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Ch21 TheDerivative and the Tangent Line Problem

Examplel The slope of the Graph of aLinear Function
Find the slope of the graph of

f(X)=2x-3
at the point (2, 1).

Sal:

To find the slope of the graph of f when c=2, you can apply the definition of the
slope of atangent line, as shown.

im f(2+Ax)-f(2) im [2(2+ AX) - 3] -[2(2) - 3]

li I
AXx—0 AX Ax—0 AX

. 44+ 2AX—-3-4+3
=lim
AX—0 AX
2AX

=lim——
Ax—0 AX

=lim2
AX—0

=2
Thedopeof f a (c, f(c))=(21) is m=2, asshownin Figure2.5.

Moo
§

dgpe |
fi—
| /

0 0 [ |5 : oh i 5 A
16, 310 i

(%153) f(x):=2*x-3;
(%053 fix):=2 x-3
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(%156) diff(f(x),x);

($056) 2

(%164) xy:[[2,111$

(%165) plot2d([2*x-31,[x,0,4]);
(%o065)

(%166) plot2d([discrete, xy], [style,points])$

(%170) plot2d([[discrete, xy],2*x-3],[x,0,4],[style, [points,5,2,6], [lines,1,1]],
[legend,"slope","f(x)"]);
(%070)

Example2  Tangent Linesto the Graph of a Nonlinear Function
Find the slope of the tangent lines to the graph of

f(x)=x*+1
at the points (0, 1) and (-1, 2), as shown in Figure 2.6.

Sol:
Let (c, f(c)) represent an arbitrary point on the graph of f . Then the slope of the
tangent lineat (c, f(c)) isgiven by
_ 2 _ 2

lim f(2+Ax) - (2 _lim [(c+AX)“+]—-(c”+))
AX—0 AX Ax—0 AX

—lim c” + 2¢(AX) + (AX)* +1-c® -1

B AXx—0 AX

2
—lim 2¢(AX) + (AX)
AXx—0 AX

=lim(2c + Ax)

AX—0

=2c
S0, the slope at any point (c, f(c)) onthegraphof f is m=2c.Atthepoint (0, 1),
theslopeis m=2(0)=0, and at (-1, 2), theslopeis m=2(-1) =-2.
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(%194) {(x):=x"2+1;

(30941 fx):r=x°+1

(%195) diff(f(x),x);

(8093) & x

(%196) f(x):=2*x;

(20%6) fix):i=2 x

(%199) 1(-1);

($o029) -2
e Kl
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(%175) g(x):=-(2*x);

(8075) glx):=-2 x

(%176) plot2d(g(x),[x,-3,11);

LEo7a)
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(90177) £(X):=x"2+1;

(50771 Flx):r=x°+1

(%178) plot2d(f(x),[x,-2,2]);
(2a078)

(%179) h(x):=1;
(%0791 hix):=1

(%180) plot2d(h(x),[x,-2,2]);
(3080}

(%181) plOtZd([fag’h]’[X’_3’2])’
(2081

(%182) xy:[[0,11,[-1,211%
(%183) plot2d([discrete, xy], [style,points])$

(%193) plot2d([[discrete, xy],x2+1,-(2*x),11,[x,-3,2],[style, [points,5,2,6],
[lines,1,1],[line,1,1],[line, 1,1]],

nn nn

[legend,"slope","tangent line","tangent line"]);

Example3  Finding the Derivative by the Limit Process
Find the derivative of f (x) = x* + 2x

Sol:
£1(x) = lim 1 XA = T(X) Definition of derivative
Ax—0 AX
—lim (X+AX)® + 2(x+ AX) — (X* + 2X)
T A0 AX
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—lim X2+ 3X2AX + 3X(AX)? + (AX)® + 2x+ 2Ax — X® — 2%
B Ax—0 AX

—lim 3x*AX+ 3X(AX)? + (AX)® + 2Ax

B Ax—0 AX

—lim AX[3X + 3XAX+ (AX)* + 2]

B Ax—0 AX

= lirrg)[sz +3XAX+ (AX)? + 2]
=3x°+2

(%1100) £(x):=x"3+2%*x;

(501000 £(x):=x" +2 x

(%1101) diff(f(x),x);

(50101 3 x° +2

Example4  Using the Derivative to Find the Slope at a Point

Find f'(x)for f(x)= Jx .Thenfind the slope of the graph of f at the points (1,1)

and (4, 2). Discuss the behavior of f at (O, 0).

Sol:
Use the procedure for rationalizing numerators, as discussed in Section 1.3.
f(X+AX)— f(X)

f'(x)= ilmO A Definition of derivative

X—>! X

_ ”m\/x+Ax—\/§

_Ax—>0 AX

— lim X+ AX =X ) X+ AX ++/X
x>0 AX X+ AX +/x

_im[ (A% - x j
B0 Ax/X+ AX ++/X

~ lim Ax j
o0 Axa/X+ AX ++/X

@06l
CRRUEL S Ll S S S



http://www.npue.edu.tw/academic/math/index.htm

. 1
=lim

200 x4 AX ++/X

Lt x>0

24/x
At the point (1, 1), the dopeis f'(1) :% _Atthe point (4 2), the slopeis f'(4) :%.
See Figure 2.8. At the point (0, 0), the slope is undefined. Moreover, the graph of  f
has avertical tangent line at (0, 0).

