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3.1 Extrema on an Interval

Example 1. The Value of the Derivative at Relatixtrema

Find the value of the derivative at each of thatreé extrema shown in Figure 3.3.
Solution:

a. (%i1) (9" (x"2-3)/(x"3); /% ﬁ@r‘ D e

9z -3
(%c0l) ———mm
K3
(%i2) plot2d([f],[x,0,71,Iy,-4,3]); Féili 45 7% : plot2d([expr x_range options])-|
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/I Relative maximum¢!'ZH 7 (3, 2)

plotZ2d: expression evaluates to non-numeric value somewhere in plot
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(%i5) g(x):=(18/x"2)-(27*(x"2-3)/x"4); /l}{éj ORI i ﬁﬁ?ﬁ{gﬂ g(x)
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9(x* -3)

The derivative of f(x) = 3 is
X
3 _ 2 _ 2
f'(x) = X" (8) Eg)g()xz 3)(3x7) Differentiate using Quotient Rule.
X
_ 2
= € 4X ) . Simplify.
X

At the point (3, 2), the value of the derivative fS(3) =0 [see Figure 3.3(a)].

b. (%i1) fabs(x); /1~ FHrix (et

(201) |:=<:|

(%i2) plot2d([fl,[x,-2,2],[y,-2,3]); Félils; 7 i : plot2d([expr x_range options]) |
plot2d £ MaximapUséiifs 7 » maximadiii= =[50 » ¢ 3 P71 gunplot 52

expr: AL BRI
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—fi
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/I Relative maximumt!iZ7x (0, 0)
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(%i3) diff(f,x);  |%55 [ 7 ¢ differ(Fble > figos fURBED)| IR Y x AE
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(%i4) g(x):=x/abs(x); //}i»‘f‘j (%57 s fVFEE ﬁﬁ?ﬁj&ﬂ g(x)
ke
glx)r=—0r

=]

(%od)

(%i5) 9(0); /1] X=3 % * [ gl 1= 1" {41 £°(0) 17 7

Division by [0
#0: g (x=0)

—— 4an error.

To debug this try debugmode (true) ;



(%i6) 'Iimit(g(x),x,O,pIus); 3?‘“&]%" ,“@E%lsﬁﬁ}gir [EJF‘# » T maximas
M lﬁ‘iﬂj%,@?h"ﬁf[ﬁ-upf T maximaiii ﬂ“ﬂ}g%}/%@)\

oo

(F06) lim —
x—=0 +| |

(%i7) limit(g(x),x,0,plus); /12§ g(x)=f x=0" %77

plustFfiukL 7

(%i8) 'limit(g(x),x,0,minus); £ ([ 29 (77 2 G LR =T 9SS 0 maximan|
VR WA T maximae ] @58 A

(%o8) lim —
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(%i9) limit(g(x),x,0,minus); /1157 g(x)2f x=0" 5]
(E0%) -1

minusfEfivkL 5 Fiy

(%i110) limit(g(x),x,0); |)Fﬁ_fj|ﬂ"ﬁ',$?ﬁ%'\'él 'l und ﬁ?wﬁ[/l{iﬁ 'r’i«‘?ﬂ 113§ g(x)7+ x=0
FIU@]SSL
(%oc/) und

At x=0, the derivative of f (X) =|X does not exist because the following

one-sided limits differ [see Figure 3.3(b)].

lim M M Limit from the left
x-00  x-0 "X

lim M lim H Limit from the right
x-0* X— O x-0*

c. (%il) f:isin(x); //HFE E}A@'rsinx ) F}‘[E‘\%?IEPLH#\#
(%0l =inix)

(%i2) plot2d([f],[x,0,2*(%pi)],ly,-2,2]); Félilis 727 © plot2d([expr» x_range- |
options]): plot2d L. Maximayf UG 5 > maximah T2 - G P gunplo}

H @ﬂqgﬁm/ ‘




expr: RLEBGHIOL SR SinX e
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/l Relative maximum!'Zfl [i( ;L)p relative minimumt!/ 25! [i(%n,—l)

(%o2)

IR croplot zraph

sin(x)
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-0.942478, -2.56842 X

(%i3) diff(f,x); \FLJEJ}F[ I : differ(FjE Fz,lrﬂr/}pjﬁge)\ IESFEF R T LR x g
Het% o3
(%03) cosix)




(%i4) g():=Cos(X); /K] 15 i Ikl £ L g(x)
(%04) gix)l:=cos(x)

(%i5) g(%pi/2); /1 X‘ 4 FrEr g -t i A f (—) 0

(%o05) O

(9616) gDV, 1] x= 1+ i oyl 1 19 1) =0

(%c8B) O

The derivative of f (x) =sinx is f'(x) = cosx.

At the point % 1), the value of the derivative isﬁ‘(g) = cos(g) =0. Atthe point

(3777,—1), the value of the derivative i '(3777) = cos%) =0 [see Figure 3.3(c)].

Example 2. Finding Extrema on a Closed Interval
Find the extrema off (x) =3x* —4x® on the interval [-1, 2].

Solution: (%i1) f(x):=3*x"4-4*x"3; [/t~ [FEe3x* —4x® - [ £ L it f

(201) f(x):=3x -4x°

(%i2) plot2d([f],[x,-1,2]); FéillE + i : plot2d([expr x_range options]) plot2d
Lﬁ_l\/laxmaﬂﬂ%@ﬁ%, fi .[ maximazh ﬁ;[lﬂﬁﬂj 14 PP gunplot kﬁﬁﬁ%ﬂﬂ/ ‘

expr: RLIERGHITFHEL » FFIRL3X" - 4 FUrHT

x_range: kil x §ilipogi. sl - [?UI\FI FRpExfipuggm safl S5 platy
g o I T RE y i Tfﬁi%nﬁ E’Iﬁﬁi%}“i{g F[pH\ » T JLFQI}F,
X SFRIFS TRy EGE-1~2> |1 Bl my Lpo
AL -
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/I On the closed interval [-1, 2]f has a minimum at (1, -1) and a maximum at (2, 16)

IR croplot zraph

I xM-4x"3

0.208120. 16.2972

(%i3) diff(f(x),x);  [55 potri ) - differ(Fe ol fo0 poRalge)] IS f00 flips
X B

(303) 12x° - 12 x°

(%i4) f(-1); /bR x=-1 (< 1) fif1 7
(%0d) 7

(%i5) f(0); /L] x=0 % * f(x):I i {if O
(%c51 0

(%i6) f(1); /LK x=1 {8 f(x) 1 fifi-1
(%oGe) -1



(%i7)f(2); I x=2 (¢ £ fifi 16
(2271 1B

Begin by differentiating the function.
f(x) =3x*-4x° Write original function.
f'(x) =12x> -12x? Differentiate.

To find the critical numbers off , you must find all x-values for which f'(x) =0
and all x-values for which f'(x )does not exist.

f'(x) =12x* -12x* =0 Set f'(X) equal to 0.
12x*(x-1) =0 Factor.
x=0, 1 Critical numbers

Because f 'is defined for all x, you can conclude that these are the only critical
numbers of f . By evaluating f at these two critical numbers and the endpoints of
[-1, 2], you can determine that the maximumfig2) = aed the minimum is

f (1) = -1, as shown in the table. The graph &f is shown in Figure 3.5.

Left Endpoint Critical Number | Critical Number Right Endpoint
f(-)=7 f0=0 f@Q=-1 f(2) =16
Minimum Maximum

Example 3. Finding Extrema on a Closed Interval

2/3

Find the extrema off (x) = 2x-3x“"" on the interval [-1, 3].

Solution: (%i1) f(x):=2*x-3*x\(2/3); /I~ [¥1ir2x=3x*? » [Ll L it f

(201) flx):i=2 x-3 x°/73

(%i2) plot2d([f(x)],[x,-2,31.ly,-6,1]); [l i 7743 : plot2d([expr> x_range’ |
loptions]): plot2d L. MaximapUséiliifs; ) » maximakh = Z[ 50 » ¢ 3. F7F1] gunplof
‘»\M@@[ﬁi% o




expr LRI SRR 203 T

x_range: il x filiprgg fafa Eﬁ"]ﬁﬁ’ R X IR B ST Ry
ISR R ?['WT}F{EV@[ - j&uf 1 F léﬁlﬂiiﬁﬁ U] T %H* JLE/I}FI
X SFRITS PRy ERT-6~10 DIt Fb ] PR e f
RG] -

Opﬂons:}ﬁilﬂxpgﬁﬁgq{frp ,ypﬁ5ﬁj§ﬁu] ,» I% ?Ju],jﬁ{krk, a%ﬂiﬁ....%ﬁ

= °

//On the closed interval [-1, 3], f has a minimuing-a, -5) and a maximum at (0, 0)

plotZd: some values were clipped.
(30Z)

Ig gmplat graph
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3.22674, 1.29474 X

(%i3) diff(f(x),x);
AR

reopvdn 5 ¢ differ(Frlt - IS pVRBRE)  IBERERE HIEY x

(303) 2-
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(%id) f(-1); B x=-1 (% ()25 -5
(%o4) =5

(%i5) f(0);  /5F] x=0 & * f(x):}f fifi O
(so5) 0

(%i6) f(1); /LK) x=1 [ 1) fifi-1
(%o0B) -1

(%i7) 1(3); //}{I”] x=3 & f(x) i 6-3°°
(307) 6-3°/3
Begin by differentiating the function.

f(x) = 2x-3x?"3 Write original function.

2 X3 -1

o7 = 2 WTE ) Differentiate.

fr(x)=2-
X

From this derivative, you can see that the funckias two critical numbers in the
interval [-1, 3]. The number 1 is a critical numibexccause f ‘() = Qand the number
0 is a critical number becausé '(@oes not exist. By evaluatindg at these two
numbers and at the endpoints of the interval, ywuaonclude that the minimum is
f(-1) =-5 and the maximum isf (0) = ,0as shown in the table. The graph of

is shown in Figure 3.6.

Left Endpoint Critical Number|  Critical Number RigBhdpoint

f(-1)=- f(0)=0 fa)=-
D=3 © ®=- f(3) =6-3%/9=-024

Minimum Maximum

Example 4. Finding Extrema on a Closed Interval

Find the extrema off (x) = 2sinx—cos2x on the interval [0, 22].



Solution: (%i1) f(x):=2*sin(x)-cos(2*x); /It - [Flir2sinx —cos2x » [y 7
L fief
(20l fix):=2 gin(x)—co=(2 )

(%i2) plot2d([f(x)],[x,0,2*%pil); Félili5 7% : plot2d([expr x_range options])|
\plotdeﬂC Maximai Jﬁﬁﬂaifﬂq[ » maximadit lﬂjulﬁﬁf S PL[guanoﬂ\,\éﬁJﬂ%ﬂ|

expr: AL FISR @;Jizsmx cos2x

x_range: kil x {2 sl ?,’]ﬁp e x fHipogE. Flgl > 25 T p r }?F
JHIFEE FifRl v[l%j\fpig’y@w Rage EE’U‘J!FA AR *J%iﬁ’y PO T LE,@F[
X Pt F}*@@ﬂlﬁ@@@?ﬁl&’?ﬁ[ﬁ@p i{;_‘ﬁfﬁ@g(rﬁl[ﬁj 0

options: #F‘[ [dm J{@Qﬁiﬁfﬁ » YIFEPIBE ﬁgﬂlﬂé/ﬁ‘ﬁj SRR SR

=~

//On the closed interval [0,72], f has two minimum at (72/6, -3/2) and (111/6, -3/2)
and a maximum atz{/2, 3)

(%02)



IR croplot zraph

2*sin(x)-cos(2"x)

1.5 '
0 1 2 3 4 5 6
5.04948, 1.60855 X
(%i3) diff(f(x),x);  [f55 pods o - differ(Fe - ol fo0 poRalge)] /st o x
Y1)

(%03) 2=2inl(2 x)+2 cos(x)

(%i4) f(0); /LK x=0 [ * f(x):J ) fi-1
(%o04) -1

(%I5) f(%pil2);  [1 x:g PO f(x) TR il 3

(%ob) 3

(%i6) H(7*%pil6); /1] x:%” () o f@—g

Zo 6 ?
(Foa) >



(96i7) 1(3*%pif2); /1 x:%” X)L

(%07) -1

3

(%i8) f(11*%6pil6); /1] x:% SRR OB R

%o B ?
(o) >

(%i9) f(2*%pi); /LK x=2n {7 f(x) 1 fi-1

(%c09) -1

This function is differentiable for all reak, so you can find all critical numbers by
differentiating the function and setting'(x) equal to zero, as shown.

f (X) = 2sinx — cos2x Write original function.

f'(X) =2cosx+2sin2x =0 Set f'(X) equalto 0.

