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11.1 Surfaces

Example 1.

Sketch the portion of the cylindex” + y* = Where 1< z<2 (Figure 11.1.12)

Solution: (%il) load(draw); |[4<HEQ Maxima|[* 72 ¢ | [f1 £ 2 B R 0 0 NI |

[t R VRS draw s P IRSE draw Pl i S ] v
draw

PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw3d(cy|indrical(1,z,1,2,az,0,2*%pi));\§', [Eﬁlﬁﬁgpfljrﬁﬁ : \

‘drade(cyIindricaIéF sz A /| oz Mozl azio g aziff fr:;fﬂx|
\azi ) > 1z > azi)f*%[&ﬂﬁﬁgpf@&@\ INFRES 228G 1> z G EeEl ey 1~2

(%20Z2) [gridicwlindrical)]

IR croplot zraph
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view. 60.0000, 30.0000 scale: 1.00000, 1.00000




Sep 1 - Draw the curvex® +y> = 1linthe (x,y) plane. The curve is a circle of
radius one.

Sep 2 - Draw the three coordinate axes and the horizgtagles z=1,z= 2

Sep 3 - Draw the circlesx® + y> = 1where the surface intersects the two planes
z=1z=2.

Sep 4 - Complete the sketch by drawing heavy lines foedties which would be
visible on an “opaque” model of the given surfaleis surface is called a circular

cylinder.

Example 2.
Sketch the part of the cylindez = x* where 0< y< 20< z< 1 This is a parabolic
cylinder parallel to they -axis, becausey does not appear in the equation. The four

steps are shown in Figure 11.1.13.

Solution: (%i1) plot3d(x"2,[x,0,2],[z,0,1],[grid,30,30]):

Sdﬁlﬂ A Fl ll |
\plot3d@'[§'¥?“ > X IR > y Sl EETE > z flpo R > E @H%ﬁ[p 'F‘)| /F}[QT“

Fhz=x2 > X BAYEE[EES 1~2 > z §Asesfey 0~1- “Fﬁ#‘ i[53 £ 30x30

(%ol)



|! znuplot graph
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view. 64.0000, 14.0000 scale: 1.00000, 1.00000

For sketching the graph of a function= f (x, y), a topographic map, or contour

map, can often be used as a first step. It is Aodedf representing a surface which is
often found in atlases. In a topographic map, tirees f(X,y) = z, are sketched in

the (x,y) plane for several different constamj, and each curve is labeled (Figure

11.1.14). These curves are called level curvespotours.

Example 3.
Sketch the part of the surface= x* + y*> where —-1< z<1. This is an elliptic

paraboloid (Figure 11.1.15).

Solution: (%i1) load(draw);  [</£1 Maxima[* 1% ¢ [l £ & [E*W?E'EJ?H] [4‘“’*|

‘%'%it“r[ﬁ'ﬁﬁﬂn.]%léﬁv it draw > ML draw O 42 Elﬁ%ﬂ 50

draw

(Fol)

' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp



(%i2) draw3d(implicit(x*2+y"2=z,x,-1,1,y,-1,1,z,-1,1),$ace_hide=true); [ 3d [&
\ﬁ@@f{@ﬁllff[uﬁ',@‘gﬁ : draw3d(implicit¢iEy=" > x ffiaai! - y ffiEaf - z i) |

surface_hide=true) £, surface_hide=trug||li&m— #5577t 3d flpifg H /=

BB 2 =0 +y? o 2 i -1-1

(E20Z2) [gr3diimpliicit)]

IR croplot zraph

view: 73.0000, 15.0000 scale: 1.00000, 1.00000

Sepl - Draw the topographic map. The level curves ardesr

Sep2 - Draw the axes and the planes=-1,z=1.

Sep 3 - Draw the intersections of the surface with thenptaz=-1,z= 1 and also

the planesx=0 and y= Q

z=-1: No intersection.

z=1: Thecircle x>’ +y*=1



x=0 : The parabolaz = y?.
y=0 : The parabolaz = x*.

Sep 4 - Complete the figure with heavy lines for visibleged.

Example 4.

2

Graphthefunctionxj—yz:z,where—3SXs 3 -2<y<2, -1<2<1.This

is a hyperbolic paraboloid (Figure 11.1.16).

Solution: (%il) load(draw); |[4d1,E Maxima|* 72 ¢ | {1 £ = [V i 'I [MLF“H’|

[/ 2h B R VA draw - PR draw [ ods 4 ] ARV

draw

PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw3d(implicit((x"2)/4-y"2=z x,-3,3,y,-2,2,z,-1,8urface_hide=true);

\rﬂ*}@ﬂgugllp ﬁ%ﬁﬂ il - draw3d(implicit@Fgy=" > x g > y fiiFfE > z fili#a) |
surface_hide=true) £, surface_hide=trug|J[i5i Iﬂuj i 3d i H o

2

FE PR t’r o —y? =z > X fEEfE-3~3 0 y fHEEfE E-2~2 > z f{iEEfE e -1~1

(%02) [gridiimplicit)]



IR croplot zraph
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view: §3.0000, 317.000 scale: 1.00000, 1.00000

Sepl - Draw a topographic map. The level curves are Hygiles.