Example5  Finding the Derivative of a Function
Find the derivative with respect to t for thefunction y=2/t .

Sal:
Consideringy = f (t), you obtain

dy_ lim f(t+An)-1(t) Definition of derivative

dt At—0 At
2 2
_nLimI+AL t _ _
_lALrQ)—At f(t+At)=2/(t+At) and f(t)=2/t
2t —2(t + At)
= IimM Combine fractions in numerator.
At—0 At
. —2At .
=lim—— Divide out common factor of At.
At-0 At(t)(t + At)
=lim— Simplify.
OO E(t+ Al Py
:—t% Evaluate l[imit asAt - 0.

(%1102) f(0):=21;

z
(soloz) £it) ::;

(%1103) diff(f(t),1);
2
{50103)] ——
£2
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Example 6 A Graph with a Sharp Turn
The function

f(x)=[x-2

Shown in Figure 2.12 is continuous at X = 2. But, the one-sided limits
x-2-0_

lim 0= 1@ iy 1 Derivative from the left
X2 X—2 x=»2° X-—2
and
- x—2-0
Iimf(x) f(z):lim| 2| =1 Derivative from the right
x—2° X—2 x=2t X—2

arenot equal. So, f isnot differentiableat x=2 andthegraphof f doesnot
have atangent line at the point (2, 0).

AL

(%i123) f(x):=abs(x-2);

plot2d([f],[x,-1,5]);

(s0123) £(x):=|x-2]|

Example7 A Graph with aVertical Tangent Line
The function
f(x)= x1/3
iscontinuousat x=0, asshown in Figure 2.13. But, because the limit

imf =1 (0) x'3-0
X

X—0
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CRRUEL S Ll S S S

=lim
-0 x—0 X




http://www.npue.edu.tw/academic/math/index.htm

=4¢'s)
isinfinite, you can conclude that the tangent lineisvertical at x=0.So, f isnot
differentiableat x=0.

Ch22 Basic Differentiation and the Tangent Line Problem

Examplel  Using the Constant Rule

Function Derivative
dy

ay=7 —=0

y dx
b. f(x)=0 f'(x)=0
c.s(t) =-3 s(x)=0
d.y=kz?, kisconstant y'=0
(%12) y:7,

(%oZ2) 7
(%13) diff(y);

(%230 0

(%14) £(x):=0;
(xod) £(zx):=0

(%16) diff(f(x));
(306) 0O

(%17) s(t):=-3;
(%c7) si(t):=-3

(%018) diff(s(t));
(308) O
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(%116) declare(k,constant);

(%o0la) done

(%117) y:((%op1)"2)*k;

($al7) T° Kk

(%118) diff(y);

rEols) 0

Example2  Using the Power Rule

Function Derivative
a f(x)=x° f'(x) = 3x°
d 1 1
b. :3 [ - 1/3 _= 72/3:
g(x) 3x g'(x) dX[X ] 3X 32/
1 dy d

cCy=—

2
—_ -2 = (— 73:__
xZ dx dx[x I=(2x x3

(%119) f(x):=x"3;

(%012 flx)r=x"

(%123) diff(f(x),x);

(30231 3 x°

(%124) g(x):=x"(1/3);

(2024) g(x):=xt'?3

(%125) diff(g(x),x);

(30Z5)

3 x273
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(%126) y:1/(x"2);

1
(%o0Ze) —
;{2

(%127) diff(y,x);

p
(3o027) ——
x

Example3  Finding the Slope of a Graph
Find the slope of the graph of  f (x) = x*when
ax=-1 b.x=0 c.x=1

Sol:

The slope of agraph at a point is the value of the derivative at that point. The
derivativeof f is f'(x)=4x>.

a When x=-1,thedopeis f'(-1)=4(-1)°=-4 Slopeis negative.

b. When x=0,thesdopeis f'(0)=4(0)°=0 Slopeis zero.
c. When x=1,thedopeis f'()=4(1)%=4 Slopeis positive.
See Figure 2.16.
E daeretz| B
M
i |
[ ] L}

(0128) f(x):=x"\4;

($028) flx)r=x"

@08l
CRETIES RS 1 e S = = S T




http://www.npue.edu.tw/academic/math/index.htm

(%129) diff(f(x),x);

(30297 4 x°

(%130) f(x):=4*x"3;

(8030) fix):r=4 x°

(%131) 1(-1);
($031) —4

(%132) £(0);

PEo03Z) 0

(%133) 1(1);

PE033) 4

(%134) £(x):=x"\4;

(%0341 flx)r=x1

(%1306) plot2d(f,[x,-2,2]);
(3036)

(%145) xy:[[1,11,[-1,11,[0,01]$

(%146) plot2d([discrete, xy], [style,points])$

(%147) plot2d([[discrete,xy], x], [x,-1.5,1.5],

[style, [points,5,2,6], [lines,1,1]])$
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Example4  Finding an Equation of a Tangent Line
Find an equation of the tangent lineto the graph of f(x) = x> when x=-2.

