed by the infinitesimal squares along the
diagonal. Thus
(3 aeaof A+areaof B+areaof C=b?

Each squarein C hasheight dx except thelast one, which may be smaller, and

the widths add up to b, so
4 0 <areaof C < b dx

Putting (1)-(4) together,

b b
ZZX dx < b? S(ZZX dxj+bx
0 0

Sine b dxisinfinitesmal,

Taking standard parts, we have
2

jb X dx = b
0 2
(%i1) integrate(x, X, 0, b);

bz
Zol) —
{ J >

FHEEL £ (%) = V1= X2 B FRTII -T2, i (1 574

integrate(pke, Ak, FaEe |, ASEHE ),
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42 EUNDAMENTAL THEOREM OF CALCULUS

Example 1
(@ Find J'bc dx. Since cxisan antiderivative of ¢

J:)c dx=cb—-ca=c(b-a).

(b) Findj':x dx. %xz isan antiderivative of x .Thus

The above example gives the same result that we got before but is much simpler. We
can easily go further.

(%16) integrate(c, X, a, b);
($o6) (B—-a)c

FrBeES o I AT rE-a B b iR

integrate(Fiyii, A, EE |, AT ),

(%17) integrate(x, X, a, b);

bz &2

I:%O?:I ?—?

FETES x R -a B b 6

integrate(Fi&y, Ak, malls - i, ASlEHE ),

o)<l
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Example2  Find J'b x2dx. .x°/3 isan antiderivative of x> because

d(x®/3) _ 3x? 2

dx 3
3 3
Therefore J'b W« dx= 2 &
a 3 3

This gives the area of the region under the curve y = x> between aand b
(Figure 4.2.9).

(%i8) integrate(x"2, X, a, b);

b3 33

I:%OB:I ?—?

FHEES x* B AR a2 b, fi* TE'E'J?F[-?J

integrate(fk, by, FaEE |, AR

Example3 A particle moves along the y-axis with velocity v = 8t*cm/sec. How
far doesit move between times t=—-1and t=2 sec? Thefunction G(t) = 2t*isan

antiderivative of the velocity v = 8t°. Thus the definite integral is

. 2
distance moved= J'_18t3 dt=2-2"-2.(-1)* =30cm

(%i9) integrate(8*t"3, t, -1, 2);
(Ec%) 30

FPE V=8t BRI -1 2] 2, [

integrate(fk, by, FaEe |, FEEHE )

Example4  Find J':\/f dt .The function +/t is defined and continuous on the

half-open interval [0, o) .But to apply the Fundamental. Theorem we need a function
continuous on an open interval that contains the limit points 0 and 4. We therefore

@06l
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define

1) 0 fort<0
- Jt fort>0

This function is continuous on the whole real line. In particular it is continuous at O
becauseif t~Othen f(t) = 0.Thefunction

0 fort<O
F(t
®= t3’2 fort>0
3
isan antiderivative of .Then
2

4 2 s a2y _ 16
joﬁdtzF(4)—F(0):(§-4 50" =2

(%11) integrate(sqrt(t), t, 0, 4);

o1) 16
O —
3

il e Jto B ESR -0 ?UA"F‘J@:'E'JTFVIAJ

integrate(Fy iy, @E, ETsE T i, AR ),

Example5  The only way we can show that the function f(x) =1+ x* hasan

antiderivative isto take a definite integral

j:\/1+t4 it

Thisisa“new” function that cannot be expressed in terms of algebraic, trigonometric,
and exponential functions without calculus.

o)<l
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Example6  Let yzj.j\/1+t2 dt . Then y:—LX\/1+t2 dt

and dy = —d( [Vt dtj = 1+ % dx

Example7 Let y:LX Htsll
+

Let u=x%+x.Then

du u 1 dy 1
= = (2x+1), =[—=—at, L=
dx ( ) y J'3t3+1 du ui+1

dt

By the Chain Rule,

dy dydu_ 1 (2x+1) = 22x+3}.
(X +x)°+1

dx dudx u’+1l

@08l
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4.3 INDEFINITE INTEGRALS

Example 1 J‘(Zx‘1 +3sinx) dx = 2In[x| - 3cosx +C

We can use the rules to write down at once the indefinite integral of any
polynomial.
(%1 3) integrate(2* x(-1)+3* sin(x),x);