2cosx+4cosxsinx=0 SiN2X=2c0SXsinx

2(cosx)(1+ 2sinx) =0 Factor.
In the interval [0, 21], the factor cosx is zero whenx =71 /2andwhenx=3n /2
The factor (1+3inx ) is zero whenx =7n /6and whenx=11n /6.By evaluating

f at these four critical numbers and at the endpahthe interval, you can

conclude that the maximum i$ (77/2) = &nd the minimum occurs at two points,
f(7n/6)=-3/2 and f (L117/6) =- 3/2 as shown in the table. The graph is shown

in Figure 3.7.

Left Critical Critical Critical Critical Right
Endpoint | Number Number number number Endpoint
f0)=-1 7 n 3 3 11n 3| f@n)=-1

© (=3 | 1) =—7 | 1) =1 1= e

Maximum |  Minimum Minimum




3.2 Rolle’s Theorem and the Mean Value Theorem

Example 1. lllustrating Rolle’s Theorem

Find the two x -intercepts of f (x) = x> —3x+ 2and show thatf'(x) =0 at some
point between the twax -intercepts.

Solution: (%il) f:x"2-3*x+2; [/ F— ﬁ‘@\’fxz =3x+2 R i f

(20l) x%°-3 x+2

(%i2) plot2d([f],[x,-1,4]); Rl © i : plot2d([expr x_range options]) plot2d
L Maxima i@l 7 maximadih 7 5K - &7 PR gunplot 3Gl «

expr: RLIEIGRITEET > FTIRL X ~3x + 2[

Ei

x_range: kL x {2 sl ﬁk’ﬁ‘ﬁ”?ﬁt X JHIFRE Rl 25 [ Ry
HFORER FA o AIGY PRy 0 R ST Tl ERHR
X Bt E}*[gm [p’:ﬁ@g\’r@%’?ﬁ@ljﬁﬁ i{u_’pfﬁ@gmi(ﬁj .

opﬂons:fﬁi{ﬂ/ﬂ@i@%ﬁﬁ%ﬁj ,ypﬁﬁgiégé], Eﬁﬁg?T%j{q ,§§$®4\,y ’ﬁﬂﬂﬁ----éf

En
=~ °

/l The x-value for which f'(x) =0 is between the twox -intercepts.

(%02)



IR croplot zraph

¥M2-3x+2

-1 : : :
1 0 1 2 3 4
0.623789, 2.84171 X
(%i3) difi(f,x);  [f43 [195 %) : differ(Flie > oI5 [OREE)] A ERT i x @
Bt s

(503) 2 x-3
Note that f is differentiable on the entire real line. Settiffdx) equal to O
produces x* —=3x+2= 0 Set f(X) equalto 0.
(x-D(x-2) =0. Factor.

So, f(x)=f(2) = 0, and from Rolle’s Theorem you know that there &x&d least
one c intheinterval (1, 2) such that'(c)= (o find such ac, you can solve
the equation f'(x) =2x-3= 0 Set f'(X) equalto 0.

and determine thatf'(x) = Gvhen x = g Note that thex-value lies in the open

interval (1, 2), as shown in Figure 3.9.

Example 2. lllustrating Rolle’s Theorem



Let f(x)=x*-2x*. Find all values ofc in the interval (-2, 2) such thaf'(c) =0.

Solution: (%i1) f:xM4-24x"2;  /IH3— [FEex® = 2x* o FpEe L i f

(201) xT-2 x°

(%i2) plot2d([f],[x,-2,2]); FéilflE i : plot2d([expr x_range options]) plot2d
L Maxima i@l 7 » maximadih 7 5K - &7 PPl gunplot 3Gl «

expr: AL BIGRIFOFEL SEIHLX* - 2 FrEv

x_range: fL x fpEE. fdfE Fﬂ.u’[ﬁjiﬁ‘ I '}‘F"[i’ X GHIFEE- fEl o 2 [ I‘H‘F"[i{gy
qlF R R PN }‘ﬁ?{gyﬁiﬁi R at%f 1F IE*J%“ ﬁ[glpﬂx » T JLFQI}F,
XA PR lﬁ@ﬁ@*@l{rgl%%‘&@l? I J‘Lﬁ@?(ﬂ'&l

options: ffi & URGIRGEE  YIRSIVETET » [ FTRI €0 SR L 0 SR

Il £'(X) =0 for more than onex-value in the interval (-2, 2).

(%02)

IR croplot zraph

XM4-2"XA2

-0.5 0 0.5
-2.45736, -2.27895 X




(%i3) diff(f,x);  |%55 [ 7 ¢ differ(Fble > figos fURBED)| IR Y x AE
Briks)

(%03) 4 x° -4 x

To begin, note that the function satisfies the @ions of Rolle’s Theorem. That is,
f is continuous on the interval (-2, 2). Moreoveschuse f(-2) = f (2) =8, you
can conclude that there exists at least @anén (-2, 2) such thatf'(c) = 0Setting
the derivative equal to O produces

f'(x) =4x*> -4x=0 Set f'(X) equalto 0.
Ax(x-1)(x+1) =0 Factor.
x=01-1 X -values for which f'(X) =0

So, in the interval (-2, 2), the derivative is zatdhree different values ok, as
shown in Figure 3.10.

Example 3. Finding a Tangent Line

Given f(x) =5-(4/x), find all values ofc in the open interval (1, 4) such that

r=9=18

Solution: (%i1) £:5-(4/x); /£ (1S = (41%) » [ £ f

4
(%01} 55—

o4

(%i2) plot2d([f],[x,1,4]); F&@ﬁ%‘ﬂ?ﬁ—ﬁ%@éﬁ:plot2d([expr’x_range options])’ plotzd
kL Maximaiuz@iifs > maximadh 7 Z[5 M @ 2 P21 gunplot § 3Gl -

expr: kLE I ETEE » TEHTRLS — (4 X) Bt

x_range: kL x flipgE=. #fEl 'F!'}'?I‘%FFJ‘J?F[%_' X JHFCEE. B > 7Y I'FEJ’“JFFJ‘J?F[%_' y
AR IR LD TRC Y S ] PECREE S T SRR
X Y ] R TR A -



options: #F’[;H k‘l’f'“;@ﬂ%[‘?%fﬁ ) {/[I,ﬁ’&LFI’:JFEEE-'[ ) ug[ﬂi/[r‘]’ﬁj & 5’&334\']‘ , %E\LE?J -

~

/I The tangent line at (2, 3) is parallel to thess# line through (1, 1) and (4, 4).
(%02

|! znuplot graph

x
i
L
1 1.5 2 2.5 3 3.5 4
0.550000, 0.573684 X
(%i3) diff(f,x); |57 45 & ¢ differ(Fue > Bk puiagy) BT IR x
Hetkss
(303) —
031 —
xz

The slope of the secant line throughf((1) ) and (4,f (4)) is
fF@-f@ _ 4—1=1
4-1 4-1
Because f satisfies the conditions of the Mean Value Theqrigr@re exists at least
one numberc in (1, 4) such thatf'(c) = 1Solving the equationf'(x) = Jields

fr(x) =2 =1
X

which implies thatx = +2. So, in the interval (1, 4), you can conclude tltat 2, as
shown in Figure 3.13.



Example 4. Finding an Instantaneous Rate of Change

Two stationary patrol cars equipped with radarsanailes apart on a highway, as
shown in Figure 3.14. As a truck passes the fastob car, its speed is clocked at 55
miles per hour. Four minutes later, when the tjp@ag&ses the second patrol car, its
speed is clocked at 50 miles per hour. Prove Heatrick must have exceeded the
speed limit (of 55 miles per hour) At some timeidgrthe 4 minutes.

Solution:

Let t =0 be the time (in hours) when the truck passesitsedatrol car. The time

when the truck passes the second patrol car=is;—o = 1—15 hour.
By letting s(t) represent the distance (in miles) traveled bytiihek, you have

s(0) =0 and 5(1—15) =5. So, the average velocity of the truck over the-iwile

stretch of highway is
s(@/15) - s(0)
@15 -0
5
=—— =75 miles per hour.

1/ 15
Assuming that the position function is differentgbyou can apply the Mean Value
Theorem to conclude that the truck must have beseling at a rate of 75 miles per

hour sometime during the 4 minutes.

Average velocity

3.3 Increasing and Decreasing functions and the St Derivative Test
Example 1. Intervals on Whicl Is Increasing or Decreasing

Find the open intervals on whiclf (x) = x* —gxz is increasing or decreasing.
Solution: (%i1) f:x"3-(3/2)*x"2; //*H:F— [FLrx® —gxz PR E L i

2
3
(201) x° —

(%i2) plot2d([f],[x,-1,2]); F’:@Eﬁ‘?ﬁ—ﬁ 250 - plot2d([expr x_range options]) plotzd
[ MaximaysglflfF £ » maximadkh = 2] - €12 =11 gunplot 43¢ - |

rr N R N R =a Vd S=rp 3 — s
expr: RLETIRGRIEEHT S HIRLX® - =X Ui



x_range: L x fIFLE. i 'F{f’ﬁaf[ AT x AVEE FEE o S (T p "ty
fpR ESE - I PR Ly Bl ﬁ”“ﬁk‘ ’Jﬁgiﬁ ST g el
X b IIE FEEH IRRR AR EAARBRAT R -

0pﬂons:}ﬁ£ﬁ¢$@§@$l£§¢[,ypxkgjiﬁu],» % Fju],15ﬁ14\ ,ﬁgiﬁ....gf

=

(20Z)

IR croplot zraph

xM3-3"x"2/2

2.03150, 2.07431 b4

(%i3) diff(f,x); \{uﬂl}ﬁ.[ differ(FyEk Fz,lrﬂr/}pjﬁge)\ IESFEF R T LR x g
B
(303) 3 x°-3x

(%id) g(x):=3*x"2-3*x;  ILF] 5T BB 77 1T ()

(204) glx):=3 x°-3 x

(O615) Q(-1); /1 x=-1 1% * B oWl - i 41 £1(-D) =6
(¥o03) B



(%i6) (LI2); /1] x=1/2 [ * il gOOf| 11" 51 £ (U/2) = -3/ 4

%06 2
(%06) 2

(O6i7) Q@) /1] x=2 1% * [ 9o -1 41 £°(2) =6
(E07) B

Note that f is differentiable on the entire real number lifie.determine the critical
numbers of f , set f'(x) equal zero.

3
f(x)=x3 _EXZ Write original function.
f'(x) =3x*-3x=0 Differentiate and setf '(X) equal to 0.
3(X)(x-1) =0 Factor.
x=01 Critical numbers.

Because there are no points for whidh ddes not exist, you can conclude that
x=0 and x = 1 are the only critical numbers. The table summarthe testing of
the three intervals determined by these two cliticanbers.

Interval -0 <Xx<0 O<x<l1 1<Xx<ow
Test Value x=-1 x:i X=2
2
Sign of f'(x) f'(-1)=6>0 f'(l):—§<o f'2=6>0
2 4
Conclusion Increasing Decreasing Increasing

So, f is increasing on the intervalse¢; 0) and (1,o) and decreasing on the
interval (0, 1), as shown in Figure 3.16.

Example 2. Applying the First Derivative Test

Find the relative extrema of the functiofh(x) =%x—sinx in the interval (0, 2Z1).