Sal:
To find the point on the graph of f , evaluate the original functionat x=-2
(-2, f(-2) =(-2,9) Point on graph
To find the slope of the graph when x = -2, evaluate the derivative, f'(x) =2x, at
X=-2

m=f'(-2)=-4 Slope of graph at (-2, 4)

Now, using the point-slope form of the equation of aline, you can write
y—-y, =m(X—x) Point-slope form
y—4=-4x-(-2)] Substitute fory,, m, and x,.

y=-4x-4 Simplify.

See Figure 2.17.

-

0.0721999, 318650 X

(%11) f(x):=x12;

(%0l) flx)r=x°

(%13) g(x):=-4*x-4;
(%03) glx)r=(—-4)x-4
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(%16) plot2d([f,g].[x,-2.5,2.5],[y,-1,5D);

plotld: some values were clipped.
plotZd: some values were clipped.
(%oa)

(%17) 1(-2);
(307) 4

(%18) diff(f(x),x);
(308) 2 x

(%19) f(m):=m*(x-x1)+y1;
(E0%) fim)r=mix—-x1i+tyvl

(%110) f(-4);
(%#o0l0) wi1-4({x-x1)

(111) f(x1,yD):=y1+(-4)*(x-x1);
(%0ll) £{xl,vi1):i=yvl+{—4)({x—-x1)

(%112) 1(-2,4);

(30lZ) 4-—-4({xt+2)

Example5  Using the Constant Multiple Rule

Function Derivative

ay =§ % - %[2x-1] - 2%[{1] = 2(-)x 2 = _X_ZZ
4t? 4

b. () = - FO =St = o =2 @) = ot

c.y=2Jx i d[z l’2]_2( x1/2) = x V2 = _%
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1 ﬂ_i[lx—2/3]_1(_2)x-5/3 =— 1

23 dx  dx 2 2" 3 3x°/3
3

d,. 3 3
e. = —— = — X =—— 1 = ——
y Y=gl 3X=50=-73

(%113) y:2/x;

2
(Eo0l3) —
s

(%114) diff(y,x);

i
(3old) ——
2

=

(%115) £(t):=4*t"2/5;

%ol5 f _4 tz
{%0l5) I{t]'-—T
(%116) diff(f(t),t);

2t
(tola) —
5

(%117) y:2%sqrt(x);

(3017) 2fx

(%118) diff(y,x);

1
(3old) —

Az

(%119) y:1/(2%x7N2/3));

(3o0l3)

2:{2’33

[©Nokel
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(%i120) diff(y,x);

PEozZ0) —

2 o d 3

(%121) y:-3*x/2;

I x
{%021) ——
(%122) diff(y,x);
3
(%0221 ——
z
Example6  Using Parentheses When Differentiating
Original Function Rewrite Differentiate Simplify
5 5 3 . 5 4 . 15
ay=_—. =—(X =—(-3x =
=733 yz() y2( ) Y=
5 5 5 15
b.y= == (x° '= = (-3x* =
y 2 y 8( ) y 8( ) Y=g
7 7,5 7 14x
C. = =—(X = 2)( Qe
y=3 y3() ys() y==
dy= 772 y = 63(x?) y'= 63(2x) y'=126x
(3%)
(%011) y:5/(2%x3);
(E0l) ——
2:-:3
(%012) diff(y,x);
(502) 15
o =
2:{4

P

Y 7
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(%17) y:5/((2%x)"3);
507 >
(507) g

(%14) diff(y,x);
(Fod) —i

Bx4

(9015) y:T/(3*xN(-2));

7 x°
(05) —
{ J ;

(%16) diff(y,x);

(306) 14 =
o -
3

(%018) y:TH(B*x)™-2));

(208) 63 x°

(%19) diff(y,x);
(309) 126 x

Example7  Using the Sum and Difference Rule

Function
a f(x)=x®-4x+5

X4
b.g(x) = 5t 3x® - 2x

(%111) f(x):=x"3-4*x+5;

(4011} fix):r=x" -4 x+5

P

Derivative
f'(x)=3x*-4

g'(X) =-2x>+9x* -2

Y 7
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(%113) diff(f(x),x);

(8013) 3 x°—4

(%115) g(X):=-x/24+3*%x"3-(2*X);
4

(3015) glx):=——+3 -2 x

(%0117) diff(g(x),x);

(30171 —2 %x°+9 x° -2

Example8  Derivatives Involving Sines and Cosines

Function Derivative
ay=2snx y'= 2C0SX
snx 1. 1 COSX
b.y=——==sinx y'=—-C0SX=——
2 2 2
C. Y = X+ COSX y'=1-sinx
(%118) y:2*s1n(x);

($0lB8) 2 sinix)

(%119) diff(y,x);

(20l2) 2 cos(x)

(%120) y:sin(x)/2;

sinf x)
(%020)

CERTEL S LUl S
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(%121) diff(y,x);

cos(H)
(%a2l)

(%0122) y:x+cos(x);

P B0Z22) cos(x)+x

(%123) diff(y,x);

(%023) 1l-=inix)