Sep2 - Draw the axes and rectangular solid.

Sep 3 - Draw the curves where the surface intersectsabesfand also the planes
x=0, y=0. The topographic map gives the curvespr-1z= ,afd z=1.

The curves onx =0 and y=0 are parabolas.

Sep4 - Complete Figure 11.1.16.

Example 5.

Sketch the surface- x> -2+ z? =1

Where —2<z< 2. Thus is a hyperboloid of two sheets (Figure 1IT7}L.



Solution: (%il) load(draw); |[ﬂt3 Maxima|* 72 ¢ {1 2 B 1 [ﬂﬁ‘ﬁ’|

2 A S VRS draw PR draw [ [H U 3 3R] IRV

draw

PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw3d(implicit(-x"2-(y"2)/4+z"2=1,x,-4,4,y,-4,4:2,2),surface_hide=true);
[ 3d IR Er Yl ¢ draw3d(implicit¢rBe=" o x il o y @ o z g
wiifiyl) » surface_hide=true) ¥, surface_hide=trug[[[iZm— #5314 7% 3d il

2
PSR 7 2 =1 2 TN 1222

(%02) [gridiimplicit)]

|! znuplot graph

e
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view. 97.0000, 53.0000 scale: 1.00000, 1.00000

Although it is not a function, it can be brokeniaofo two functions



1+ X+

Sep 1 Draw topographic maps foz = 1+ x* +y? /4 and z=—-\/1+x* +y* /4.

The level curves are ellipses.

Sep2 - Draw the axes and the plangs=2,z=-2.

Sep 3 - Draw the intersections of the surface with the etan
z=2, z=-2, x=0, y=0.
The surface intersects=0 and y = 0 in the hyperbolas
—%yz +z°2=1 -x*+2z2°=1.

Sep4 - Complete Figure 11.1.17.

Example 6.

Graph the sum functiore = x+y. The graph is a plane. A topographic map and

sketch of the surface are shown in Figure 11.1.18.

Solution: (%i1) load(draw); [*/£7 Maxima|* 3% | £ i Vi Rk pag= s |

BRI ﬂﬂ,lglﬁgﬁvﬁj” draw > "1 draw [ [ o5 0 2 & ﬁ%ﬂ TR

draw

[Fol)
' /PROGRA~1/MAXTIMA~1.2/share/maximas5. 12, 2/share/draw/draw. 1isp



(%i2) draw3d(implicit(y=x+y,x,-4,4,y,-4,4,y,-8,8),surfad@de=true);
\pagnff[wﬁ : draw3d(implicit@iBr=" - x @ - y fiEE > z i)
\surface_hide:true’) +' surface_hide=tru||[ k- l‘ﬁﬁﬁ T 3d EHE'IQ%‘['H k=
FEFFRE= Lz = x+y

(E20Z2) [gr3diimpliicit)]

|! znuplot graph

D& Akt oM =o @

view. 115.000, 333.000 scale: 1.00000, 1.00000

Example 7.

Sketch the graph of the product functiar xy, where

—2<Xx<2, -2<y<?2 -1<z<1.

Solution: (%il) load(draw); |[4d1,E Maxima|* 72 ¢ | {1 £ = [V i 'I [MLF“H’|

[/ TR BV draw > PR draw [ TR T ] IRV




draw

PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw3d(implicit(z=x*y,x,-2,2,y,-2,2,z,-1,1)); | 3d FEFRB I AR ] |

\drawsd(implicit@*@’g?“ > x qiliEa R oy iRl > z fliES[R) > surface_hide=true) ¥
surface_hide=trug|iZs - #5078 & SAEIF I H /ISt z=xy > x

AT G -2~2 0 y W ET-2~2 > Z -1~ 1

(E20Z2) [gr3diimpliicit)]

IR croplot zraph

view. 60.0000, 30.0000 scale: 1.00000, 1.00000

The surface is saddle shaped. It intersects thedraal plane z =z, in the curve
y = z,/X. It intersects the vertical planes=x, and y =y, inthelinesz=x,y

and z = xy,. The surface is shown in Figure 11.1.19.



Example 8.

Graph the functionz=+/x + y> where 0<x<1 -1<y<1l 0<z<l1.

Solution: (%il) load(draw); |[4d1E Maxima|*[J<E E[}%%,[EHF?BEJHII )

[ 2h B R VA draw - PR draw g £ ] ARV

draw

PEol)
' /PROGRA~1/MANTMA~1 . 2/sharve/maxima/s5. 19, 2/shave/draw/draw. 1isp

(%i2) draw3d(implicit(z=sqrt(x)+y"2,x,0,1,y,-1,1,2,0, jrface_hide = true);

”Hﬁ[@\fﬁiﬁ”lp Iﬁ%ﬂ[ f ,[ : draw3d(implicit@Ee=" > x ffliaafi!  y filiFafE
surface_hide=true) £, surface_hide=trug|[li&m— #['55 &7t 3d fIpifg H k=

FEFE= R z= X + y? o X FEEEG O~1 0 y ffAEE G -1~1 > z fiflaEE S O~1

(%02) [gridiimplicit)]



IR croplot zraph

view. 60.0000, 30.0000 scale: 1.00000, 1.00000

Sepl - The topographic map has level curves

Jx+y?=c, x=(c-y?)? with y’><c.