Solution: (%il) f:(1/2)*x-sin(x); //t:F— E}*[Q\’f%x—sinx PR € U i f

L
(Eol) E—Sin(xj



(%i2) plot2d([f],[x,0,2*(%pi)l); k&l Ts 7%« plot2d([expr x_range options])-|
plot2d }:. Maximaiuzéiliifs; 5 - maximadiii7 Z[i50 » @ 5 P21 gunplot 3¢ ]

e e L
expr: RTINSV SR IR S X = sinx Fki i)

x_range: kL x fIFVRE SR - IR RS x fpoRE e S5 PR TRty
R T I TRy W SR PRGOS T ERAR
X LI R ORI AR EAORBRATR -

options: fF'[;H w'ﬂfjﬁ@ﬁgﬁigjg > YIRSV ug]lﬂﬁ‘ﬁj 0 FREUA ] R

//A relative minimum occurs wherd changes from decreasing to increasing, and a
relative maximum occurs wherd changes from increasing to decreasing.

(20Z)

IR croplot zraph

257

X/2-sin(x)
o —_
3] - 3]

o

-0.5 ' ' ' ' ' '
0 1 2 3 4 5 6

1.70620, 2.40263 b4




e J‘}F[ Ik L differ(FpRe 0 %) poAg E@‘ IS FEv R f Flif x A

=X 7]

(%i3) diff(f,x);
Q\Tf«\ 7J

1
(503 E—cos(xj

(%i4) g(x):=1/2-cos(x); //}{?] SIRA i %ﬁ L% g(X)

(Eod) glx): =%—cos(xj

(%15) QOAPIIA); 1 x= 2 1% 515 QLT =i 71 (—)-% %

(%5)1 1
? 2

Az

(9616) QUoeRY; 1 x= [ i g0 =1 80 £2(m) =3

%63
(0)2

. . Lo (n, . ., P &/ N N |
(%I7) g(7*%pi/4); //}{»\] X—T [N F}lglrg(x)ﬂi—m Haf (T)—E—E

(%?jl 1
? 2

Az

is continuous on the interval (®7n). To determine the critical

Note that f
numbers of f in this interval, setf'(x) equal to O.
f'(x)= —COSX 0 Set f'(X) equalto 0.
1
COSX =—
2
n5 .
X=—,— Critical numbers
3'3

Because there are no points for whi¢dh ddes not exist, you can conclude that
x=7nl/3 and x=5n /3 are the only critical humbers. The table summarittes
testing of the three intervals determined by thesecritical numbers.



Interval n 7l 5n on
O<x<— —<X<— — <X<2rr
Test Value 7l X=T mn
X=— X=—
4 4
Sign of f'(x f'(n)>0
gn of 1) (%<0 7 (<o
4 4
Conclusion Decreasing Increasing Decreasing

By applying the First Derivative Test, you can dode that f has a relative
minimum at the point where
n

X= E x -value where relative minimum occurs
and a relative maximum at the point where

5n _ .
X= ? X -value where relative maximum occurs

as shown in Figure 3.19.

Example 3. Applying the First Derivative Test
Find the relative extrema of (x) = (x* — 4)*"

Solution: (%i1) f:(x"2-4)N2/3); /15— FrEr(x* =4 [y £ f

2F3
(0l) (x°—4)

(%i2) plot2d([f],[x,-4,4]); Fﬂ@ﬁ%ﬂ?‘g—ﬁﬁﬂéﬁiplot2d([expr’x_rangeoptions])’ plot2d
@Maximaﬁ@iﬂé?ﬁ%‘ﬂ}ﬁﬁ > maximadfiT Z[5H o @ S L gunplot S AgEd |7 -

expr: KL BIAFIIFEE AL O - 92 ™

X_range: L x fHiftge=. &fE Frhlﬁiﬁwﬁ’[t X JHIAVER f Rl > =5 ]'F'jQJF[JJ‘]#F’[%_’ y
PO AT DR Y i R RS T T SR
X b IIE FEEH IRRRR AR EARBRAT R -

opﬂons:?ﬁjjibgﬁﬁﬁﬁﬂﬁgjg ,0D§R$@§EE}, %NﬂgTT?JEq ,$R$UAK»F ,;Qig....%g

/IYou can apply the First Derivative Test to firedative extrema.

(20Z)



|! znuplot graph

(xM2-4)N(213)

0

-1.45116, 5.06605 X

(%i3) diff(f,x);
Bty

5 fgn 4 ¢ differ(FEi IS pURBED)|  JRSEREET FIfo x A

4 =

303
(303) 1/3

3(xC -4

\
\

(%i14) g(X):=(4*x)/(3*(x"2-4))N(1/3); //}-{fj 57 EIC’JF}‘[EJ'( FHEIAG RS 9(x)
4 =

(5o04) glx):= v

(3(x%-47)

(%i5) 9(-3); /154 x=-3 [ * il g 1—Fi' 1 41 £1(-8) <0
12
lSlKS

(%o0b) -

(9i6) (-L); I x=-1 [ [ 9O 171 41 £(=1) >0

(Foa)
gqls3



(Oi7) 9(1); /5] x=1 £ i 9Ol i— i 491 £'@) <O

(Ea) -

gls3

(418) 93); /1 X=3 1 * [ 9Ol I— 1 1 £°(3) >0
12

(%o00)
15143

Begin by noting thatf is continuous on the entire real line. The denwadf f

General Power Rule

£1(x) = %(xz — 43 (2x)

:L Simplify.
3(X2 _4)1/3
is 0 when x=0 and does not exist wherm=+ . 5o, the critical numbers are
x=-2,x=0,and x= 2. The table summarizes the testing of the four wvatisr

determined by these three critical numbers.

Interval -0 <X<-2 -2<x<0 0<x<2 2<X<o
Test Value X=-3 x=-1 x=1 X=3
Sign of f'(x) f'(-3)<0 f'(-)>0 f'@<0 f'3)>0
Conclusion Decreasing Increasing Decreasing Increasing
By applying the First Derivative Test, you can dode that f has relative

minimum at the point (-2, 0) , a relative maximutrtree point (0, ¥/16 ), and another
relative minimum at the point (2, 0), as shown iguife 3.20.

Example 4. Applying the first Derivative Test

4

Find the relative extrema off (x) = X :1.
X

H . H . . A=A - /_X4+1 - LTI ,
Solution: (%il) f:(x"+1)/(x"2); [/HF - [Hir—5— - [HEe TR L
X
x4+l
(%ol)
Fisl

(%i2) plot2d([fl,[x,-3,3],[y,0,51);  élilfr 7 : plot2d([expr x_range options]y|
plot2d {1 Maxima gl fr; ) > maximadh = =gy - ¢ Pl gunploﬁé%\éﬁ%[ﬁq




HI/

expr: RLI%E; @ﬁgu lF:‘

x_range: £l x fifogE- miE ?'}"ZFFI‘ RS x R B 2 ]'F'EJ“JFIJ [‘Hﬁ%y
iR L IR DR y B S (ORI T SR
xRS Py B 0-5- § Yt Fg | ORI
AL -

opﬂons:JF;H%L$m§@EW{§,H ,ypﬁigjﬁﬁul, vﬁz ?jul,ﬂﬁﬁer %ﬂiﬁ----§f
/I x-values that are not in the domain d&f, as well as critical numbers, determine test
intervals for f'.

plotZ2d: expression evaluates to non-numeric value somewhere in plots
plotZd: =some values were clipped.

(o2

IR croplot zraph

(XM+1)/x"2

3.28140, 5.21053 X




(%i3) diff(f,x);  [f%53 pudE ) @ differ(Fre > I pURBER)|  IEITHELT 119 x A
Hetxos

zxtr1y
(203) 4 x——m— "

x3

(9%i4) G(x):=4*x-(25 O+ LY (KAB)); /1 53 i €75 24 g(x)

2 xT+ 1)
(%od) glx)i=4 x——

2{3

(O415) G(-2): /1] x=-2 1 8 9O 1 1 4 £1(=2) <O

(05 15
O e e
4

(%i6) Q(-1/2); 1 x=-1/2 {* * [ g0 1— i 57 f'(—%) >0

(%oB) 15

(%i7) g(L/2); 15 x=1/2 % FyiBl g OO 1— i i 1 f'(%) <0

(%71 —-15

(%i8) 9(2); /LK x=2 [* * R g 1— i 41 £7(2) >0

(308) 15
O —
4
f(x)=x>+x7? Rewrite original function.
f'(x)=2x-2x7° Differentiate.
2 L .
=2X—— Rewrite with positive exponent.
X
_2x" - o
=— Simplify.
X
2(x* + (X =1)(x+1
= ( 4 3 4 ) Factor.
X

So, f'(x) is zero atx=+1. Moreover, becausx= @ not in the domain off ,



you should use thisx-value along with the critical numbers to determthe test
intervals.
Xx=%1
x=0
The table summarizes the testing of the four irstisndetermined by these three
x-values.

Critical numbers, f'(2£1) =0

0 is not in the domainf .

Interval —oo<x<-1 -1<x<0 O<x<1 1<Xx<oo
Test Value X=-2 1 1 X=2
X=—— X=—
2 2
Sign of f'(X f'(-2) <0 f'(2>0
9 (x) (-2) -Hso0 Yy <o 2)
2 2
Conclusion Decreasing Increasing Decreasing Increasing

By applying the First Derivative Test, you can dode that f has one relative
minimum at the point (-1, 2) and another at thenp(i, 2), as shown in Figure 3.22.

Example 5. The Path of a Projectile
Neglecting air resistance, the path of a projethié is propelled at an anglé is

= gse"zgxz +(tan@)x+h, 0< 95’-27

0

where y is the height,x is the horizontal distanceg is the acceleration due to
gravity, v, is the initial velocity, andh is the initial height. (This equation is
derived in Section 12.3.) Leg = - et per
second, andh = Yeet. What value of6 will produce a maximum horizontal
distance?

Solution:

To find the distance the projectile travels, lgt= , add use the Quadratic Formula to
solve for x.

32eet per second per second, =

gsei o x* + (tand)x+h =0

0

Z3256C 6 1, (tang)x+9 =0
204%)
- SZ(ZHXZ + (tand)x+9=0

‘= ~tan@ £+/tan® 8 +sec @
-se /18

x =18cosf(sind ++/sin8+1), x>0



At this point, you need to find the value éf that produces a maximum value af.
Applying the First Derivative Test by hand wouldv®y tedious. Using technology
to solve the equatiordx/dé =0, however, eliminates most of the messy
computations. The result is that the maximum valuex occurs when

6 = 0.61548 radian, or 35.3.

This conclusion is reinforced by sketching the pzitthe projectile for different
values of 8, as shown in Figure 3.23. Of the three paths shoate that the distance
traveled is greatest fof = 35'.

3.4 Concavity and the Second Derivative Test
Example 1. Determining Concavity

Determine the open intervals on which the graphfd¢k) = is concave

upward or downward.

Solution: (%i1) f:6/(x"2+3); [/~ [}

s FHCEPAN o

(%ol)

:c2+3

(%i2) plot2d([f],[x,-3,3]); L@ﬁ% Fl |[Pr+7?niplot2d([expr’x range options]) plotzd
ﬁLMaxmagl Jqfﬁ%‘ﬁ[ i maxima# = £ [lﬁﬁif E’\# ALl gunplot 9«5 @ﬁﬁ%ﬂﬂ/

expr: kLol AVETEE g IR

xranges £Lx fIFORTT B IR X AT BT 25 y
HIpRET L I Ry e m“p”FAt' PR LT T P R
x> I BT B R IR -

optlons }F' I @Hﬁ*hi‘tp > PIFSFIBE < um %/ f Lo RRTA T R

= o
S

(20Z)



I! znuplot graph

=)
+
>y
=
s
0.4
. - " ° 1 2 3
-1.16220, 1.32653 y
(%i3) diff(f,x); |73 [ 4 © differ(Fpi > Bt R s A———
Hetks)
12 =
(%03) -
2 2
(x“+3)
(%i4) diff(f,x,2); |47 EI’:J}EAJ  differ(Flle > £ poRagy «*'E‘@| p—
s x @ esT 2 7%
204 B = 12
(%04) . :

(%i5) g(x):=48*X"2/(x"2+3)"3-12/(x"2+3)"2; {1555 2% fézElfJE}'@(f?ﬁEJi?ﬁ{g%
9(x)

I:%OEI:I g(xj:z : 2

{x2+3} (x2+3}



(%i6) 9(-2); /1 x=-2 " iyl 9O I— [ 1 41 £(=2) >0

108
(fo0B) ——

(O6i7) Q(0); 1 x=0 1 [l g 170 41 £(0) < 0

o7 *
(%o7) 3

(O%i8) 9(2); /1 X=2 * * [ 9O i 401 £1(2) >0

108
(fFo8) —

Begin by observing thatf is continuous on the entire real line. Next, fihd
second derivative off .
f(x)=6(x*+3)™"

f'(x) = (-6)(x*2+3)7 (2x)

Rewrite original function.