Example9  Finding Average Velocity of aFalling Object
If abilliard ball is dropped from aheight of 100 feet, itsheight s attime t isgiven
by the position function

s=-16t* +100 Position function
where s ismeasuredinfeetand t ismeasuredin seconds. Find the average
velocity over each of the following time intervals.
a1, 2] b.[1, 1.5] c[1, 1.1]

Sol:
a For theinterval [1, 2], the object falls from aheight of s(1) = —16(1)* +100 = 84
feet to aheight of s(2) = —16(2)* +100 = 36 feet. The average velocity is
As_36-84 -4 _ 45 feat per second.
At 2-1 1
b. For theinterval [1, 1.5], the object falls from a height of 84 feet to aheight of 64
feet. The average velocity is
As_04-84 -20 45 feat per second.
At 15-1 05
c. Fortheinterval [1, 1.1], the object fals from aheight of 84 feet to a height of
80.64 feet. The average velocity is
As 80.64-84 -3.36
At 11-1 01

=-33.6 feet per second.

Note that the average vel ocities are negative, indicating that the object is moving
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downward.

(%125) s(0):=-(16*t"2)+100;

($025) g(t):=—16 t2+100

(%126) (s(2)-s(1))/(2-1);
(¥026) -—48

(%0127) (s(1.5)-s(1)/(1.5-1);
(%o027) —40.0

(%128) (s(1.1)-s()/(1.1-1);
(%o028) —33,.539993080R0807

(%140) fpprec:3; GEFL AP Rr3 )
(%0407 3

(%141) "%128;
(8od4l) —33.59995950000R0007

(%142) bfloat (%035); (bl F=- 10— %)
(%04Z) —-3.36b1

Example10  Using the Derivative to Find Vel ocity
Attime t =0, adiver jumpsfrom aplatform diving board that is 32 feet above the
water (see Figure 2.21). The position of the diver is given by
s(t) = —16t? +16t + 32 Position function
where s ismeasuredinfeet and t ismeasured in seconds.
a. When does the diver hit the water?

@06l
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b. What isthe diver’svelocity at impact?

Sol:

a Tofindthetime t whenthediver hitsthewater, let s=0 and solvefor t.
~16t* +16t+32=0 Set position function equal to 0.
-16(t+1)(t-2)=0 Factor.

t=-1 or?2 Solvefor t.

Becauset > 0, choose the positive value to conclude that the diver hits the water at
t =2 seconds.
b. Thevelocity at time t isgiven by the derivative s'(t) = -32t +16.So, the

velocity attime t=2 is
S(2) =-32(2) +16 = —-48 feet per second.

(%143) factor(-(16*t"2)+16%t+32);
(8c043) —-la(t-2)(t+1)

(%144) solve([-(16*t"2)+16%t+32=0]);

(3044) [t=2,t=-1]

(%146) f(1):=-(16*t"2)+16%t+32;

(30861 f(t):=—16 t°+16 t+32

(%150) diff(f(t),t);
(2050) 16-32 ¢

(%151) s(t):=16-32*;
(3051) =(t):=16-32 ¢t

(%152) s(2);
($052) —48
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Ch23 Product and Quotient Rules and Higher-Order Derivatives

Examplel Using the Product Rule
Find the derivative of h(x) = (3x—2x*)(5+ 4x).
Sal:
1 2 d d 2
h'(x) = (3x—2x )d—[5+ ax]+ (5+ 4x)d—[3x— 2x°] Apply Product Rule.
X X
=(3x—2x?)(4) + (5+ 4X)(3— 4x)
=(12—-8x%) + (15-8x—16x%)
=—24%° + 4x+15
(%i4) h:(3*x-2*x"2)* (5+4*X);

(20d) (4 x+51(3 x-2 x%)

(%15) expand(%o04);

(205) —8 x°+2 x°+15 x

(%17) diff(%05,x);

(207) —24 x°+4 x+15

Example2  Using the Product Rule

Find the derivative of y=3x*sinx

Sol:

i[3x2 sinx] = 3x* i[sin x]+sin xi[sz]
dx dx dx

=3x” cos X + (Sin X)(6x)
=3x% coSX + 6XSinx
=3x(XcosX+ 2sinX)

(%i11) £(x):=3*x2*sin(x);

(%0l) flx):=32 x° sinlx)
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(%12) diff(f(x),x);

(5021 G xsin(x)+3 P cos( )

Example3  Using the Product Rule
Find the derivative of y = 2xcosx—2sinXx.

Sal:

dy _
dx
=(2x)(-sin x) + (cosx)(2) — 2(cosx)

(2x)(i[cosx]) + (COSX)(i[ZX]) — Zi[si nx|
adx dx dx

=—-2XsinXx

(%13) g(x):=2*x*cos(x)-2*s1n(x);

(%03) g(x):=2 xcos(x)-2 =in(x)

(%14) diff(g(x),x);

(%$o04d) —2 xsinix)

Example4  Using the Quotient Rule
5Xx - 2

Find the derivativeof y = >
X + 1

Sol:
(x* +1)£[5x—2] —(5x—2)£[x2 +1]

da 5X—2] _ dx dx
dx x*+1 (X* +1)°

_(X*+D(5) - (5x—2)(2x)

- (x* +1)?