(%03) 2 logix)-3 cosix)

FEES 2+ 3sinx 2T S T 1

integrate(FEy, AAH);

Example 2 J‘(4x3 —6x% +2x+1)dx=x*-2x® + x> +x+C

(%1 2) integrate(4* x"3-6* x"2+2*x+1, X);

(202) xT-2 x° +x° +x

FrEED 43 —6x% +2x+1 ? EEy FT'SF?'E&: fer] s, i E'J?‘F’, "AJ

integrate(FEy, A#HD);

Example 3 j(%+&} dx = —§+§x3/2 +C
X X

(%i1) integrate((3/(x*2))+sqrt(x), X);

chg 2

K

(Fol)

PED /X AT B 7 55

integrate(FEy, A#HD);

@08l
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Example 4 Show that I(l )1/32(1 )3/2:1/1+X+C
+ X - X - X

Our rules give no hint on finding this integral. However, once the answer is given to
us we can easily prove that it is correct by differentiating,

o [T
1-x _ d((l+ X)l/Z(l_ X)—1/2)

dx dx

- (@A) L) A0

=a+mlma-@yq%a+m+%a—@]

1
- (1+ X)l/2(1_ X)S/Z

Example5 A particle moveswith velocity v=1/t*, t>O0.Attime t=2 itisat
position y=1.Findthe position yasafunction of t.Wecompute

jvdt:jtizdt:—%+c

Since dy/dt=v, y isoneof thefunctionsin thefamily —1/t+ C.We can find the
constant Chby setting t=2 and y=1,

Y=—}+C, 1=—1+C, Czll.

t 2 2
Then the answer is
1 1
=—=4+1-,
y t 2

Example6  Evaluatethe definiteintegral of y=(1+t)/t®> from t=1 tot=2
(see Figure 4.3.3)
IZlH

113

dt= [t +t2)at

, , (-2 2 ¢ 2
=j t’3dt+j tzdt:—} +—}
1 1 2| -1

1 1
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i +(L_ij:§+lzz
-2-4 (-21) \-2 -1) 8 2 8

Thus the areaunder thecurve y= (1+1t)/t* from t=1 to t=2 is g

(%i4) integrate((1+1)/t"3,t,1,2);

%47
EOIIB

1+t

g =

R L

integrate(Fi&y, Ak, dalls - i, Al ),

Example 7  Find the area of the region under one arch of the curvey =sinx (see
Figure 4.3.4)
Onearch of thesinecurveisbetween x=0 and x=7x .Theareaisthe definite

integral [ sinxdx=—cosx];

=—cosz —(—cos0)=—(-) - (-1 =2
The areais exactly 2.
(%i11) integrate(sin(x),x,0,%pi);
(30l) 2
FEeED sinx BARDETIE0 | o [ R IR

integrate(Fi&y, Ak, malls - i, ASlEHE ),

Example8  Find theareaunder thecurve y=-2x"from x=-5 to x=-1.(see
Figure4.35.)
The areais given by the definite integra

J.::— 2xtdx

@06l
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First compute the indefinite integral
j— 2x'dx = —Zj X tdx = -2In/x +C.

Now compute the definite integral
-1
-5

_[51— 2xtdx = - 21n[x]

=-2(In-1 -In-5) =-2(In1-In5)

=2In5~3.219.

(%i2) integrate(-2* x"(-1),X,-5,-1);
(%02) 2 logl(h)

FrEED —2x7 LR -5 Z]-1 i TEDEIH?I’IAJ

integrate(fk, by, FaEE |, AR

Example9  In computing definite integrals one must first make sure that the
function to be integrated is continuous on the interval. For instance,

a7l

11 X
| =] =1 (D) =-2

1 2
X -1

Thisis clearly wrong because 1/ x> >0 so the area under the curve cannot be

negative. The mistakeisthat 1/x* isundefinedat x =0 and hence the function is

discontinuousat x =0 .Thereforethe area under the curve and the definite integral
11
L?dx

are undefined (Figure 4.3.6).

(%i15) integrate((1/x"2),X,-1,1);

defint: integral 1s divergent.