The derivativedx/dy = 4y(c—y> )has zeros aty=0 and y=z+/c.

The table shows that the curves are bell shaped.

y X dx/dy
-~/C 0 0 Min
0 c? 0 Max
Je 0 0 Min

Sep 2 - Draw the rectangular solid.



Sep 3 - The surface intersects the plane= 0 in the parabolaz = y?, and

intersects the planey =0 in the curve z= Jx . Itintersects the plane

z=1 inthe curve x = (L- y?)>.

Sep4 - The surface, shown in Figure 11.1.20, is shapeddibreaker spout.

11.2 Continuous Functionsof Two or MoreVariables

Example 1.

Show that f (x,y) = 2x+ xy® is continuous for all(a,b )Let st(x) =a and

st(y) =b. Then

St(2x + xy?) = st(2x) + st(xy?) = 2st(X) + st(X)st(y?) = 2a + ab®.

Here is a list of important continuous functiongwb variables.

Example 2.

By (1), h(x,y) =sin(x+y) is continuous for all(x,y )

Example 3.

By (II), h(x,y)=sinxcosy is continuous for all(x,y .)



Example 4.
Find a set on whichh(x, y) =In(x+y) is continuous.
By Theorem 1 and 2x+y is continuous for all(x,y )
Inu is continuous foru> 0
In(x+y )is continuous forx+y> 0

Answer In(x+Yy) is continuous on the set of afk,y 9uch thatx+y> 0Qsown

in Figure 11.2.3.

Example 5.

Find a set on whichh(x, y) = XY +cosx*> -y is continuous.

x? is continuous forx> 0

x? is continuous for allx.

x* —y is continuous for all(x,y )

\X? =y is continuous forx>-y> 0

cosyx* —y is continuous forx> -y > 0



x¥ +cosy/x* -y is continuous forx>0 and x*-y> Q.

Answer h(x,y) is continuous on the set of a{k,y 9uch thatx> Oand

x? —y>0. The set is shown in Figure 11.2.4.

Example 6.
Find a set on whichh(x, y) =log, y is continuous.

We use the identitylog, y = ::—y
X

Iny is continuous fory> 0

Inx is continuous forx> 0

Iny/Inx is continuous forx>0, Inx#0, y> 0
thatis, x>0, x#1, y>AQ

log, y iscontinuous forx>0, x#1, y> 0

Answer log, y is continuous on the set of alk,y 9uch that

x>0, x#1 y>0 (Figure 11.2.5).

Example 7.

2

, : X . .

Find a set where the functioh(x, y, 2) :+—3: is continuous.
X+y



x? is continuous for allx.

x?y is continuous for all(x, y).

x+y is continuous for all(x,y .)

(x+y)+z is continuous for all(x,y,z )

X’y
X+y+z

is continuous for allx+y+z# 0

Answer h(x,y,z) is continuous on the set of afk,y,x 9uchthatx+y+z# 0

11.3 Partial Derivatives

Example 1

Find the partial derivatives of the function
f(xy) = x*+3xy -8y

at the point (2,— 1)

Solution: (%i1) f(x,y):=x"2+3*x*y-8*y;  /[F 1~ [JErx® +3xy -8y » 1 {7
P i f(x,y)

(20l) flx, vii=x*+3xy+(-8)y

(O%i2) diff(f(x.y) X); [ VT T - difter(idr - ol Feo [Odge)  SHErx.y)

I X @l



(%o0d) I v+l x

(%13) gL(x,y):=3*y+2"%; [R5 X [ s e €785 EED glix,y)

(E03) glix, vi:=3 vt2 x

(%i4) g1(2,-1); ¥ x=2 > y=-1 [ * gL y)f i fifi 1

(%od) 1

(9%i5) diff(f(x.y).y); [0 [T, 0 - difter g oI (0@gn)] I f(x.y)

Iy gt o)

(%o05) 3 x-8

(%i6) 92(x,y):=3*x-8; Iy f[j1%5) s iy €75 EHE g2(xy)

(%oB) g=2(x, wvi:=3 x—8

(%i7) 92(2,-1); ] x=2 > y=-1 £ g2(x,y}f* i fifi-2

(Eo7) -2

Tofind f, (X V), wetreaty as a constant,

f (XYy)=2x+3y.

Tofind f (x,y),we treatx as a constant,

f, (X, y) =3x-8.

Thus f,(2-)=22+3(-) =1 f (2-)=32-8=-2.



Figure 11.3.2 shows the surface= f (x,y) and the tangent lines at the point

2-1).

Example 2.