_ (5%* +5) — (10x* — 4x)

- (x* +1)?

_ —Bx*+4x+5

(2 +1)?
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(%15) h(x):=(5*x-2)/(x"2+1);

S K2
(%ob) hix):=
x2+l
(%16) diff(h(x),x);
5 2HE(Ax—E)
(Eof)

2

xo+1 {x2+1j

Example5  Rewriting Before Differentiating

Find an equation of the tangent line to the graph of f (x) = 3- (1/5)() a (-1, 1).
X+

Sol:
Begin by rewriting the function.
F(x) = 3-(1/x)
X+5
x(3-1)
_ X
X(X+5)
_ 3x-1
x* +5x
, (x* +5x)(3) — (3x—1)(2x+5)
F'() = 2 2
(X +5x)
_ (3%* +15x) — (6x° +13x—5)
(x* +5x)?
_ —3x*+2x+5
(X +5x)*
Tofindthedopeat (-1, 1), evaluate f'(-1).
f'-D=0

Then, using the point-slope form of the equation of aline, you can determine that the
equation of thetangent lineat (-1, 1) isy=1. See Figure 2.23
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Example6  Using the Constant Multiple Rule
Origina Function Rewrite Differentiate

X2 +3X
5

5x* 5 , 5, 4
=—— =—X '=—(4x
3 y 3 y 8( )

—3(3x—2x%) 3 3
= y 7( ) Yy 7( )

ay y:%(x2+3x) y':é(2x+3)

b.y
c.y
9 9
dy=— ==(x? '=Z(=2x°
y y 5( ) y 5( )

(%111) y:(x2+3*x)/6;

x2+3 X

(Foll)

(%112) diff(y,x);

X+ 3
(%o0lZ)

(%113) y:5*x"4/8;

3 :-:4
(3013} —
a8

(%114) diff(y,x);

52-:3
(%o0ld) ——
2

(%115) y:-3*%(B*x-2%x")/(T*X);

363 k-2 x99
(%015)

T
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(%117) y:-3*(3-2%x)/7;

I3 -2 x)
7

($017) —

(%118) diff(y,x);

6
($018) —
-

(%119) y:9/(5%x"2);
9
($019) ——
4 =2
(%120) diff(y,x);

18
(%o020) ——m—
a 2{3

Example7  Proof of the Power Rule (Negative Integer Exponents)
If n isanegativeinteger, there existsapositiveinteger k suchthatn=-k. So, by
the Quotient Rule, you can write

d o d 1
&[X]_dx[xk:I

_ X(0) - (k<)

Quotient Rule and Power Rule

(X)?
O_ kxkfl
— _kx—k—l
=nx"" n=-k
So, the Power Rule
D [X"]=nx"" Power Rule

isvalid for any integer. In Exercise 75 in Section 2.5, you are asked to prove the case
for which n isany rational number.
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Example 8
Function Derivative
ay=x—tanx ﬂzl—seczx
dx
b.y = xsecx y'= x(secxtan x) + (secx) (D)
= (secx)(1+ xtan x)

(%121) y:x-tan(x);

(%8021) x—tanix)

(%122) diff(y,x);

(%022) 1 —sec(xjg

(%123) y:x*sec(x);

(%023) xzec(x)

(%124) diff(y,x);

(%2024} xgsec(xitani{x)tsec(x)

Example 9

1-cosx

Differentiate both form of y==—
sin X

Sal:

1-cosx
sinx

Firstform: y=

. (sinx)(sinx) — (1—cosx)(cosx)
y= sin? x

_ sin® x+cos® X—CosX
B sin? x
1-cosx
sin®x
Second form: y=cscx—cot x

y'= —CSCXCOt X+ CSC” X

CRETIES RS 1 e S = = S T

=CSCX—COt X.
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To show that the two derivatives are equal, you can write

l-cosx 1 1 | cosx
sin®x  sin®x sinx” sinx

= CSC? X — CSC X COt X

(%125) y:(1-cos(x))/sin(x);
1-—cos(x)

(3025)
sinl x)

(%126) diff(y,x);

(1 -—cos(x)cosix)
(%o0Za) 1

S:i_m{I{II2

(%156) trigsimp(%026);

coz(x)—1
(%o0586) ——m@8 ——

sin{x}z

(%127) y:cse(x)-cot(x);

(%027) csoix)—cotl{x)

(%128) diff(y,x);

(%028 csc(sz —cotix)osclx)

(%157) trigsimp(%028);
coz(x)—1
[(%o037) ——m8Mm ——

sin{x}z

R i o R S e

Y 7
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Example 10
Because the moon has no atmosphere, a falling object on the moon encounters no air
resistance. In 1971, astronaut David Scott demonstrated that a feather and a hammer
fall at the same rate on the moon. The position function for each of these falling
objectsis given by

s(t)=-0.81t% +2
where s(t) istheheightin metersand t isthetimein seconds. What istheratio of
Earth’s gravitational force to the moon’s?