—— an error. To debug this try debugmode (true) ;

@06l
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44 INTEGRATION BY CHANGE OF VARIABLES

Examplel  Find j(4x+1)3+(4x+1)2+(4x+1)dx.Let u=4x+1.
Then du = 4dx, dx=%du. Hence
[(4x+2)° + (4x+1)? + (4x+ D dx

4 3 2
=J'(u3+u2+u)-ldu:1 “or Y lhe
4 44 3 2

4 3 2

_1 (4x+1) N (4x+1) N (4x+1) c
4 4 3 2

(%16) integrate((4*x+1)"3+(@*x+ 1) 2+(4*x+1), x);

64 x°
(FofA) 16:{ +— 3 +12:x: +3 3

(%17) integrate(u3+u2+u, v);

(307) —+—+—
4 3 2

FHEES (Ax+1)° +(4x+D)% + (4x+1) 2 AR i o Fe T 2 4

integrate(FEy, A#H);

Example2  Find I de
X +1/ X

Let u=1+1/x .  Then du=-1/x%dx
andthus ——+ _dx=—= du.
X“(1+1/x) u
e =TI g R s
x*(1+1/ x)* -1 1+1/x

@08l
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(%18) integrate(-1/((x"2)*(1+1/x)"2), X);

1
(%c8) T
—+1
MBS Saoare P R BRI 1

integrate(FEy, A#H);

Example3  Find J'(1+5x)2dx. Letu =1+ 5x. For emphasiswe shall do it

correctly and incorrectly.

Correct: du = 5dx, dx = %du,
3 3
[ @502 dx=[u? N TR il M
5 15 15
3 3
Incorrect: j(1+ 5X)? dx = qudu = u? +C= (1+§X) +C

(%19) integrate((1+5*x)"2, X);
3

® z
(%09) +5 x“+x

FRMEED (45X 2R [ B ST 1 ] 14 4]

integrate(FEy, A#H);

Example4  Find J'x3\/2—x2 dx. Let u=2-x*,du=-2xdx,dx =du/(-2x).
We try to expresstheintegral intermsof u.
jx3x/2—x2 dx.zj'xsx/aﬂzj—lxzx/adu.
— 2% 2
Since u=2-x*x*=2-u. Therefore

I—%XZ\/Udu :j—%(Z—u)Jﬁdu - J-_\/U‘F%Ug/zdu
oXC)
CR R e T e
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__Eu3/2+1‘2u5/2+c
3 25

T TS

(%1 10) integrate(x"3* sgrt(2-x"2), x);

372 3/2

42 —x%y
5 15

x4 (2 —x%)
(%oll)

FBOES X2 X AT P 1 7 5

integrate(FEy, AAH);

Example5  Findtheareaunder theline y=1+3x fromx=0 tox=1. Thiscan
be done either with or without a change of variables.

Without change of variable: J'(1+ 3x)dx=x+3x*/2+C, S0

2 1 2 2
Il(l+3><)dX=X+3i 13 E ) (0429 |25
° 2 |, 2 2 2

With change of variable: Let u=1+3x. Then du=3dx, dx:%du.

When x=0,u=1+3-0=1.When x=Lu=1+3-1=4.

24
j1(1+3x)dx:j4u-ldu:u_ :E_EZE:E
0 13 6 6 6 6 2

1

(%111) integrate(1+3*x, x,0,1);

5
($o01l) —
Z

FEPED 1+ 3x B REASE-0 5 1 bR 145 4

integrate ik, AARY, AlRE - il AR ),

@06
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Example6  Find the areaunder the curve y = 2x/(x* —3)*from x=2 tox=3
Let u=x*-3.Then du=2xdx. At x=2 u=2°-3=1.At x=3,
u=3*-3=6. Then

f%dx:jﬁ%du=—l} :1—1=§.
2(x° -3 1y u 6 6

(%112) integrate(2* x/(x"2-3)"2, x,2,3);

5
($012) —
6

2X

F}Algﬁﬂ (XZ _3)2

B2 5 3

integrate(Fyy, WYy, FEEs | i, fjEE s ),

Example7  Find .[:\/1— x* xdx.Thefunction v1—x? xasgiven isonly defined on

the closed interval [-1, 1] .In order to use Theorem2, we extend it to the open interval
J =(~0,®) by

0 if x<lor x>1
h(x) =

N1- %% x if —1<x<1

Let u=1-x2.Then du=-2xdx,dx=-du/2x. At x=0,u=1. At
Xx=1,u=0.Therefore

j:\/l— x> xdx = LO\/U : (—%du) = J;O—%\/Udu

1o o 12 ., 1 1
==|Judu==-—u ==-0==
zjo 23 3 3,

0

(%1 2) integrate(sgrt(1-x*2)*x, x,0,1);

%21
(0)3

@08l
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Elgﬁ@ \/ﬁx EIJJF JE{ET[ [ - O ‘:L‘U 1 ,—]:‘IJ I,EIEIJ}‘FI—IAJ

integrate(F{kle; ALY, AlAE - (il ASjEE )

Example8 Find I —1dx.