A point P(x,y) has distancez = /x> +y*> from the origin (Figure 11.3.3). Find

the rate of change o at P (34) if :

(@) P moves at unit speed in the direction.
(b) P moves at unit speed in thg direction.

Solution: (%i1) P(x,y):=sqrt(x"2+y"2); /[~ FrEiy/x* +y? » A CmpLfi

P(x.y)

(201) Blx, v):=alx?+3°

(%12) diff(PO,y)x);  [B75 055 £ ¢ differ(Fi - BIEES (O] I EY POGY)

Fl1pS X g

x
(Fo02)

_}'2+:{2

(%i3) gL(X.Y):=X/Sart(y"2+x2); IG5 X fnf 55 [ €785 gl(x.y)

i

(%503) glix, y¥i:r=

__F_2+x2



(9614 gLBA) 1 x=3 > y=4 1 gLy g

%43
(0)5

(%i5) diff(P(x,y),y):

s ot 4+ differ(FrB > ol s poe)] IS P(y)

FIFS y Ayt s

¥

_}'2+:{2

(%o05)

(%016) 92(x,y):=y/sart(y"2+x"2); ILRJE]y T sy €72 LR 92(x.y)

F

__F_2+x2

(%06) g2(x, yi:=

(9617) G2(34): 1] x=3 > y=4 ** QM) S

%?4
EOIIS

In this problem the roundd notation is convenient,

(@) _(X y) = W.

0z 3
— (34
ox (34) = 5

[32 +42

6) () = ——.
y

X +y
0z 4 4
_ = — =
5y =7 -

[2+42



Example 3.

Find the partial derivative off (x,y,z) =sin(x’y -z )at the point (10,0) .
The find f (X, y,z) wetreaty and z as constants.

f (X,Y,2) =2xycosk’y - 2) .

f, (X y,2) = x* cos’y - 2).

f (X,y,2) =—-cosk’y - 2).

Thus f, (1L0,0) = 2[1[Mcos(* -0) = O.

f, 100) =1* [cos(® (D-0) =1.

f, (00) =-cos(* D-0)=-1

Solution: (%i1) f(x,y,z):=sin(x"2*y-z); /[~ frErsinx*y -z) » LA F 7
i f(x, y, 2)

(%ol) flx, v, z]|:=sin(:x:2 =z

(%i2) diff(f(x,y,z),x);

BT differ(FB > IR pURBER)|  JISEETT(X, Y,
Z)fl 119 X RS

(%02) 2xv cos(z—x2 )



(%i3) g1(x,y,z):=2*x*y*cos(z-x"2*y); [LKE] X ]’ﬁr'.jff' 53 B fEHE € PERG R gL(X,
Y, 2)

(%503) glisx, v, 2)i=% xycos(z—xz 3

(%i4) g1(1,0,0); //}{é]’ x=1-y=0,z=0f%"* gl(x,y, zZ)FH (i O

(:c4) 0O

(%i5) diff(f(x,y,2),y);

o3 pogn ) ¢ differ(Fle 1053 uRBgn)| ISR Y,

2)f1i y A S)

(%o P cos(z—xz ¥

(%i6) g2(x,y,2):=x"2*COS(z-X"2%y); ILF{ElY [ 475 gy £ ‘1’ £ g2(X, Y,
z)

(EoB) g=2(x, v, z]l:=:>c:2 cos(z—xz 3

(%i7) 92(1,0,0); /K x=1 > y=0, z=0f% " g2(x,y, Z)FH 1

(%o07) 1

(%i8) diff(f(x,y.2),2); [473 [1oF5 % * differ (il > I3 [0 IEEEE A Y,

)Y z At

(F08) —cosiz —:x:2 3

(%19) g3(x.y,2):=-C0S(2-X"2*Y); /L3 z T 5] el £ 7FAE EEL 93(x, Y, 2)

(E09) g3(x, v, zj:=—cos(z—x2 g



(%i10)g3(1,0,0); //}{ﬁ’ x=1>y=0, z=0(%"* g3(x, y, Z)}FH ffi-1

P®ol0) -1

11.4 Total Differentials and Tangent Planes

Example 1.

Find the increment and total differential of theguct function z=xy (Figure

11.4.2).

Solution: (%i1) diff(x*y); |53 [ivt 5 ¢ differ(FrBe > BIioT fU@gn)| 1S
Xy %55 > [EHF= 'Ti”’igéjﬁ T (AR LT > FrE s =5 {772 £l "total
differential” > del(X)[*#%f x e tHoT » del(y) S F%f y @iy

(50l) xdell(wvitwv del(x)

Increment © Az = (X+AX)(y + Ay) — Xy = YAX + XAy + AxAy .

Total differential - dz= gdx +%dy = ydx + xdy .
0X ay

Example 2.

Find the increment and total differential af= x> —3xy~.