Sal:

To find the acceleration, differentiate the position function twice.
S(t) =-0.81t% + 2 Position function
s(t) =-1.62t Velocity function
S'(t)=-1.62 Acceleration function

So, the acceleration due to gravity on the moon is-1.62 meters per second per second.
Because the acceleration due to gravity on Earth is-9.8 meters per second per second,
the ratio of Earth’s gravitational force to the moon’sis

Earth's gravitational force —9.8

— = ~6.05
Moon's gravitational force -1.62

(%134) s(t):=-0.81%t"2+2;

(4034) g(t):=(—0.81)t°+2

(%135) diff(s(t),0);
($035) —-1.62 ¢

(%0137) diff(s(t),t,2);
(%037) —1.62
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Ch24 TheChanRule

Examplel Thederivative of a Composite Function
A set of gearsis constructed, as shown in Figure 2.24, such that the second and third
gears are on the same axle. Asthefirst axle revolves, it drives the second axle, which
inturn drivesthethird axle. Let y,u,and xrepresent the numbers of revolutions per
minute of the first, second, and third axles. Find dy/du,du/dx, and dy/dx, and
show that

dy dy du

dx du dx

Sol:
Because the circumference of the gear is three times that of the first, the first axle
must make three revolutions to turn the second axle once. Similarly, the second axle
must make two revolutions to turn the third axle once, and you can write
dy =3 and au =
du dx
Combining these two results, you know that the first axle must make six revolutions
to turn the third axle once. So, you can write

2

dy
dx _ Rateof changeof first axle Rate of change of second axle
with respect to second axle with respect to third axle
= ﬂ . % =3.2=6
du dx

— Rateof change of first axle
with respect to third axle

In other words, the rate of changeof y withrespectto x isthe product of the rate
of changeof y withrespectto u and therate of changeof u withrespectto x.

Example2  Decomposition of a Composite Function

y=f(9(x)) u=g(x) y=f(u)
ay=—-: u=x+1 y:1
Xx+1 u

b.y=sin2x u=2x y=snu
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C.y=+3x"—x+1 u=3x*-x+1 y=+u

d.y=tan®x u=tanx y=u’

Example3  Using the Chain Rule
Find dy/dx for y=(x*+1)°.

Sal:
For this function, you can consider theinside function to be u=x*+1 By the Chain
Rule, you obtain

dy =3(x* +1)*(2x) = 6x(x* +1)°

dx i i

&y du
du dx
(%138) y:(x"2+1)"3;

3
(3028) (x°+1)

(%139) diff(y,x);

= 2
(%3035 B x(x™+1)

Example4  Applying the General Power Rule
Find the derivative of f (x) = (3x—2x%)°

Sol:
Let u=3x—2x>.Then
f(x)=(@Bx—2x*)*=u®
and, by the General Power Rule, the derivativeis

f'(x) = 3(3x—2x%)? di[3x— 2x°] Apply General Power Rule.
X

=3(3x—2x%)*(3-4x). Differentiate 3x—2x°.

@08l
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(%140) £(x):=(3*x-2*x"2)"3;

3
(5040) Fix):=(3 x-2 x°)

(%141) diff(f(x),x);

o
(3081) 3(3—4 %)(3 x—2 %°7

Example5 Differentiating Functions Involving Radicals

Find all points on the graph of f (x) =3/(x*—1)? for which f'(x)=0 and those for

which f'(x) doesnot exist.

Sol:
Begin by rewriting the function as
f(x)=(x*-1)*°
Then, applying the General Power Rule (withu = x*> —1) produces

f'(x)= %(x2 -1 3(2x) Apply General Power Rule.

4x
Rx*-1
So, f'(x)=0 when x=0 and f'(x) doesnot exist when x==+1, asshownin
Figure 2.25.

Writein radical form.

Example6  Differentiating Quotients with Constant Numerators
-7

Differentiate q(t) =
g(t) 237

Sol:

Begin by rewriting the function as
g(t)=-7(2t-3)”

Then, applying the General Power Rule produces

g'(t) = (=7 (-2)(2t-3)3(2) Apply General Power Rule.
=28(2t-3)° Simplify.
= Ag Write with positive exponent.
(2t-3)
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(%142) g(0):=-T/(2*t-3)"2;

-7
(30421 g(t):=

(2 -3 }2
(%0143) diff(g(t),t);

23
($043) ——
(zt-3)°

Example7  Simplifying by Factoring Out the Least Powers

f(X) = x*V1-x? Original function
= x*(1-x?)Y? Rewrite

vz d

f'(x)=x° di[(l— x)Y?]+ (1-x?) [X?] Product Rule
X X

= xz[% (1-x3) Y2 (=2x)]+(1-x*)"?3(2x)  Genera Power Rule

= x3(1-x?)V2 4 2x(1- x?)Y? Simplify
= X(1—-x*) Y [-x*(1) + 2(1- x?)] Factor
_ 2
V1-x°

(%144) £(x):=x"2*sqrt(1-x"2);