Differentiate.

= 2_—122 First derivative.
(X" +3)
2 2/ e 2
f(x) = (X +39)7°(-12) (2 12)?(2)()( *+3)(2X) Differentiate.
(X" +3)
2 _

= M Second derivative.

(X" +3)

Because f"'(x) = Owhen x=%1 and f " is defined on the entire real line, you
should test f "in the interval (e, -1), (-1, 1), and (1,). The results are shown in
the table and in Figure 3.26.

Interval —oo<x<-1 -1<x<1 1<x<o
Test Value X=-2 x=0 X=2
Sign of f'(x) f"(-2)>0 f"(0)<0 f"'(2)>0
Conclusion Concave upward Concave Concave upward
downward
Example 2. Determining Concavity

Determine the open intervals on which the graphfdk) = X
X

upward or downward.

is concave




2
Solution: (%i1) f:(x"2+1)/(x"2-4); [/ %~ (¥ X2 +411 > FrE e L it f
X —
xz +1
(Eold
T4

(%i2) plot2d([f],[x,-6,6].[y,-6,6]); ﬁ@ﬂ%ﬁ[?ﬁ—ﬁﬁfiﬁﬁ : plot2d([expr> x_range
loptions]): plot2d . MaximapUséilifs; 7 » maximakh = Z[ 50 » ¢ 3. P[] gunplo}
[T -]

X% +1
x> -4

expr: kLI Rg VR g kL FrEETR

—fi

x_range: kL x {2 sl ﬁw’ﬂf‘”ﬁ'ﬁ& X JHIEORE #Rl > 25 [ RE y
RGBT T - ATy W R PRSP
X SFRIZS TRy JIFEETR-6~6 > b1t BTl b ferss mly Epo
R -

options: ffH - [IUERISEE PRI BT 1 SR ] RS

Ry
= o

=~

plotZd: some values were clipped.
(30Z)



I! znuplot graph

(XA2+1)/(x"2-4)

=20
4 f
-6 : ; ; ;
-8 -4 -2 0 2 4 6
1.45872, -0.502895 X
(%i3) diff(f,x); %o pvfy 1 ¢ differ(Fplle i) pfﬁ@g'@\ IEETFy R T Flipy x g

Bty 1%

? 2x(x2+l}

(%03 . >
x4 (:{2—4}

DL AN ratsimp@e=")| /155 £ 1555 AR [ i

(%i4) ratsimp(%);

10 =
(Fod) 1 2
X -8 K +1A
(9%i5) diff(fx,2); [T (097 7] © differ(yyi oIl ORGSR 1)

fY X e fh sy 2%

Zix+1y B xS(xS+1) 2 o x
+ T+

2 3 2 _ 2
(2{2—4} (Xz_‘“ x e

(%o05)



(%i6) ratsimp(%); [ [ZEIHy (= fivtn 3 ¢ ratsimp@r=)| /DY 2 R paget
]
30 =% +40
(Fof)

%% —172 x%140 %% — 64

(%i7) g(x):=(30*x"2+40)/(x"6-12*x"4+48*x"2-64); //}{»‘f‘j oy 2% féﬁ'l@ﬁ'[ﬁl'r?ﬁﬁ,%ﬁ
L g(x)

30 %% +40

(507 glx):=
x%-17 x%+45 x° - 64

(9418) G(-3): /1] x=-3 [ [ g1 1—Ti 141 (-3 >0

08) 62
O —
25

(%i9) 9(0); /1K) x=0 [* * [k gl i—7 f 411 £(0) <0

%09 >
(5ol 5

(O4L0)g(3); I X=3 * * [ 9O 11" 41 £(3) >0

G52
(%ol0) —
25

Differentiating twice produces the following.

x> +1 o _
f(x) == Write original function.
X° =4
2 _ _ 2
f'(x)= (x 4)(2)(2) (XZ *1(29) Differentiate.
(x* -4
—-10x _ -
= First derivative.
(x? —4)?
2 _ 20 _(_ 2 _
fr'(x) = (x"=4)°(-10) (2 10)(2(2)()( H(2x) Differentiate.
(x*-4)
_10(3x* +4) o
= Second derivative.
(x* —4)°
There are no points at which''(x) = , But at x=+2 the function f is not

continuous, so test for concavity in the interatso, -2),(-2, 2), and (2,»), as



shown in the table. The graph df is shown in Figure 3.27.

Interval -0 < X< -2 —-2<x<2 2<X<o

Test Value X=-3 x=0 X=3

Sign of f"(x) f'(-3)>0 f"0)<0 f"3)>0

Conclusion Concave upward Concave Concave upward
downward

Example 3. Finding Points of Inflection

Determine the points of inflection and discussdbiecavity of the graph of
f(x)=x*-4x3.

Solution: (%i1) f:x"4-4*x"3;  //7HZ— mg\%x“ -4x3 > Hiriageitlia

(201) x -4 x°

(%i2) plot2d([f],[x,-1,4]); L@ﬁ%ﬂ £ e - plot2d([expr x_range options]) plot24
LEL_MaximaElf’J,%ﬂé?ﬁ%ﬁ‘}ﬁ.[ > maxima ﬁ*ULHE* rf’*j R gunplot 95 éﬁ!ﬁﬁ” T o

expr: fLI g E iﬁtﬂj@_ x* - 4x® FrEet

x_range: L x fHiftge=. & Frh[ﬁﬁlwﬁ’[t X FHIAVER F Rl > 25 ]’Fﬁ%p{r;fﬁi@_’ y
W IR W THHCY W FRE PR ORI T TR
X IRV = R VR -

options: 4! 4 RAIHIEE - IS ({7

4#’

EORE A R

(20Z)



|! znuplot graph

-30 '

-1 0 1 2 3 4
4.09843, 5.73914 X
(i3) diff(f,x); [ [oTE 1 differ(Grae > Pl o) fodn)| et i x @

Bty 1%

(203) 4 x° —12 x°

(Yid) diff(f,x,2);  [B73 pots 5 @ differ(FiB» BIET pOREr VR IR f
[ x @ gss 275

(20d) 12 x°-24 x

(%i5) g(x):=12*x"2-24*x; I 47) VTR [?ﬁ{ﬁttl g(x)

(2305) glx):=12 x°-24 x

(%i6) 9(-1); /HR] x=-1 (% * FRE g 1= A1 £ (=1) > 0
(306) 36

(O6i7) Q(L); /1 x=1 1% i gOof -7 41 £ @) <
(507) —12



(9%i8) 9(3); /L x=3 [* * [yl 9O - 41 £(3) >0
(%o08) 36

Differentiating twice produces the following.
f(x) =x* -4x°

f'(x) =4x® -12x?

f'(X) =12x* —24x =12x(x - 2)
Setting f"'(x) = O you can determine that the possible points d¢atibn occur at

Write original function.
Find first derivative.

Find second derivative.

x=0 and x= 2 By testing the intervals determined by thesevalues, you can
conclude that they both yield points of inflectidnsummary of this testing is shown
in the table, and the graph of is shown in Figure 3.29.

Interval -0 <Xx<0 O0<x<2 2<X<o

Test Value x=-1 x=1 X=3

Sign of f'(x) f"(-1)>0 f'@<0 f'@ >0

Conclusion Concave upward Concave Concave upward
downward

Example 4. Using the Second Derivative Test
Find the relative extrema foif (x) = —3x> +5x°.

Solution: (%i1) f:-3*x"5+5*x"3;  //E:F— [FEi—3x® +5x° » [Ey AL i f

(%01) & x° -3 x°

(%i2) plot2d([f],[x,-2,2].[y,-3,3]); Rl © 7 - plot2d([expr x_range options]) |
plot2d L Maximayi i i1 ) » maximadh i Z[3gE - ﬁ’*q‘ =1L gunplot 45 @ij&[ﬁq

expr: AL AV SE IR -

3% + 5% LT

x_range: kL x fAvE- gl Fh['zjap I ;‘F’[% X QHFEE- AalE o 2 [‘;fﬁ@_’ y
@[Ey%‘g{ FfE {;Dr)\lj\?ﬁ{%y@[ A LMF\ k [ Jﬁ;;tﬁ rh[gﬂ\ 4N j IH L%[?F[
Ll SERIES IRy WEEE-3~3: J) i u@m R o AL Y
B -

, ;géLE[C*JJ\ J

]S

options: }F[El LAY @uﬁﬁhi‘tp > PIFSFIIBE < ﬁEHI]IIJ%/;F“J'FJ &



e

= o
S

plotZd: some values were clipped.
(30Z)

IR croplot zraph

5 xN3-3" x5
o

-1
2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-0.713178, 2.65224 X

(%i3)diff(fX)' PEoTpogE A - differ(FRe > RIS T VA BHD| IEECT 1Y x @
el

(263) 15 x°-15 x*

(%id) diff(f,x,2); |53 fiodn 4 ¢ differ(Fl - i puRdly - Sge)  JAEET
FIIAY X A% oS 2 %

(%0d) 30 x—60 x°

(%i5) 9(X):=80*x-60*x"3;  /F{ 1477 2 i €785 4 g (x)

(%oh) g(x):=3DJc—EDJ{

(O616) 9(-1); /1 x=-1 F * i 9O -1 41 £(=1) >0
(Eo/) 30



(Oi7) 9(L); /L X=1 1% FrEir g 1T 4 £ @V < O
(%07) —30

(%i8) g(0); /L x=-0 [ * {9 1—f" i 471 £ (0) = 0=
(%¥o8) O

Begin by finding the critical numbers of .

f'(x) =-15x* +15x* =15x*(1-x*) =0 Set f'(X) equalto 0.
x=-101 Critical numbers
Using

f''(X) = —60x> + 30x = 30(-2x> + X)
You can apply the Second Derivative Test as shosiovwn

Point (-1, -2) 1, 2) (0, 0)
Sign of f'(x) f"'(-1)>0 f'"@<0 f"@0)=0
Conclusion Relative minimum| Relative maximum Test fails

Because the Second Derivative Test fails at (Oyd),can use the First Derivative
Test and observe that increases to the left and right of=0. So, (0, 0)is neither a
relative minimum nor a relative maximum (even thotige graph has a horizontal
tangent line at this point). The graph df is shown in Figure 3.32.

3.5 Limits at Infinity
Example 1. Finding a Limit at Infinity

Find the limit: |im(5—32j.
ol T X

Solution: (%i1) f:5-2/x"2; /[~ E}'[Q?S—% s THFEC E AL f
X

2
(%o0l) 5 —

o4

(%i2) limit(f,x,inf); Iﬁ/“ﬁi}(ﬁ /T\[ s limit(HAE ;ﬁmtﬁ@gg ) mnj[ﬁ},l)| 1= £ F’bﬁlj’fﬁ*

e . 2 T [TE [ £ 247 v oy Ay S
EF VA 5—7 » RGBT ET X o FEE LT X TR 0o

(%02) 5



Using Theorem 3.10, you can write

Mn6———)—hm5—hmia Property of limits
X — 00 oox
=5-0
= 5.