Solution: (%i1) diff(x"2-3*x*y"2);

B U differ(FrEr > RIS PURBED)|  IEITHENX® —3xy? BT o (EIPRETE
IR RS AR T IR RS [ R total differential” > del(x)f A x




RHEEST > del(y)t Aty BERLS)

(%cl) (2 x-3 yzjdel(x)—ﬁ v del(yw)

Increment - Az =[(x+AX)* —3(x+ AX)(y + Ay)?] —[x* - 3xy?]
=[Xx* + 2xAX + Ax® = 3xy? — 6xyAy — 3xAy? — 3Axy?
— 6AXyAy — 3AxAy*] —[x* = 3xy? ]
= 2XAX + AX? — 6xyAy — 3xAy? — 3AXy? — 6AXYAY — 3AXAY?
= (2x — 3y?)AX — 6xyAy + Ax* — 3xAy?* — 6YAXAY — 3AXAY? .
0z _

Total differential - 9z _ 2x-3y?, — =-6xy.
0X oy

dz :%dx+%dy = (2x —3y?)dx — 6xydy .
0x ay

Example 1. (Continued)

The product functionz = xy is smooth for all (x, y).
Express Az in the form

Az =dz+ g, AX+ &,Ay.

We have Az = yAX + XAy + AxAy ,

dz = yAX + xAy.

Thus Az =dz+ Ax[Ay.



The problem has more than one correct answer. @weatis £, =0 and &, = AX,

so that

Az =dz+O0[AX + AX[AY = dz + £, AX + £,4y .

Another answer is; =Ay and &, =0, so that

Az = dz+ Ay [Ax+ 0Ly = dz + £,AX + £,4y.

Example 2. (Continued)

The function z = x* —3xy® is smooth for all (x, y).

Express Az in the form

Az = dz+ g,Ax + £,0y

at an arbitrary point(x,y )and at the point (5, 4). We have

Az = (2x - 3y?)AX — 6xyAy + AX? — 3xAy? — 6YAXAY — 3AXAY?,

dz = (2x—3y?*)Ax - 6xyAy .

Then Az = dz+ Ax* — 3xAy? — 6YAXAY — 3AXAY? .

Each term after thedz has either aAx or a Ay or both. FactorAx from all the

terms whereAx appears and\y from the remaining terms.

Az = dz + (Ax — 6yAy — 3Ay?)AX + (—3xAy)Ay .

Then Az =dz+&,Ax+ &,4y,



where g, = Ax-6yAy - 3Ay?, &, = -3xAy.
At the point (5, 4),
Az =dz+ g, AX+ &,4y,

where g, = Ax—24Ay -3Ay?, &, = -15Ay.

Example 3.

Find the equation of the tangent plane to
z=1+sin@2x+ 3y)

At the point (0, 0).

Solution: (%il) z(x,y):=1+sin(2*x+3*y); /[ "~ [fErl+sin@x+3y) - LA T

il z(x, y)

(%0l) z(x, v):=1+=in(2 x+3 v)

(%i2) diff(z(x,y),X);

ko3 ode 4] ¢ differ(Fle  fifoT pURBLE) IR Z(X, )

FIY X ABEe k53

(B0Z2) 2 cos(3 vt+2 x)

(%i3) gL(x,y):=2*COS(3*y+2"X); LR x {55 Byl €78 0 g1, y)

(%503) glix, wvi1:=2 cos(3d vti )

(%i4) g1(0,0); /LK x=0y=0 ¢ gl(x, yy*# ffi 2



(%o04) 2

(%i5) diff(z(x,y),y);

53 [ £ ¢ differ(FBr > pIECIIVREER)]  SfEECZ(X, Y)

RSy RL )

(%o0h) 3 cos(3 w2 x)

(%i6) 92(x,y):=3*c0s(3*y+2*X); L1y fpfios Sepvpfibe €178 E L 92(%, y)

(%0B) g=2(x, vii=3 cos(3 yv+2 x)

(%i7) g2(0,0); /LK x=0y=0 {** g2(x, yyi# fifi 3

(2a7) 3

We have ? (X, y) = 2cos@x + 3y), % (X, y) =3cos@x + 3y).
X Yy

At the point (0, 0),z=1+sin(0+0) =1,

0z 0z

— (00) =2cosQ+0)=2, — (0,0) =3cosQ+0) =3.

0x oy

The equation of the tangent planezs-1=2(x-0)+3(y—- ,0) z=2x+3y+1

Example 4.
Find the tangent plane to the sphexé+y* +z°= 14

at the point (1, 2, 3) (Figure 11.4.7).



Solution: (%i1) z(x,y):=sqrt(14-x"2-y"2); /[~ frlry14-x* —y? » L7 £
L it z(X, )

(20l) =z(x, ¥):=a 14 —x* —3°

(%i2) diff(z(x,y),X);

#53fudE § ¢ differ(FBe > RIS fuRBgn)|  IEEEZ(%, Y)

FIIFS X R gl %)
F

""“I —_Vz —x? +14

(%i3) g1(x,y):=x/sqrt(-y"2-x"2+14); |/ }Hﬁxfﬁﬁ 7 {’&Eﬁy@rﬁ?ﬂqﬂ Eh g1(x, y)

(%02)

iy

A
f\,ll—y'z—x2+14

(96i4) gL(L.2); /] x=1> y=2 [ glx, YRRl

(03] glix

%41
(0)3

(%I5) diff(z(x,y),y); \f‘{wﬁ”?ﬁw : differ(Fbe > £ pURgn)| R (X, Y)
e y T )

¥

""“I —_Vz —xz +14

(%o05)

(%i6) 92(x,y):=y/sqrt(-y"2-x"2+14); /LK%y ]’ﬁﬁ 77 &IV Jﬁ%ﬂﬁﬁ%ﬁtth(x y)

¥

A
ﬂ,ll—_vz—x2+14

(EoB) g=2i(x




(9617) g2(1.2); 1 x=1> y=2 [ g2(x, Y}l 2

2
(%07) —
3

The top hemisphere has the equatipg /14— x* — y* .