°1+x—x°

Let u=x-x% Then du=(1-3x*)dx. When x=0,u=0-0%=0.
Whenx=1,u=1-1>=0. Then

1 3x?-1 _ (o
J‘°1+xxd J‘1+\/—

As x goesfromOtol, u startsat O, increasesfor atime, then drops back to O.

0.

(%1 3) integrate((3* x"2-1)/(1+(sgrt(x-x"3))), X,0,1);

Vg xdog
(%03) —d

D’\JE{_KS +1

Fﬂ%ﬁ? 3x° -1

b ———— B0 B 1 MR
1+ x—x3 : H[E:I F[

integrate(F{ke; ALY, AulRE - (i, ASlEE ),

X0kl
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45 AREABETWEEN TWO CURVES

Examplel  Find the area of the region between the curves y = % x*-1 and y=x

from x=1 tox=2.InFigure4.5.4, we sketch the curves to check that % x> 1< x

for 1<x<2. Then

2
Azrx—(lxz—1)dx=£x2—lx3+x _8
72 2" 6 . 6

(%1 7) integrate((x-(x"2/2-1)), x,1,2);

%?4
(0)3

e x—(%xz—l) Bu T -1 2] 2,7 P 1

integrate(FiBY, ALY, EulRls | i, AafaHE N fi);

Example2  Find the area of the region bounded aboveby y=x+2 and beow
by y= x°.Part of the problem is to find the limits of integration. First draw a sketch.
The curves intersect at two points, which can be found by solving the equation

X+2=x*forx.
x? —(x+2) =0, (x+1)(x-2) =0,
x=-1 and X=2.

2 2 1., 1 3 ’ 1
Then Azj' (X+2—-X7)dx==X"+2X—=X =4=
-1 2 3 1, 2

(%19) integrate(x+2-x"2, X, -1, 2);

(%09) S
FEOED X+ 2-XP BRI -1 2 2, 7

integrate(F{kle; ALY, AlEE - (i, ASjEE )

@06l
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Example3  Find the area of the region R bounded below by theline y=-1 and
above by thecurves y=x® and y=2-x Theregionisshown in Figure 4.5.6.
This problem can be solved in three ways. Each solution illustrates a different tick
which is useful in other area problems. The three corners of the region are:

(-1, -1), where y=x® and y=-1 cross.
3,-1), where y=2-x and y=-1 cross.
(1, 1), where y=x® and y=2-Xx cross.

Notethat y=x* and y=2-x cancrossat only one point because x° is
Alwaysincreasing and 2- x isaways decreasing.

FIRST SOLUTION

Break the region into the two parts shown in Figure 4.5.7:

R from x=-1to x=1 and R, from x=1 to x=3. Then
aeaof R=areaof R +areaof R,.

1
areaof R= J'llx3—(—1)dx:%x4+x} =2.
1

3 1, 3
area of R2=L(2—x)—(—1)dx:3x—§x} =2.

1

areaof R=2+2=4.

SECOND SOLUTION
From thetriangular region S between y=-1 and y=2-x from-1t0o3. The

region R isobtained by subtracting from S theregion S, shownin Figure 4.5.8.
Then areaof R=areaof S-areaof S .

3 1 2 3
areaof S= J'l(2—x)—(—1)dx:3x—§x} =8.
-1

1
1 1 1
aeaof S =| 2-x)—x3dx=2x—-=x*-=x*| =4.
=[x e }
areaof R=8-4=4.

THIRD SOLUTION
Use y astheindependent variableand x asthe dependent variable. Write the
boundary curveswith x asafunction of y.

y=2-X becomes x=2-y.

@06l
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y=x° becomes x = y">.
Thelimits of integrationare y=-1 and y=1 (seeFigure4.5.9). Then

1 1 3 '
A=[,@-y)-y dy=2y—y -2 y‘”‘”} =4
1

As expected, all three solutions gave the same answer.