(3044) flx):=x°1-3x°

(%0145) diff(f(x),x);
3
(3045) 2 xa)1—x% ——0
1 —xz
(%i47) factor(%046);
(3 xt -z J
(3047) ———— "
1-x*
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CRETIES RS 1 e S = = S T



http://www.npue.edu.tw/academic/math/index.htm

Example8  Simplifying the Derivative of a Quotient

f(X)= X Original function
Ux?+4
X .
— Rewrite
(XZ +4)1/3
2 1/3 2 -2/3
f'(x)= (X +4) (1)2):(1/2)2(/); +4) " 7(2x) Quotient Rule
X° +
1 a3 (X +4) — (2x%)(L
:é(x2+4) 2/3[ ( (X214§2/3 )( )] FaCIOI’
x*+12 T
- = Simplif
3(x% +4)*3 Y
(%153) 1(X):=x/(x"2+4)\(1/3);
(3053) flx):= -
(xz +4 }133
(154) diff(f(x),x);
z
(%054 2x
5 1/3 . 473
(x°+4) Fix"+4)
(%155) factor(%054);
:-:2 +12
{(%055) Ve
3 {xz +45

Example9  Simplifying the Derivative of a Power
3x-1

y=(5—)° Origina function
X“+3
3x-1,d  3x-1
=2 il General Power Rule
Y (x2+3)dx[x2+3]
— 2 —_— —
:[2(32x 1)][(x +3)(3)2 (3)(2 1)(2x)] Quotient Rule
X“+3 (x*+3)

@08l
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_ 2(3x-1(3x* +9-6X* +2X)

Multipl
(X +3)° Py
2
_ 2(3x—1)(;3x J3r2x+9) Simplify
(x*+3)

(%158) y:((3*x-DI(x"2+3)"2;

(3 x—lllz
($058) ———
. z
(x"+3)
(%159) diff(y,x);
B3 x—-1) 42{(32{—1}2
($059) - .
(X% 43 (%% +3)
(%160) factor(%059);
23 x—13(3 :{2—2 x=9)
($060)

5
(k%43

Example 10  Applying the Chain Rule to Trigonometric Functions

ay=sn2x y'= costdi[Zx] = (€c0s2x)(2) = 2cos2x
X

b. y =cos(x-1) y'=—sin(x-1)

c.y=tan3x y'=3sec’ 3x

(%161) y:s1in(2*x);

(3o06l) sin(2 x)

(%162) diff(y,x);

(Fo6Z) 2 cos(2 x)
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(%163) y:cos(x-1);

(%063) cos{x-1)

(%0164) diff(y,x);

(#o06d) —gin(x-—1)

(%165) y:tan(3*x);

(%065) tan(3 x)

(%166) diff(y,x);

(%086) 3 zec(3 x]lz

Example1l  Parentheses and Trigonometric Functions

a. y = cos3x® = cos(3x?) y'= (-sin3x?)(6x) = —-6xsin3x>
b. y = (cos3)x? y'=(—c0s3)(2x) = 2xcos3
C. y = cos(3x)? = cos(9x?) y'= (-sin9x?)(18x) = —18xsin9x®
d. y = cos’ x = (cosx)® y'= 2(cosx)(—Ssinx) = —2coSXsin x
1 . sinx
€.y =+/cosx = (cosx)"? '==(cosx) V?(-sinx) =—
y (cosx) y=5 (cosx)™*( ) o lcoox
(%11) y:cos(3*x2);

(201) cos(3 x°)

(%12) diff(y,x);

(202) —6xe=in(3 x2)

(%11) y:(cos(3))*x"2;

(301) cos(3)x°

(%12) diff(y,x);
(302) 2 cos(3)x
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Example12  Repeated Application of the Chain Rule

f(t) =sin®4t Original function
=(sin4t)® Rewrite
f'(t) :3(sin4t)2%[sin4t] Apply Chain Rule once.
= 3(sin4t)*(cos4t) %[4t] Apply Chain Rule a second time.
= 3(sin4t)*(cos4t)(4)
=12sin® 4t cos4t Simplify.

Example 13  Tangent Line of a Trigonometric Function
Find an equation of the tangent line to the graph of
f (X) = 29in X+ coS2x
a thepoint (r,1), asshown in Figure 2.26. Then determine al vaue of x inthe
interval (0,27) atwhichthegraphof f hasahorizontal tangent.

Sol:
Begin by finding f'(X)
f (X) = 25in X+ c0S2x Write original function.
f'(X) =2cosx+ (—sin2x)(2) Apply Chain Ruleto cos2x
= 2C0SX—2sin2X Simplify.

To find the equation of thetangent lineat (z,1), evaluate f'(x).

f'(r)=2cosz —2sin2x Substitute.
=-2 Slope of graph at  (,1)

Now, using the point-slope from of the equation of aline, you can write

y—y, =m(X—x) Point-slope form

y—-1=-2(x—r) Substitutefor 'y, ,m,and x;
y=1-2X+2r Equation of tangent lineat (7,1)
You can then determinethat f'(x) =0 when x:% % 5?” ,and 377[ So, f hasa
5 3

horizontal tangent at X:Z,Z,—, and —.
6 2 6 2
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Ch25 Implicit Differentiation

Examplel Differentiating with Respect to x

a di[x3] =3x° Variables agree : use Simple Power
X
Rule
b. —[y] 3y? gy Variables agree : use Chain Rule
c.—[x+ 3y] =1+3ﬂ Chain Rule:i[By] =3y’
dx dx dx
d.i[xyz] = xi[yz] +y? i[x] Product Rule
dx dx dx
= X(Zyﬂj +y*(1) Chain Rule
dx
= 2xyﬂ+ y? Simplify
dx

Example2  Implicit Differentiation
Find dy/dx giventhat y*+y*-5y—x*=-4

Sol:
1. Differentiate both sides of the equation with respect to x.
d 3 2 2 d
—[y’+y -5y—x]=—[-4
dJy y" —5y—x] dJ ]
d d d d d
d—[y3]+—[y2]——[5y]——[><2]=—[—4]
X dx
P L PV

dx dx dx
2. Collect the dy/dx termson the left side of the equation and move all other terms

3y

to the right side of the equation.