Then %(X y) = —; = —5
ox NVENIE . A

2=y =Y
oy T a-x-yt 7
0z 1 oz 2
At(1,2), 2=3 Zag=-1, Zay=--2
(.2, 223 $2)=-7, 2=

Then the tangent plane has the equation

0z 0z
z-3=—(xx-D)+—(y-2),
o XD ay(y )

2-3=-Z(x-+(-2)(y-2),

or x+2y+3z=14.

Example 5.

Given w = xyz, express the incrememiw in the form
Aw = dw+ £, AX + £,Ay + £,A7.

We first find Aw and dw,

Aw = (x+AX)(y +Ay)(z + Az) = xyz



= yZAX + XZAy + XyAz + XAyAz + YAXAZ + ZAXAyY + AxAyAz

MW W ow
ox "oy ' '
Thus Aw = dw+ (yAz + zZAy)Ax + (XAz) Ay + (AxAy)Az .

Figure 11.4.8 picturesdw and Aw.

115 Chain Rule

Example 1.

A particle moves in such a way that

E_g Vop.
dt dt

Find the rate of change of the distance from thiégba to the origin when the particle

is at the point (3, -4) (Figure 11.5.2).

Solution: (%i1) z:sqrt(x"2+y"2); /It~ A@gryx> +y? - 7Lz

(23011 =y +x°

(%i2) depends (Ix,y1.0); {9474 © dependsfyie - AHIAIVREED| /R X
ﬂ[ygﬂ%ptﬂ%g[’ﬁ?
(5o2) [=(t), yit)]

(%i3) diff(z,ty; [f&53 podn 5 - differ(fle fIfko) o) @z gy tidgr
%




0z X 0z _ y

x ey Oy ey

g_%% 0z dy 6Xx 2y
dt oxdt ay dt \/X + y \/X2 + y2
613  2((-4)

CJF+a2 a2 5

Example 2.
Find the derivative ofz =Y/sint , using the Chain Rule. (This can also be done by

logarithmic differentiation.)

Solution: (%il) z:(sin(t))M1/t);  /[E T~ W@EeNsint > FFEPL [z

(201) sin(£)*’*

(%i2) depends ([x,y],1); \ﬁl@ap@;ﬁgq dependsiily - HIAVRRED)|  /IFRE x Al
y [Bﬂltéjféﬁf{’:
(302) [=(t), y(t)]

(o413) diff(z.t); [ 104 7 ¢ differ i o ) i@l /ey z i tidg
%53
(303) . (tjl"'ft cosft) log{sin{t))
o =1n
tsinlt) £

Let x=sint, y:%.

Then z=x".

9z y1 %:(In X)x¥
0x oy
g, Hoo1

dt dt t2

dz o0z dx 0z dy

dt  oxdt ay dt



= yx’™ cost + In(x)xy(—iz)

_ Ysint cost In(smt)\/sm

tsint t2

Example 3.
Suppose the pricez of steel is proportional to the population divided by the

supply vy,

Solution: (%il) z:c*xly; [# -~ g £ Pz
y

c XK

(¥o0l) —
¥

[Miu4f 7] ¢ dependsiy - AHINIVRGY)] /IR X AT

Y A
(F0Z) [=(t), vit)]

(%i3) diff(z,t); [f53 foth £ ¢ differ(Fiily > BIRCT[RH] P2 i L

Bet&os
c|— o H|—
d & d &

(%03)

Find the rate of increase in the price when x =1000000y =10000.

0z _c 0z _ X

ox y oy oy



dz _oz dx 0z dy

— 001x) + (-—
dt ~ ox dt 6y dt ( )+ ( )( \/_)
=c10™* 107 [10° +cn0® E(lO“‘)2 [o°)Y2

=c(1+10) =11c.

Example 4.

Use the Chain Rule to comput#z/ds and 0dz/dt where

2
=X x=4g, y =8 -t°
y

Solution: (%il)x:st; //E "~ "@gyst - &L x

(so0l) st

(%i2) y:s"2-t72; [IF S~ "@lys® —t* » Lty

a

(%02) s5°—t%

2

(%i3) Z:x 2ly; [ — A X7 » EPE P iz

st

(%03)

= —tz

(%ia) diff(z,s); [f3 937 7 * differ(Fil > o) (Ol 1@z it sid
Bet% o)

@ sstz
(Eo0d) — "
(s?-£%)
(o4i5) diff(z.); 53 1037 7, ¢ difter(yyie o o) (0@ ez fl i tid
Iace
z st° £
(%ohb) .