46 NUMERICAL INTEGRATION

Examplel  Approximate the definite integral

J'Ol\/l+ x? dx.

Use the trapezoidal approximation with Ax = 51 We first make atable of values of.

V1+ x*. Thegraphisdrawnin Figure 4.6.2.

X term in trapezoidal
1+ x° V1+x® to o
approximation
four places
X, =0 1 1.
° 0000 0.5000= = f (x,)
1 J1.04 1.0198 2
“ s 1.0198= f (x,)
. — 2 v1.16 1.0770 1.0770=f (x,)
, ==
5
. = § +1.36 1.1662 1.1662= f (x,)
° 5
4 V164 1.2806 1.2806= f (x,)
X4 = E
X =1 V2 1.4142 0.7071= f (x,)

Thus, % Fx)+ (%) + F06) + F0) + F(x) +% f (x.) = 5.7507.

Since Ax = é , the trapezoidal approximation is
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(5.7507)- é =1.1501,

E\/1+ x2dx ~1.1501

(%i 10) integrate(sgrt((1+x"2)), x, 0, 1);

LEold)

azinh{1)1+4)Z
2

FEOED V1 BRI O 5 1 P

integrate(F{kle; ALY, AlRE [ (i, ASlEE )

Example2  Consider the integral

flxll— x?dx=7/2.
Let f(X) =+1-x°.

By Theoreml, we have
1

lim Z f(X)+ f(X+AX)Ax=£.

Mx—0" 2 2
However, the Trapezoidal Rulefailsto give an error estimate in this case because
f'(x) isdiscontinuousat x=+1.

(%i12) integrate(sqrt(1-x"2), X, -1, 1);

s
PEolZ) —
2

F}‘@ﬁr’x\'/ ﬂ ,Eﬁ FIIE'EJ%E@[K’F__.]_ gu 1 ,FIJ I,El EIJEFF[ j&J

integrate(FFEly, AAEY, FEfE s | i1, ),
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Example3  Use Simpson’s Rule withAx = 0.25 to approximate the integral
e
A= J'O e "“dx

and find the error estimate.
The curveisthe normal (bell-shaped) curve used in statistics, shown in Figure 4.6.5.
We are to divide theinterval [0, 1] into four subintervals of equal length Ax = 0.25.
The following table shows thevaluesof xand y and the coefficient to beused in

Simpson’s approximation for each partition point.

X g x/2 Coefficient
0.0 1.000000 1
0.25 0.969233 4
0.5 0.882496 2
0.75 0.754840 4
1.0 0.606531 1

The sum used in the Simpson approximation is then

[1.000000+4(0.969233)+2(0.882496)+4(0.754840)+0.606531] =10.267816

To get the Simpson approximation, we multiply thissum by Ax/3:
S=(10.267816) - (0.25) / 3 = 0.855651.

To find the error estimate we need the fourth derivative of

—x2 /2

y=¢€
The fourth derivative can be computed as usual and turns out to be
y@ == (x* —6x2 +3)e 2,

Ontheinterval [0, 1], y* isdecreasing because both x* —6x* +3and — x*/2and
decreasing, and therefore y® hasits maximum valueat x=0 and its minimum
vaueat x:=1,

maximum:  y“(0)=3

minimum:  y“ (1) = -1.213061
The maximum value of the absolute value ‘y“‘" isthus M = 3. Theerror estimate in
Simpson’s Ruleisthen

b-a

b=a r\em =L .(0.25)* -3= 0.000065.
180 180

This shows that the integral iswithin 0.000065 of the approximation; that is,
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jole-xz’zdx — 0.855651+ 0.000065,
or using inequalities,
0.855586 < j: e /2dy < 0.855716.

For comparison, a more accurate computation with a smaller shows that the actual
valueto six placesis

f 120y — 0.855624
Oe X = U. X

The Trapezoidal Rule for thisintegral and the samevaueof Ax=0.25 givean
approximate value of 0.85246 for the integral and error estimate of 0.00521.

(%i 13) integrate(e™((-x"2/2)), x, 0, 1);

by
(%o0l3) j Zc:fl:x:
n]

X
Z

e T N N R

integrate(F{kle; ALY, AulAE [ (i, ASlEE ),
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