Example 2. Finding a Limit at Infinity

Find the limit: lim 2X"1.
x-o X+1

Solution: (%i1) f:(2*x+1)/(x+1); /5 » A EFE L

:

2 x+1
(%ol

x+1

(%i2) limit(f,x,inf);  [fHIUE ) limitChAA - RSN wm)] e e
2x-1

L

» AR EE X o FRfEl B X T 00

(302 2

(%i3) plot2d([f],[x,-5,4],[y,-2,6]); L?ﬁ%ﬁ‘ 1 117#3¢: plot2d([expr x_range options])y|
\plot2d£_ Maximalfi Jqsﬁ%ﬁ f 1[ ’ mammaﬁmfﬂiﬁﬁ%f > @ A P gunplotﬁé%@%ﬂﬁﬁq

expr - ALOEIARIEE L e

x_range: kL x filifsE. ffE - Fﬂ’ﬁ‘ﬁ " p R X BIFRE R IMF'EJ“J Rty
gl R PP T ‘T\_‘yq;g[ ) 5 ja»JrFA AR *J?&“Lﬁ[g AT Lgﬁrﬁ
Ex ‘:EE‘I&IF?LJ?F[E Y HIFSASTE-2~6 > b BT IR e AR Ry
AL -

options: f 5l < FUAGIHIEFT  JIASYIET T o [T R AT AR

plot2d: szome valuses were clipped.
(%c3)



IR croplot zraph

(2% +1)/(x+1)

2

-5 -4 -3 -2 -1 0 1 2 3 4

-6.02907. -3.13684 X

Note that both the numerator and the denominatoroagh infinity as x approaches
infinity.

lim -
x=e Xx+1 [liIm(x+1) - o

X — 00

This results inf, an indeterminate form. To resolve this probleoy gan divide

00

both the numerator and denominator Ry After dividing, the limit may by evaluated
as shown.

2x-1

. 2X=1 .
lim = lim —X
x-o x4+1 x-o X+1

Divide numerator and denominator hy.

X
1
2_i
=lim —X Simplify.
x- 1
1+-
X
_ .1
lim2-1lim=
= % Take limits of numerator and denominator.
lim1+Ilim=

X — 00 X — 00 X



_2-0
140
=2
So, the line y =2 is horizontal asymptote to the right. By taking thmit as
X — —co, you can see thay = 25 also a horizontal asymptote to the left. Thepr

Apply Theorem 3.10.

of the function is shown in Figure 3.35.

Example 3. A Comparison of Three Rational Funaion
Find each limit.

. 2x+5 2x? +5 . 23 +5
a. Iim 5 b. lim c.lim 5
x-23X° +1 x-e 3x% +1 x-2 3X° +1
Solution:
a. (%i1) f:(2*x+5)/(3*x"2+1); /11— ¥ » YRR EAE L f
P2 x+5
(Fol)
3 Kz +1

(%i2) limit(f,x,inf); |14 poc limit(CH A ARG s = R
2X+5
3x?

e WAL E » RGBT, X o FEEET X BT 0o

(%02) 0O

Divide both the numerator and the denominatorgy
2X+5 _ o (2/x)+(5/x*) _0+0 _0 _

m—- =
o 3x2 41 x-o 3+ (1/x%)  3+0 3

2

b. (%i1) f:(2*x"2+5)/(3*x"2+1); [/ - E}*@?ZX > A EAL P e f
2 x%+5
(%ol
3 xz +1

(%i12) limit(f,x,inf); I@Iiﬂ}ﬁ.[ limit( A=Y AipfEaag e“m[gﬂ)| I £ J’?
2x? +5
3% +1

(e Sy AT

> ARG X > B[R X T e

%22
EOJS



Divide both the numerator and the denominatorgy
22X +5 . 2+ (2/x?) _2+0_2
lim ——=Iim == =<
x-e 3x°+1 x-=»3+(@1/x°) 3+0 3

3
C. (%i1) f:(2*x"3+5)/(3*x"2+1); //H 1~ F}'IE’%XZ:? > R T U i f
X
z x4 a
(%ol)
3 x° 4 1

(%i2) limit(f,x,inf);  [igIEUE € @ limitCh AR - RpIRGEGE - m) ]

3
LAy 2T
3x*+1

» RSB EL x o FIEEL X TR oo

(F02) oo

Divide both the numerator and the denominatorgy

_ 2x3+5 . 2x+(5/x%)

lim —; =lm———r=—

x-e 3x°+1 x-= 3+@A/x°) 3

You can conclude that the limit does not exist heeahe numerator increases
without bound while the denominator approaches 3.

Example 4. A Function with Two Horizontal Asympst
Find each limit.

a. lim—>X=2 b. lim —X"2_
x> J2x% +1 X=m2\J2x% +1
Solution:

a. (%i1) f:(3*x-2)/sqrt(2*x"2+1); [/ » A EHLPL i f

22
Hl NV2x? +1

(%o0l)

(%i2) limit(f,x,inf);  [FHIEGE 5 ¢ limit( LA > fdagy . sl e f e
- 3X-2

ERV WA == WIEEBEEL X AR X T 00
2x°+1
3
(Fo2) —
N



For x>0, you can write X =«/F. So, dividing both the numerator and the

denominator byx produces
3x-2 2 2
X

3x-2 _ x 3_; _ 3-

Vai+1 Jad+1 (2341 [, 1
and you can take the limit as follows.

2
x _3-0 _3

3_
=lim

X*‘”m X~°°\/2+1 V240 2

b. (%i1) f:(3*x-2)/sqrt(2*x"2+1); /[ H T [ykf

X2
H N2X% +1

> HREC EFE L i f

(%o0l)

(%i2) limit(f,x,minf);  [FHIEGE T« limit(OAE S REGRE > ] g §

=2 - > 3X_2 == 247 g Th A vy N Y
Tkl AR S RGBT X o FHIT X BT oo
2xX°+1
3
(202d) ——
Az

For x < 0, you can write x = —/x* . So, dividing both the numerator and the

denominator byx produces

3x-2 2 2
3X—-2

V2x? +1 \/Zx +1 /2x +1 /2+7

and you can take the limit as follows.

2
im 272~ jim 3_; 3-0 3
NP ss L -J2+0 2

RS ]



The graph of f(x) = (3x—-2)/+/2x* +1 is shown in Figure 3.38.

|! znuplot graph

(3*x-2)/sqrt(2xA2+1)

-7.656000, -3.71053 X

Example 5. Limits Involving Trigonometric Funct®n

Find each limit.

L . Sinx
a. limsinx b. lim——

X — 00 X — 00 x
Solution:

a.(%il) f:sin(x); /T = [FErsinx A EREL T
(%0l) sinisx)

(%i2) limit(f,x,minf); G5 limit DR G w0 T ]
Ak RS sinx > IRGBHOET X - 3L X YT o0 - ind F 2T




indefinite but bounded

(%0Z) ind
As x approaches infinity, the sine function oscillabesween 1 and -1. So, this limit
does not exist.

b. (%i1) f:sin(x)/x; /1~ Enzl’rﬂ > R I i f
X

sinf x)

(%ol

X

(%i2) limit(f,x,minf); [T T imitC R Gy wwl)] e

T #\SlnX : Cle=% 247 1 AT 7 Ny =
s VA v MR RS X > FfEED X BTh oo

(:cZ) 0O

|! znuplot graph
2 sin(x) —
sin(x)/x ——
1.5 1

0 2 4 6 3 10 12 14
-2.35619, -2.56842 X

Because—-1<sinx<1], it follows that for x> Q



[EEN

S——=<—

1 sinx
X X

x

Where lim(-1/x) =0 and I|m(1/ X) = Q So, by the Squeeze Theorem, you can

X— 00

obtain

. sinx
im——=0
X — 00 X

as shown in Figure 3.40.

Example 6. Oxygen Level in a Pond

Suppose thatf (t) measures the level of oxygen in a pond, whéig) = is the
normal (unpolluted) level and the timee is measured in weeks. When= 0, organic
waste is dumped into the pond, and as the wasteri@abxidizes, the level of oxygen
-t+1
Z+1

in the pond is f (t) =

What percent of the normal level of oxygen existthie pond after 1 weék After 2
weeks? After 10 week® What is the limit ast approaches infinity

2 —
Solution: (%i1) f(t):=(t"2-t+1)/(t"2+1); /145 - . :1 e PEpL et
£é ka1
(%ol) fit):=———
£2 41

(%i2) plot2d([f],[t,0,11],[y,0,1. OO])'L'“@[@'}‘F’[ T[ i« plot2d([expr> X_range
\options]) plotZdi Maximaisglpl1F, £ - maximadh 7 25 g1 - & P gunplo}

2—

expr - AL BRI EEL

1 .
t; E}A[E]ﬁﬁ[.@/

xrange L x SR A1 JITL L X BIEORET AR S5
O BT T Ly W S IRl T T SR



XA SERIFS PR Ly iR 0~1.000 P9t BTl g e i &
pREfrAE! W o

options: }‘F"[;E[ '¢'F{€J§@ﬁgﬁlglp > PIFSPIBE < ﬁgﬂi}%?‘jﬁj CIRRC S ;;@rrj. N

o
S

/[The level of oxygen in a pond approaches the ablevel of 1 ast approachesewo

(20Z)

IR croplot zraph

087

o
>

(A 2-t+1)/(tA2+1)

<
=

027

0 . . . . .
0 2 4 6 8 10

4.11620, 0.755921 t

I3 f(1); /L =1 1 [HHE T

%31
EOJE

(O6id)f(2); 11 =2 1 Py

%43
EOIIS



(%i5) f(10); /L t=10 1% * [ f(o) [

91
(%05) ——
101

(%i6) limit(f(),tinf); gl 4 limit( HAS > Mgy w0 f R
t2—t+1
t?+1

A VA » F AT EY t o AR T X BT 0o

(%o06) 1

When t =12, and 10, the levels of oxygen are as shown.

2 _
f(1)=112—J1r+11=%=50% 1 week
2—
f(Z)Z%ZEZGO% 2 week

flo)=—""""="-2901% 10 week

To find the limit ast approaches infinity, divide the numerator anddbeominator
by t? to obtain

2 _ _ 2 -
i ot 1=+ /7)) _1-0+0

5 5 =1=100%
tee 741 e 14 (1/t7) 1+0

See Figure 3.41.

Example 7. Finding Infinite Limits at Infinity

Find each limit.

a. limx® b. lim x®

X — 00 X — —00

Solution:



a. (%il) fxA3;  [1EH [HEex o FrE e it
(301) x°

(%i2) plot2d([f],[x,-3,31.[y,-3,3]); Féilfilf; T/ - plot2d([expr x_range options]) |
plot2d L Maxima @it £ - maximakh = 2550 - rﬁq‘ =L gunplot <5 @;‘QW

expr: RLIEIGRIIRE - s HIRL X B

x_range: kL x fAvE- gl Frh SRp TR x gilpoRE S mE o SR J?F Ty
il B AR PP T ? oy 53 ﬁ”JﬁF" T ’ﬁs’rtﬁ rh[pﬂ\ AN IH LE,[#F'[
Ex i g I’Fﬁ”@ﬁ{@' y JpY T -3~3 b} /1‘ mgm R e T
B -

options: ffi &SRR E  YIRSIVETET » [SFTRI 0 SO L o R

= °

plotZd: some values were clipped.
(30Z)

IR croplot zraph

-3 : : ' '
-3 -2 -1 0 1 2 3
-0.794477, 2.13553 X




(%i3) limit(f,x,inf);  [FHIEGE 5 ¢ limit( LA > fdagy . sl /e f e
TRV R X RGBT x o AR X HTH o

(%23) oo

As x increases without boundx® also increases without bound. So, you can write

limx3 =0,

X — 00

b. (%i1) fix~3; gl — FrRrx® o A g i

(201) x°

(%i2) limit(f,x,minf); [T 5 imitCAEs o by w) /=T ]
PRkt R X o RGBT X o FET X TR — oo

(502) -

As x decreases without bound® also decreases without bound. So, you can write

lim x3 = —c0.

X — —00

The graph of f(x) = x® in Figure 3.42 illustrates these two results. Ehesults
agree with the Leading Coefficient Test for polynainfunctions as described in
Section P.3.

Example 8. Finding Infinite Limits at Infinity

Find each limit.