(s%-t%)



0z _2x 0z _ Xx°

ox y ody |y

%=t, ﬂ=28.
0S 0s
%:s, ﬂ=—2t.
ot ot

2
%:g%+%ﬂ:§t—x_2
ds 0xds dyods y y°

2st® 25°t?

T2 —t2 _(82 —t?)? :
2
o2 _ozox ozdy_2x X
ot oOxodt odyodt vy y
_ 25 N 25°t°

As a check, we computéz/ds and 0z/adt directly without the Chain Rule.

x> sit?
z=—-= :

y s? —t2
0z _ (s —t*)2¢t® - (29)s°t* _ 2st®  2s%?
as (SZ _t2)2 SZ _t2 (SZ _t2)2 '
0z _ (s* —t*)(2s°) - (20)s’t® _ 2s’t N 2s°t®
ot (SZ _t2)2 SZ _t2 (SZ _t2)2 '
Example 5.

Let z dependonx and y andlet x=rcosd,y=rsind . Use the Chain Rule to
obtain formulas fordz/or and 0z/06.
Solution: (%i1) x:r*cos(theta); /i~ &gyrcosd » £ fE X

(%o0l) zrcos(8)



(%i3) depends(z,[x,y]);
X Ly F IR
(%203) [zirco=(8), r=in(8))]

ft {035 1) ¢ dependse  AIAIVELE)  IFRE 2 A

(%id) diff(z,r); |53 1947 4 ¢ differ(fpde - fIfET pRBED| ISz [I1pY rE
e

d d
(%od) Siniﬁ}[— z]-f—-:os(ﬁ}[— Z]
d{rsin(8)) dircos(d))

(%5) diff(z theta);
B t)

d d
(%cbh) roco=(@) [— zJ—r sinl(8) [— z]
dir sini@l)) dirco=(g))

B3 ot differ (Bl 0 IR OB Bz [l 6

0z 0z0x 0z0z 0z 0z _.
e e T = P2 cosh + —=sind.
or 9oxor odyar ox oy

0z 0z 0x 0z 0z 0z . 0z
e T - v sin@+ 21 cosb.
90 0x068 0dyal  ox oy

Example 6.
A rectangular solid has sides,y and z. Find the rate of change of the volume
V=xyz if x=1 y=2 z=3 (in feet),

dx dy dz .
—=1 —=-5 — =2 (infeet per second).
dt L dt dt ( P )

Solution: (%i1) depends([x,y,z],t); [{f'#f45 7  dependslily HIN9AagN| 1/
g x y Az JiA ?Jﬁjgl’ﬁ/’:
(50l) [=(t), v(t), =z(Lt)]




(%i2) Vix*y*z; [~ rxyz > £V
(¥0Z) xwv =

(%i3) diff(V,t); %50 At 4y ¢ differ(FrBe oI f%o) pURBEp)  JEREYEV (1Y tid
Bet%o)

%03 4 + a +I:El
EOijdtz Flae ¥ ) lge ¥V

Wehavea—V:yz, a—v=xz, a—V=Xy,

0x oy 0z
dv _oVv dx+6_Vﬂ+a_de

dt  ox dt dy dt oz dt

=28%+13Y 415
dt dt

dt
= 2[3[1+1[3[(-5) +1[2[2 = -5.

Thus the volume is decreasing at -5 cubic feespeond (Figure 11.5.6).

11.6 Implicit Functions

Example 1.
If z=2x+3y, y=sinx,

find 0z/0x and dz/dx when x= Q
Solution: (%i1) z:2*x+3*y; [/~ A@gy2x+3y » FPFfL iz
(20l) 3 wtd x

(%i2) diff(z,x);
Bty
(%o2) 2

53 PUgE 6 ¢ differ(Fre o o 00 pURBE)  ISREYE Z 1Y X A




(%i3) y:sin(x); /g~ Arsinx o PP Iy

(503 =inlx)

(%i4) z:2*x+3*%y;  [[F# T~ W@gr2x+3y > {FafL itz

($o0d) 3 zin(xit2 x

(%i5) diff(%,x); |7 fiodr 4 ¢ differ(Fye o 153 AURBED)| I FSV RSz IS
X TS
(%cb) 3 cos(x)+2

(%i6) x:0; /[t~ ﬁfj'glifo’ £ X
(toB6) O

(6i7) 3*cos(x)+2; Lifx=0 % * Scosx+2 » SFHH S
(%07) 5

%:2
ox

$:%+%ﬂ:2+3cosx.

dx o0x 0dydx

When x= Q %:2+3COSO:5.
X

As a check, we finddz/dx directly.
Z=2x+3y=2x+3sinx.

$:2+3cosx.

dx

When x= Q %:2+3COSO:5.
X

Example 2.

Use the Chain Rule to obtain a formula fdz/dx where z=x and y depends

on X.