2 dy 2 42y~ dy_ dy = 2X
dx dx dx
3. Factor dy/dx out of the left side of the equation.

X0kl
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Q(Byz +2y-5)=2x
dx

4. Solvefor dy/dx by dividingby (3y*+2y-5).
dy _ 2X
dx 3y*+2y-5

Example3  Representing a Graph by Differentiable Functions
If possible, represent y asadifferentiable function of x.

ax’+y*=0 b. x*+y*=1 c. x+y*=1

Sal:
a. Thegraph of thisequation isasingle point. So, it doesnot define y asa

differentiable function of x. See Figure 2.28(a).
b. The graph of this equation isthe unit circle, centered at (0, 0). The upper
semicircle is given by the differentiable function

y=+1-%%, ~1<x<1
and the lower semicircleis given by the differentiable function
y=—/1-%*, -1<x<1

At the points (-1, 0) and (1, 0), the slope of the graph is undefined. See Figure
2.28(b).
c. Theupper half of this parabolais given by the differentiable function

y=+/1-x%, x<1

and the lower half of this parabolais given by the differentiable function

2

y=—v1-X", x<1
At the point (1, 0), the slope of the graph is undefined. See Figure 2.28(c).
Example4  Finding the Slope of a Graph Implicitly

Determine the slope of the tangent line to the graph of
x> +4y* =4

at thepoint (v/2,—1/~/2). See Figure 2.29.

Sol:
x> +4y* =4
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2X+ SyQ =0
dx
dy_-2x_-x
dx 8y 4y

So, a (v2,-1/+/2)., theslopeis

dy_ -2 _1
dx —4/2 2

Example5  Finding the Slope of a Graph Implicitly
Determine the slope of the graph of 3(x* + y*)* =100xy at the point (3, 1).

Sol:
9 130¢ + y2)? = 4 1100xy]
dx dx

32X + y?)(2x+ Zy%) :100[% +ym)

12y(x* + yz)ﬂ —1OOQ =100y —12x(x* + y?)
dx dx

[12y(x* + y?) —100x]% =100y —12x(x* + y?)

dy 100y-12x(x*+y?)
dx  12y(x? + y2) —100x
25y -3x(X* +y?)
© —25x+3y(X% + y?)
At the point (3, 1), the slope of the graph is
dy 25(1)-3(3)(F+1°) 25-90 -65 13
dx  —25(3)+3()(R2+12) -75+30 -45 9
as shown in Figure 2.30. Thisgraph is called alemniscates.

Example6  Determining a Differentiable Function
Find dy/dx implicitly for the equationsiny = x.Then find the largest interval of the

form —a<y<a onwhich y isadifferentiablefunction of x(seeFigure2.31).

Sol:

d, . d
&[S”W]:&[X]
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cosyﬂ =1

dx

dy 1

dx cosy
The largest interval about the origin for which y isadifferentiable functionof x is
—nl2<y<nl2.Toseethis, notethat cosy ispositiveforal y inthisinterva
and is 0 at the endpoints. If you restrict y totheinterval —z/2<y<nz/2. you

should be ableto write dy/dx explicitly asafunction of x. To do this, you can use

cosy =4/1-sin’y

2
=+1-Xx°, —E<y<5
and conclude that
dy 1
dX 1 x2

Example7  Finding the Second Derivative Implicitly

d?y

ax?

Given x*+y*=25,find

Sol:
Differentiating each term with respect to x produces

Differentiating a second time with respect to x yields.
d’y _ ()@ - (x)(dy/dx)

Quotient Rule

dx? y?
:_w Substitute —x/yfor d
y dx
2 2
:_y;sx Simplify
= _2_§ Substitute 25 for x? + y?
y
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Example8  Finding a Tangent Line to a Graph
Find the tangent line to the graph given by x*(x* + y*) = y* at the point

(v2/2,+/212) , as shown in Figure 2.32.

Sal:
By rewriting and differentiating implicitly, you obtain
X4+X2y2_y2 :0

4%° + xz(ZyQ) +2xy° — ZyQ =0
dx dx

2y(x? —1)% =-2X(2x* + y?)
X

dy _ x(2x*+y?)
dx  y(l-x%)

Atthepoint (v2/2,+/2/2), theslopeis

dy _ (V2/2)[22)+@2)] _3/2_,
dx  (V2/21-@Ww2] U2

and the equation of the tangent line at this point is

Z . 2
y—7—3(x—7)

y:3x—x/§
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