. 2X? = 4x . 2x% —4x
a. lim—— b. im ———

xoo  X+1 Xm0 X+1

Solution:



a. (%il) fi(2*x"2-4*x)/(x+1); /I *}[EJW  FEY B P

2x2—4x
(Fol) ———
x+1

(%i2) plot2d([f],[x,-15,15],[y,-20,20]); L@ﬁﬁ i1E 7 - plot2d([exprs x_range
options]): plot2d L Maximayf UGl 4> maximadi 2R - ﬁ’*# f= 1] gunplo}

TR

expr: RLE RIS Lﬁllﬂf\_ ﬁ[@?ﬁﬁ &

x_range: fL x f{if g afEl F" IR HpE x i g S aEy
il B AR PP T ? Tyl =5 jt“JﬂF" TF ’ﬁgft@rh ARSI T LTE;,[#F'[
X SIS gy R -20-20, b m@mlp R RG
f7 ﬁ@m%
0pt|ons E[l‘ El ﬂﬁﬂﬁ%@ﬁ%ﬂ,“j’fp ) Z/[lﬁ&Lﬁ’g@EE-'] ) ugliﬂ/é’r']'fﬂ SI ,%5"{[34\’]‘ J 3&5@:& BRE
plotZd: some values were clipped.

(30Z)

|! znuplot graph

— — M
o o o [==]

(2*xA2-4*x)l(x+1)
o

5t
107
| pa
20 ' ' ' '
-15 -10 -5 0 5 10 15

-1.14715, 7.25789 X




(%i3) limit(f,x,inf); P@Hﬁ[ A limit(h A S AR Bl I f R

. 2x*
EE AR
& i Y]

» ARG EL X o AR RS X BT oo

(%23) oo

One way to evaluate each of these limits is tolasg division to rewrite the
improper rational function as the sum of a polyramand a rational function.

2—
lim 2= jim (2x - 6+—) %

X— 0 X + x

b. (%i1) f:(2*x"2-4*x)/(x+1); /[~ wyr 14X » THEEZ E L i f
z =2 -4 X
(%0l) ——m
x+1

(%i2) limit(f,x,minf);  [fEGE 5 ¢ limitCOAES o gy w0 T ]
2x? = 4x

HWALE?&«AJ/'{J;E?C ? ’ &EB}L’%@Q\%E@ X EWLJI T X @‘E%A —
(502) -
. 2x% -4x
lim — = lim (2x - 6+—)——
x=meo X+ X+ X+

The statements above can be interpreted as sdyahgs x approachest o, the
function f(x) = (2x* -4x)/(x+ 1) behaves like the functiorg(x) = 2x—6. In

Section 3.6, you will see that this is graphicaéscribed by saying that the line
y =2x -6 is a slant asymptote of the graph 6f, as shown in Figure 3.43.

3.6 A Summary of Curve Sketching

Example 1. Sketching the Graph of a Rational Fanct



_ (X -9

Analyze and sketch the graph df(x) = y

Solution: (%i1) f:(2*(x*2-9))/(x"2-4); [/ +:#.~ f}@\fu PR £ L i

2 (x°—9)
(%cl) ——

X" —4

(%i2) plot2d([f],[x,-10,10],[y,-20,20]); f@ﬁ%ﬁi?‘g e« plot2d([expr> x_range
options]): plot2djL Maximalf i iF; £ » maximadh i £ gE - ij p= 1] gunplo}
A ]

expr: KL s e 25D gy

x_range: kL x filifsE. ffE - ﬁq?ﬁﬁ " RE x AR B 5P Ry
HHIFEE. Edf i/['f'r'?\fﬁl_’yiﬁ“ » 5 ja»JsFA A l‘ﬁ?&{ﬁﬁlp G T iﬁ/IjﬁF[
X S RIES TRy IV ANE-20~20 b9t R o e dE e
FABEATI]

opﬂons:?ﬁ 1&ﬂJ;§$ﬁf@f§ ,ypﬁﬁgiégé], %ﬂﬂé?TFj{q » FEYIA ] ,ﬁﬂiﬁ....gf

=~

plot2d: szome valuses were clipped.
(%c2)



IR croplot zraph

20

15 1

10 [

5 L

0

5

2" (x"2-9)/(x"2-4)

-10 7

-15 1

-20 '
-10 -5

-3.96654, 13.9579

10

' ivati 20x
First derivative : f'(X) = ——
(=g
— 2
Second derivative f"(x)zw
(x* -4

x-intercepts : (-3, 0), (3, 0)
. ) 9
y -intercept : (O, 5)

Vertical asymptotes : x=-2,x=2
Horizontal asymptote : y =2

Critical number : x=0

Possible points of inflection : None
Domain : All real numbers excepix =+ 2

Symmetry : With respect to y -axis




Testintervals : (—,-2), (-2, 0), (0, 2), (2,»)

The table shows how the test intervals are useétermine several characteristics of
the graph. The graph of

is shown in Figure 3.45.

)

f(x) f*(x) f'(x) Characteristic of Graph
-0 < X< -2 — — Decreasing, concave downwarg
X=-2 Undef. Undef. Undef. Vertical asymptote
-2<x<0 — + Decreasing, concave upward
x=0 9 0 + Relative minimum
2
O0<x<2 + + Increasing, concave upward
X=2 Undef. Undef. Undef. Vertical asymptote
2< X< + — Increasing, concave downward
Example 2. Sketching the Graph of a Rational Fanct

Analyze and sketch the graph df(x) =

Solution: (%il) f:(x"2-2*x+4)/(x-2);

(Fol)

(%i2) plot2d([f].[x,-5,10],[y,-10,10]); [éli'4} 117}

xz—E x4+ 4

I17EZ

X =2x+4

e

2x4

 EHeEPEp et

. plot2d([expr> x_range’

loptions]) plotZdi Maxima g4 4 ’maX|maﬁm g - ?#P{[[gunplok

[hAfEHE "

expr: RLEERGEIYEEr lﬁl’ﬂi’:

FFECTRT

X_range: L x fHiftge=. & Frhﬁiﬁ I ?‘F’f{ X JHIp R R > 2 'FEJ'“JﬁJJ‘}#F’[{L_‘y

fpoRE g P

y il mbyﬂfﬁkl }JF&‘{AA@HIBJ{J T3 *,{Fg[fﬁ

EXH RIS PP E Ty HIAVERE-10~10 LI rRzH PR =e iy &

oA -



opﬂons:iﬁ[jibgﬁﬁﬁﬁwigjﬁ ,yp$ﬂgﬂigé}, %ﬂﬂg

o
S

ATEE » SEES [~y 55 el
Pl e Ao

plot2d: szome valuses were clipped.
(%c2)

|! znuplot graph

(x"2-2"x+4)/(x-2)
o

-10

-4 -2 0 2 4 6 3 10
-2.43332, 10.6092 X

First derivative : f'(x) = X(X_42)
(x-2)
R 8
Second derivative © f"(x) = =
(x-2)

X -intercepts : None
y -intercept : (0, -2)
Vertical asymptotes : x =2

Horizontal asymptote : None



End behavior : lim f(x) = —oo,lim f(X) = oo

X— —00

Critical number : x=0,x=4

X 00

Possible points of inflection : None

Domain : All real numbers excepix = 2

Test intervals : (—,0), (0, 2), (2, 4), (4,»)

The analysis of the graph of

is shown in the table, and the graph is shown in

Figure 3.47.
f(x) f'(x) f(x) Characteristic of Graph
—00<x<0 + — Increasing, concave downward
x=0 -2 0 — Relative maximum
O0<x<2 — — Decreasing, concave downwardward
X=2 Undef. Undef. Undef. Vertical asymptote
2<x<4 — + Decreasing, concave upward
X=4 6 + Relative minimum
4<x<o + Increasing, concave upward

Example 3. Sketching the Graph of a Radical Foncti

Analyze and sketch the graph df(x) =

Solution: (%i1) f:x/(sqri(x"2+2)); //*H:F~ [

i

(Fol)

;{2

2+2.

X
2

VX +2

Bt AL f

(%i2) plot2d([f],[x,-3,3]); ﬁéﬂ(ﬂﬂ}ﬁ T/ - plot2d([expr x_range options]) plotZd

b@ MaximafUaglfifE 17 maximagh = Z[gH > @ 3 7L gunplot ¢l 7 -

expr i RLI GV FHE LﬁIZJ"in—/zXTZ FriEetR™
X



X_range: kL x FEET G WS x R m > S Py
R I EEY S A R G
E X b el R e R AR -

options: }‘F’[;H ’J»'E[fj;ﬂ@[ﬁl%,‘p ) (/LI;&LEI’:J*@E{-‘[ ) ﬁsﬂ:[lw/ﬁrﬁj & ;;Lg@#\fy ) ;;Lfrlj. N

~

(%02)

IR croplot zraph

x/sqrt(x"2+2)

-0.25%2900, -1.26566 b4
2 6X
f'XN=——mr "XN=————7zm
( ) (X2 +2)3/2 ( ) (X2 +2)5/2

The graph has only one intercept, (0, 0). It hawvertical asymptotes, but it has two
horizontal asymptotgsy =1 (to the right) andy = - 1(to the left). The function has
no critical numbers and one possible point of ictien (at x =0). The domain of the
function is all real numbers, and the graph is swytmim with respect to the origin. The
analysis of the graph off is shown in the table, and the graph is shownigure
3.49.



f(x) f'(x) f(x) Characteristic of Graph
—00<x<0 + + Increasing, concave upward
x=0 0 1 0 Point of inflection
V2
0<Xx<oo + — Increasing, concave downwa

rd

Example 4. Sketching the Graph of a Radical Foncti
Analyze and sketch the graph df(x) = 2x>® - 5x*.

Solution: (%i1) plot2d(2*x~(5/3)-5*x\(4/3),[x,-3,17]); L“@ Eﬁ'}ﬁ ﬂ R |
plot2d([expr- x_range’ options]): plot2d.\ Maximaisglit < - maximad |
Flagh > €77 P gunplot gl [E™ -

expr: JLEBIRAEIIOEEE  SFHRL 2% - 5x* U ifT)

X_ranget oL x fFRE dl » H SR x BERE B 5 PP Ry
ORE B - TRy B R R T T ERR
X PIIE R AR R AT JIL@EWQI

optons: 47 1! AR - WA FRATH > B L8

4

2*xA(5/3)-5"xN(4/3)

-5.63780, -41.3947 b




f (X)__O 1/3( 1/3 2)

fr(x) =

Z(X 1/3 1)

The function has two interceptq0, 0) and i%S 0). There are no horizontal or

vertical asymptotes. The function has two critimambers ¢ =0 and x= 8 and

two possible points of inflectionx(=
The analysis of the graph of is shown in the table, and the graph is shown in

@nd x = 1. The domain is all real numbers.

Figure 3.50.
f(x) f'(x) f"(x) Characteristic of Graph
—0<x<0 + — Increasing, concave downware
x=0 0 0 Undef. Relative maximum
O<x<1 — — Decreasing, concave downwar
x=1 -3 — 0 Point of inflection
1<x<8 — + Decreasing, concave upward
x=8 -16 + Relative minimum
8<Xx<o + Increasing, concave upward
Example 5. Sketching the Graph of a Polynomiald&on

Analyze and sketch the graph df(x) = x* —12x> + 48x* — 64x.

Solution: (%i1) f:x"4-12*x"3+48*x"\2-64*X;
x* =127 +48x* —64x - Ly AL f

(50l) % —12 x° +48 x° —64 x

I1EF—

(%i2) plot2d([f],[x,-1,5]); Rl i : plot2d([expr x_range options]) plot2d

It Maxima fglf!fF £ - maximadh i £ g - ¢ L] gunplot $3GHIE " -

x_range: kL x fpvE- gl Frh NN

expr: kLR IRg IR iﬂ‘fﬂﬂ x* —12x° + 48x? —64x§}'[9(7u%[”1/4

o x gl g R > 25 [ p JE s Ty

ww%ﬂmw’vaﬁty%ffw%fwh%iﬁgw*J T LR

<X+ 35 BT R R A i <

options: ‘}“F’[;FI mg@;@us

= °

(20Z)

,F[ ’ v[lﬁx{l J%fu s ﬁ;aﬂ:{[:)[é/;FLJ'%J e?

AT ] R T



|! znuplot graph

140
120
100 |
>
5%
Q@ 80
Py
>
o 60
S
&
< 407
&
Elr 20
>
0
-20
-40 '
-1 0 1 2 3 4 5
5.26190, 137.939 %

Begin by factoring to obtainf (x) = x* —12x> + 48x* — 64x = x(x — 4)°.
Then, using the factored form of (x) , you can perform the following analysis.

First derivative : f'(X) = 4(x—1)(x - 4)*
Second derivative @ f''(x) =12(x—4)(x—2)
x-intercepts : (0, 0), (4, 0)

y -intercept : (0, 0)

Vertical asymptotes : None

Horizontal asymptote : None
End behavior © lim f(X) = co,lim f(x) =0
Critical number : x=1,x=4

Possible points of inflection : x=2,x=4

Domain : All real numbers



Testintervals : (- 1), (1, 2), (2, 4), (4,)

The analysis of the graph of is shown in the table, and the graph is shown in
Figure 3.51(a). Using a computer algebra systerh agderive [see Figure 3.51(b)]
can help you verify your analysis.

f(x) f*(x) f'(x) Characteristic of Graph
—o<Xx<1 — + Decreasing, concave upward
x=1 -27 0 + Relative minimum
l1<x<2 + + Increasing, concave upward
X=2 -16 + 0 Point of inflection
2<x<4 + — Increasing, concave downward
Xx=4 0 0 Point of inflection
4<x<o0 + Increasing, concave upward

Example 6. Sketching the Graph of a Trigonomdftinction

Analyze and sketch the graph df(x) = co§x .
1+sinx
N . st o g, COSX
Solution: (%i1) f:(cos(x))/(1+sin(x)); //EF— [Jlr——— > [l {7 R i f
1+sinx
cos( K]
(o l)
sinixi1+1
(%i2) plot2d([f],[X,-2*%pi,2*%pi],[y,-3,3]); L ﬁ%‘ Fl |[ : plot2d([expr>

\x range’ options])’ plot2dL Maximafi h@ﬁ%“?ﬂ. 7maX|maﬁ I#L[LHE% ﬁ’\ﬂ
[P gunplot &A1 -

expr: RL eGSR Sg R~ 1 DlgiRY

1+snx
X_range: kL x fHpvET. gl Fﬂw\p r H*F'[t{ X JHIAGEE. ff > 7Y 'FE]/"LJF[‘ r H“F’[%L’ y
JIF BT B R > A T }‘F“,?{L_’yaiﬁi v A Hjﬁ E I *ﬁ;{ﬁ’y QH\ > T3 *H# LE,I}F,
Ex i FRIF PRy EIVRTE-3~3 B39t e R AR
YA -

49

options: JfiH1 4 FUFIREF » (RIEIET - [RYFTHI 1 B ] R

f



iy

=~

plotZ2d: expression evaluates to non-numeric value somewhere in plots
plotZd: =some values were clipped.
(o2

IR croplot zraph

cos(x)(sin(x)+1)
[ ]

-3

-6 -4 -2 0 2 4 6
4.14252, 3.25263 X

Because the function has a period @f,3/0u can restrict the analysis of the graph to
any interval of length 2. For convenience, choose(/23n/2).

First derivative : f'(x) = - 1.
1+sinx

Second derivative : f"(x):LX2
(L+sinx)

Period : 27
. /.
X -intercepts : (E' 0)

y -intercept : (0, 1)



Vertical asymptotes : x = —g,x =

Horizontal asymptote : None

Critical number : None

Possible points of inflection : x = 727

Domain : All real numbers excepix = 3

Test intervals : (—g,g), (77 3n

3n
2

272)

See Note below.

The analysis of the graph of on the interval (7 /237/2) is shown in the table,
and the graph is shown in Figure 3.52(a). Compaisewith the graph generated by

the computer algebra system Derive in Figure 3)62(b

f*(x) f"(x) f(x) Characteristic of Graph
— Undef. Undef. Undef. Vertical asymptote
2
n n — + Decreasing, concave upward
——<X<—
2
w= T 0 1 0 Point of inflection
2 2
7l 3n — — Decreasing, concave downward
— < X < —
2
= 3n Undef. Undef. Undef. Vertical asymptote
2

3.7 Optimization Problems

Example 1. Finding Maximum Volume

A manufacturer wants to design an open box havisguare base and a surface area
of 108 square inches, as shown in Figure 3.53. \Winansions will produce a box

with maximum volume

Solution: Because the box has a square base, its volume is



V = x°h. Primary equation

This equation is called the primary equation beeaugives a formula for the
guantity to be optimized. The surface area of thveib

S =(area of base )+(area of four sides)

S=x*+4xh=108 Secondary equation

BecauseV is to be maximized, you want to writé as a function of just one
variable. To do this, you can solve the equatii+ 4xh= 8 T6r h in terms of

X to obtain h = (108- x*)/(4x ). Substituting into the primary equation produces

V = x?h Function of two variables
108- x?
= x?( ) Substitute for h
4x
X3
=27X——. Function of one variable

Before finding which x -value will yield maximum value o , you should
determine the feasible domain. That is, what vatieg make sense in this
problem? You know thatV = 0. You also know thatx must be nonnegative and

the area of the basé\(= x*) is at most 108. So, the feasible domain is

0<x< Jﬁa Feasible domain
To maximize V , find the critical numbers of the volume function.
d—V = 27—£ =0 Set derivative equal to O.
dx 4
3x* =108 Simplify.
X=%6 Critical numbers.
So, the critical numbers ar& =+ . Bou do not need to considet=- IBecause it

is outside the domain. Evaluating at the critical numberx = @nd at the
endpoints of the domain produc&s0) =0,V (6) = 1@8d V(~/108)=0. So, V
is maximum whenx = 6and the dimensions of the box aéx6x ir&hes.

Example 2. Finding Minimum Distance
Which points on the graph off =4 - x* are closest to the point (0, 2)

Solution: (%i11)y:4-x"2; [/7t:F— '[;‘}‘[EIM—XZ  FREEEE Ly

($011) 4 —x°

(%i12) plot2d([y],[x,-2,2]); Férlifs 723 © plot2d([expr: x_range: options]): |
plot2d £ MaximapUséifs 7 » maximadii= [0 » ¢ 3 p= L gunplot 52




expr: KL FIGIIFHEC » SEIRL 4~ FrECH
x_range: fL x fpEE=. fdfE Fﬂ.u’[ﬁjiﬁ‘ I }‘F’[L X Gl FfE o 2 (e I‘H‘F"[i{gy

BHIFEE. EfEl > Y j }‘F’,igyﬂiﬁ[ e jc%nf’* 1F Iﬁﬁ;{ﬁ[g[pﬂ\ T JHE;‘}FI
XA PR lp’uﬁéﬂg\’rgl%%‘&@l? I J‘Lﬁ@?(ﬂ'&l

options: ‘}‘F"[i,fl 'LL'FK’J,?@HE BEZE > YIRSPIETE o | f/é JFJ S GBI ;&fﬁj- -

=

P3old)

IR croplot zraph

4-x"2
ro

-2 -1.5 -1 -0.5
-2.60000, -0.568421 X

(%i13) f:xNA-3*x2+4; [/ H T~ FRErx® =3x? + 4 > A E ALl f

(3013) x* -3 x%+4

(%i14) diff(f,x); \{/JEJ}F[ Ik - differ(FrEe f;lrﬂr/}pjﬁge)\ IR f FIIEY X A
Hetks)

(30l4) 4 3%° —6 x



(%i15) solve([4*x"3-6*x=0],[X]);
x* =3x* +4 =0
SR

(%30l5) [¥X=——, x=——, x=0]

Nzt A2

i A 4 4y ¢ solve([W A2 i

Figure 3.55 shows that there are two points atrammim distance from the point (O,
2). The distance between the point (0, 2) and atgai y) on the graph of

y=4-x? is given by

d =\/(X—O)2 +(y-2)*. Primary equation

Using the secondary equatiop= 4 — x*, you can rewrite the primary equation as

d :\/x2 +(4-x-2)? =4x* -3x2 + 4

Becaused is smallest when the expression inside the ratcathallest, you need
only find the critical numbers off (x) = x* —3x* + .ANote that the domain off is
the entire real line. So, there are no endpointe@flomain to consider. Moreover,
setting f'(x) equal to O yields

f'(x) =4x®> -6x=2x(2x*-3) =0

Xx=0, E—\/§
VZ 2

The First Derivative Test verifies that =0 yields a relative maximum, whereas
both x=+/3/2 and x=-+/3/2 yield a minimum distance. So, the closest points

are (v 3/25/2 )and £+ 3/25/2).

Example 3. Finding Minimum Area
A rectangular page is to contain 24 square inchesitt. The margins at the top and

bottom of the page are to bb% inches, and the margins on the left and rightare

be 1 inch (see Figure 3.56). What should the dimessf the page be so that the
least amount of page is used

Solution: (%i1) A:30+2*x+72/x; [/~ [¥5r30+ ox+12 | 4T &R e A
X

Tz
(%to0l) 2 x+—+30

iy



(%i2) diff(AX);  [f5 Fod ) - differ it o (50 fole)]  ISEIgrie A FlipY x
B
TZ
(%02) 22—
;{2

(%i13) solve([2-72/x"2],[X]);

72 .
2—— = QY
72 = oo

Gl cEak [TRIIR solve(THA=C], @) /i

(%303) [x=-6, x=6]

Let A be the area to be minimized.
A=(x+3)(y+2) Primary equation
The printed area inside the margins is given by
24=xy Secondary equation
Solving this equation fory producesy =24/ x. Substitution into the primary
eqguation produces
A=(x+ 3)(£1 +2) =30+ 2x +7—2. Function of one variable
X X
Because x must be positive, you are interested only in valole A for x>0. To
find the critical numbers, differentiate with resp&o x.
d—A=2—7—22=0:> x> =36
dx X
So, the critical numbers ar& =+ . Bou do not have to considex=- Because it
is outside the domain. The First Derivative Testfoms that A is a minimum when

X=6.S0, y :% =4 and the dimensions of the page shouldXb€3 = inéhes

by y+2=6 inches.

Example 4. Finding Minimum Length

Two posts, one 12 feet high and the other 28 figgtt, Istand 30 feet apart. They are to
be stayed by two wires, attached to a single stakaing from grounded level to the
top of each post. Where should the stake be placade the least amount of wire
Solution:

Let W be the wire length to be minimized &f(or vice versa), you can solve for
both y and z interms of a third variabbe, as shown in Figure 3.57. From the
Pythagorean Theorem, you obtain

X2 +12% = yz



B0-x)* +28 = 7°
which implies that

y=+x*+144

7 =+/x% — 60x +1684

So, W us given by
W=y+2z

= Jx% +144+x? —60x +1684, 0< x < 30.

Differentiating W with respect tox yields
dw _ X N x—30
dx  x*+144 /x* -60x+1684
By letting dW/dx = 0, you obtain
X x—30
+
VX2 +144  x? —60x+1684

=0

Xy X2 — 60X +1684= (30— X)v x? +144

x*(x* —60x +1684 = (30— x)*(x* +144)

x* —60x° +1684x> = x* - 60x> +1044x> —8640x +129600

640x* +8640x —129600= 0

32Qx-9)(2x+45 =0

x=9-225

Because x = -22 5is not in the domain and

W(0)=53.04, W(9)=50, and W(30)= 60.31

you can conclude that the wire should be stak&dfe¢t from the 12-foot pole.

Example 5.  An Endpoint Maximum

Four feet of wire is to be used to form a squarkanircle. How much of the wire
should be used for the square and how much sheulcgéd for the circle to enclose
the maximum total ar€a

Solution:

The total area (see Figure 3.59) is given by

A = (area of square) + (area of circle)

A=x*+7m2. Primary equation

So, r =2(1-x)/ nn, and by substituting into the primary equation yawe

A= X2 + 77[2(1]; X)]Z



4(L-x)?
T

=x%+

= L1+ a2 —8x+4].
T

The feasible domain i©9< x< 1 restricted by the square’s perimeter. Because
dA _ 2(n+4)x-8

a7

the only critical number in (0, 1) ix=4/(n+4) = 056. So, using

A(0)=1.273, A(056)= 056,and AQ) =1

you can conclude that the maximum area occurs wker0. That is, all the wire is
used for the circle.

3.8 Newton’s Method

Example 1. Using Newton’s Method

Calculate three iterations of Newton’s Method ppraximate a zero of
f(x) =x*-2.Use x, =1 as the initial guess.

Solution: (%il) load(newtonl); \E'W‘ Maxima g i # it ofiik > P ﬂ,lglﬁgd
R R e CEEE| TV newton 18

(%ol
O SPROGRANI A MANTMA~T 2 share /maxima /5. 19, 2/ share /numeria/newtonl . .ma

(%i2) newton(x~2-2,x,1,1); [ T 5 7 © newton (il > idiy > Aok [ - |
leps): FrERFREE = T b ep§ M TR T x® - 20 » RGP X FI I
x=1> ﬁ‘[gﬁi X %ﬁ”lﬁ[ﬂ’lﬂ

(%oz2)1 1.5

(%i3) ev(x"2-2,x=%); fifi ] ev: fir- ] PR AU - Do P T i U
SB[ BT f (L5)

(%03) 0.25

(%i4) newton(x*2-2,x,1,1/10); [ F (Fi)k #5101 ¢ newton{fyi RBL L[ |
[eps): FrERFREER S TR eph M CFIE T X2 - 296 » ABHIET X Il




x=1 > PR X R it i

((c0d) l.41l66b66606666667

(%I5) ev(x"2-2,x=%);
JH“}M?%JET“‘f(l41666666666663

(%o05) 0.006%44444444444¢

PR Do P ST I

(%i6) newton(x2-2,x,1,1/100); | T I {7, 7 : newton(g Al RBLLHY I i |
\eps) FrEPpRe sl 7 ) ep:{s IH UFJEH* x* — 21 AFETE X Fiﬁﬁ (il £
x=1 > FiBee x RV i

(2oa) l.4l0b0660006066067

(%i7) ev(x"2-2,x=%); i} 1[ ev: H— TEPRT pURESY 1 ard l*’ﬁ?ﬁ T 1H]
SR BT f (141666666666667

(%07) 0.006944444444444¢

(%i8) newton(x"2-2,x,1,1/1000); | itk {7 ] : newton(yjify » Ry » FG[u kil
[~ eps)” UrAORTEE T 7 epy M T o X2 - 2010 » TBYHL x - MH
ED x=1 > P X R T i

(%o08) 1.41421568627451

(%I19) ev(x"2-2,x=%);
U EEEAR TN 414215686245])

TR O PagE T A

(%o09) 6.0073048828712672 107°

Because f(x) = x> — 2you have f'(x) = 2x, and the iterative process is given by
the formula

n

Xn+1 = Xn n
f'(x,) 2X

_f) o %22

n

The calculations for three iterations are showrhetable.



n X, F(x,) (%) f(x,) F(x,)

1 1.000000 | -1.000000  2.000000  -0.5000p0  1.500000
2 1.500000 | 0.250000[  3.000000  0.083333  1.416667
3 1.416667 | 0.006945  2.833334  0.002451  1.414216
4 1.414216

Of course, in this case you know that the zerds@function are+ /2. To six

decimal places,x/i =1.414214 So, after only three iteration of Newton’s Method
you have obtained an approximation that is with00002 of an actual root. The

first iteration of this process is shown in FigGté1.
Example 2. Using Newton’s Method

Use Newton’s Method to approximate the zeros of
f(x)=2x3+x*—x+1.

Continue the iterations until two successive appnations differ by less than 0.0001.

Solution: (%i1) load(newtonl); |[I15* Maxima 1=l =] Tk > PNIPE el v
newtonF=fist » PR FRLA g S S (T k| TV newton 18

(%i3) plot2d(2*x"3+x"2-x+1,[x,-1.5,1]);
[ £%-1.5~1

I 2%3 + %2 = X+ 1AV > X fiiT

(%03)



IR croplot zraph

2% A3+ 2-x+1

-0.684351, 2.74507 X

(%i2) newton(2*x"3+x"2-x+1,x,-1.2,1); [T i1 /1 ] * newton(fiy » "y - dify]
YR > eps): FHEREVRELIE 0 T epg I FIESR 26 + XP - X+ LI -
RBUTEL X o FIAIRED x=-1.2 > [ x B0 iR
(202) —1.2

(%|3) ev(2*x"3+x"2-x+1,x=%);
RIS AR 12)
(¥03) 0.184

pUREE o |*'ﬂjf§ﬁ|

: ﬁﬁiifﬂ ik ' newton{ji > @y @"|
Wi i > eps). FiBzfoRe mﬁ p fﬁ” eps IR 22X + P - x+ 11
L RREET X B 5 x=-1.2 P x B i

(304) —1.235114503816794

(%|5) ev(2*x"3+x"2-x+1,x=%);
I B e B T f (= 123511450336794
(%c5) —-0.0077315703048496

R T PR D)



(%i6) newton(2*x"3+x"2-x+1,x,-1.2 1/100)'\"5?14“ ?Fl 1 * newton{fEy > g |

[BULFF I - eps) FHEORSEE <411 4 eps I CEE S 2% 4 XE = X+ 119
Pﬁi ) wggi\ﬂzrbx s FIIE [IE[EH x=-1.2> HEV'* x)i—’ﬁlj[liiﬁ@

(¥oB) —1.235114503816794
(%.7) eV(2*X"3+x"2-x+1,Xx=%); [ DR PR s E )

JE T2y N BT f (= 123511450386794

(%o07) —0.00773137030454%6

Begin by sketching a graph of , as shown in Figure 3.62. From the graph, you can

observe that the function has only one zero, whaxturs nearx = —1.2. Next,
differentiate f and form the iterative formula

_2x3+x - X, +1
6X, +2x -1

(X, _
fr(x,)

n+l — n

The calculations are shown in the table.

n X, f(x,) f'(x,) f(x,) f(x,)
[ RCY)

1 -1.20000 0.18400 5.24000 0.03511 -1.235]11

2 -1.23511 -1.00771 5.68276 -0.00136 -1.23375

3 -1.23375 0.00001 5.66533 0.00000 -1.23375

4 -1.23375

Because two successive approximations differ by than the required 0.0001, you
can estimate the zero of to be -1.23375.

Example 3. An Example in Which Newton’s MethodI§&ai

The function f(x) = x** is not differentiable atx = 0Show that Newton’s Method

fails to converge usingx, = 0.1.



© Maxima 7= £ il 0 [NIPR
‘newtonl{%“” s PGS L ﬁ} ﬁ;f == ugliﬂ IE3EW newtonlﬁk”

(Eol)
O S PROGRA~1 /MANTMA~]T 2 fshare/maxima/s5.19. 2/share /numeric/newtonl.ma

(%i2) plot2d(x\(1/3),[x,-2,3]); /1114 XM [l » x ifi+5-2~3

(20Z)

|! znuplot graph

XM(1/3)

-2.75000, -1.92632

(%i3) newton(x(1/3),x,0.1,1); | TILA 474 - newtonihly» "y "ok kil |
epS)” FHBRFURTEI 10" ep§ Atk X i ARG X o I
x=0.1" Frilee x Rt i

(2031 0.1

o A T P T ]

(%i4) ev(x™(1/3),x=%);
IR E RN EIer f (01)
(¥od) 0.454158883361E80




1 . . . .
Because f'(x) = 3 23 the iterative formula is

The calculations are shown in the table. This taiplé Figure 3.64 indicate that,

continuous to increase in magnitude as» o, and so the limit of the sequence does
not exist.

n X, (o) | o) [ e [ ()
fow) | )

1 0.10000 0.46416 1.54720 0.30000 -0.20000

2 -0.20000 -0.58480 0.97467 -0.60000 0.40000

3 0.40000 0.73681 0.61401 1.20000 -0.80000

4 -0.80000 0.92832 0.38680 -2.40000 1.600Q0

3.9 Differentials

Example 1. Using a Tangent Line Approximation

Find the tangent line approximation of

f(X) =1+sinx

at the point (0, 1). The use a table to compare yhealues of the linear function
with those of f (x ) on an open interval containing =0.

Solution * (%il) f:14sin(x);  //H-F— E}'[Q‘rl+ sinx - Ejf[;l(f{/ﬁmlu i f

(%0l) ginf(x)+1



(9%12) diffEx); (BT RE 5 * difer B o P [R5 SEfpie £ 1o x et
eh

(o2 ooz

(%13) plot2d([1+sin(x), 1+x],[x,-%pi, %pi]); L@ [flTE T s ¢ plot2d([expr > x_range ° |
‘options]) > plot2d £L Maxima [IU7€7[ ﬁE [ﬂ[Fl ik maxima ﬁLﬁT]JLHE* ﬂA L gunp10t|

[ AR, -
expr kLR RGRIIFREE g FLRLL+ sinx FEEiR

x_range L x SOZE FlE F“ SRp T E x gl AR 0 25 R H Wﬁﬁty
gl EE- FfE o O #'[{L_yigi v 5 jt“JﬂF" TF 1B Ulf&tﬁ Ay~ ] LTE;,I?F[
XA DYt e lﬁfﬁ@@m@ﬁﬁ@@p EPIRBYA I -

optlons FEH ORISR TR 0 SRSl R

sin()+1 ——
x+1 —— |

-3.62401. -4.13684 X

The derivative of f is
f'(X) = cosx. First derivative



So, the equation of the tangent line to the grdph o at the point (0, 1) is
y-f(0)=f'0)(x-0)

y-1=@0(x-0)

y=1+x. Tangent line approximation

The table compares the values gf given by this linear approximation with the
values of f(x ) near x=0. Notice that the closex is to 0, the better the
approximation is. This conclusion is reinforcedtbg graph shown in Figure 3.65.

X -0.5 0.1 -0.01 0 0.01 0.1 0.5
f(x)=1+sinx | 0.521 | 0.9002| 0.9900002 1 | 1.0099998 1.0998| 1.479
y=1+x 0.5 0.9 0.99 1 1.01 1.1 1.5

Example 2. Comparingly and dy

Let y=x?.Find dy when x= 1and dx= 001 Compare this value witiyy for
x=1 and Ax= 001

Solutim : Because y = f(x) =x?, youhave f'(X)=2x, and the differential dy is
given by

dy = f'(x)dx = f'(1)(001 = 2(001 = 002. Differential of Yy

Now, using Ay = f (x+Ax) - f(x) = f (LO) - f (1) = (1L0D)? —1° = 0.0201

Figure 3.67 shows the geometric comparisordgf and Ay . Try comparing other
values of dy and Ay. You will see that the values becomes closer th @ther as
dx (or Ax) approaches 0.

Example 3. Estimation of Error

The radius of a ball bearing is measured to ben@fr, as shown in Figure 3.68. If the
measurement is correct to within 0.01 inch, estintaé propagated error in the
volume V of the ball bearing.

. . 4 . .
Solutio : The formula for the volume of a sphere is V = 5 713, where r is the radius of

the sphere. So, you can write

r =07 Measured radius

and

- 001<Ar <001 Possible error

To approximate the propagated error in the volutiféerentiate V to obtain
dV/dr =4w? and write

AV = dV Approximate AV by dV .
=47 *dr
= 477(0.7)*(+001) Substitute forr and dr .

= +0.06158 cubic inch.



So, the volume has a propagated error of aboutdubig inch.

Example 4. Finding Differentials

Function Derivative Differential
a y=x° Q:ZX dy = 2xdx
dx
o dy _ _
b. y=2sinx Pl 2C0SX dy = 2cosxdx
X
_ dy _ . _ .
C. Y = XCOSX d———xsmx+cosx dy = (=xsinx + cosx)
X
1 dy 1 dx
d y== —=-= dy =—-——
Y7X dx  x° Y x?

Example 5. Finding the Differential of a Compodgtenction

y = f(X) =sin3x Original function
f'(x) = 3cos3x Apply Chain Rule.
dy = f'(x)dx = 3cos3xdx Differential form

Example 6. Finding the Differential of a Compodgtenction

y=f(x)=(x*+1)"? Original function
f'(x)= 1(x2 +1) V% (2x) = X Apply Chain Rule.
2 VX2 +1
dy = f'(x)dx = \/;(— dx Differential form
X“+1

Example 7. Approximating Function Values
Use differentials to approximate'16.5 .

Solutio : Using f(X) = \/; you can write

F(X+AX) = £ (%) + F(X) = VX +——dx.
X

2Jx

Now, choosing X=16 and dx = 05, you obtain the following approximation.