Solution: (%il) z:x"y; /[g=F ~ A@grx? - {7l fitz

(%0l) x¥

(%i2) depends(y,x); i 1955 4 © dependsfily - HIAIYRREY)|  IIFRE y A X
?Jfﬁ%f{f
(302) [¥(x)]

(%i3) diff(z,x); |33 045 5 ¢ differ(Splr - ol o7 pORBER)  1ERSYZ 1Py x @
Bet%o)

(303) x¥ [log(x}(iy]-F{J
d x

X

0z 1 0z

— = , — =(Inx)x".

0x % oy (Inx)

% :%-}-%ﬂ = yxy_l +(|n X)Xyﬂ.
dx o0x oy dx dx
Example 3.

Find the slopedy/dx of the circle

X>+y?-4=0

at the point (],\/5_3) (see Figure 11.6.5).

Solution: (%i1) dydx(expr,x,y) := -diff(expr,x)/diff(expr,y); //Z5{[f 1 5

dy _ _0z/ox
dx 0z/dy

—diff{expr, x)

(E0l) dyvdalexpr, x, ¥vi:=
diff({expr, ¥)

(%i2) f:xP2 +yn2-4; [0~ A@grx® +y? -4 > LI

(202) yi+xi-4



(%i3) m :dydx(f,x,y); /GF] £ 7 BT FERESRU A EEELA A m

x
($03) —
¥

(%i4) m : subst([x=1,y=sqrt(3)],m ); //;-{:?j x=1>y=3 " F=tm A HER

1
V3
1
I:%O4:I _..\_I?

Put z=x*+y*-4=0.

At a point (x,y),

0z _ 0z _ dy 0z/ox _ X
—=2X, — =2y, —=- =——.
0x ay dx 0z/ay
. . dy 1
At the given point{,v/3), —=—-——.
given point {+/3) 3

In this problem we can solve foy as a function ofx and check the answer
directly.

y=+4-x2.

dy -2x _ -2 1

o 2Ja-x2 2/4-1 3

Example 3. (Continued)

Find the equation for the tangent line in Example 3

Solution: %i1) dydx(expr,x,y) := -diff(expr,x)/diff(expr,y); /=5 {[F e 12
dy _ _0z/0x

dx 0z/ay

—diff{expr, x)

(%50l) dvdulexpr, s, vi:=
diff(expr, ¥)



(%i2) f:x12 +yn2-4; [0~ ABgrx® +y? -4 > FFEL i

(202) ¥&+x° -4

(%i3) m :dydx(f,x,y); /G £ FC7 BT SRRSO HEELA S m

H
(%503) —
¥

(%i4) m : subst([x=1,y=sqrt(3)],m ); //}{i“j x=1>y=+4/3f8 7 F=tm M HER

1
V3
1
I:%O4:I _..\_I?

(%i5) [X0.Y0] : [1,5art@3)]; /%, =1, = V3
(305) [1,+/3]

(%i6) tangent : y = m*(X-x0) + yO; //EZFA U AL y = m(X = X, ) + Y, }{ﬁ’&ﬁ
Xor Yo (¥ % » AlIf" =6 AN

-1

e —

(508) ¥= e

At the point @,/3),

%:2x:2, %:Zy:Z\/:_B,
0x ay

and the tangent line is

2(x-1) +24/3(y-+/3) = 0.

Example 4.

Find the tangent line and slope of the curve



y+Iny+x®=0

at the point (-1, 1) (Figure 11.6.6).
Solution: (%i1) dydx(expr,x,y) := -diff(expr,x)/diff(expr,y); /75 {1 2
dy __0z/dx

dx 0z/dy

—diff{expr, x)

(%50l) dvdulexpr, s, vi:=
diff(expr, ¥)

(%i2) fry+log(y)+x13; /b — Ay +Iny+x® > £ fitf
(%02) logly)+ty+x’

(%i3) m :dydx(f,x,y); /GF] £ (7 BT FERESERY S EEELA S m

-

203 2
(0)—1

—+1
¥

(%i4) m : subst([x=-1,y=1],m); //}ifﬁ’ x=-1>y=1F* == mfliplr o fHERE —g

o4 ?
(Fo4d) >

Put z=y+Iny+x>.

Then %:3 2, %:1+1

0X oy y

At (-1, 1), %=3, %=2.
0x oy

Tangent Line ~ 3(x+1)+2(y-1) =0.

Sope - d__3 .
adx 2
Example 5.

Find the tangent line and slope of the level curfvine hyperbolic paraboloid

z=x*-y?



at the point (a,b) (where b # 0) (Figure 11.6.7).

Solution: (%i1) dydx(expr,x,y) := -diff(expr,x)/diff(expr,y); //ZH{fF e 1
dy __0z/ox

dx 0z/dy

—diff{expr, x)

(E0l) dyvdalexpr, x, ¥vi:=
diff({expr, ¥)

(%i2) Z:x"2-y"2; IIH - X +y? - {7z

(202) x°-y°

(%i3) m :dydx(z,x,y); /LT[0 By FRRERA A HE] A S m

(%03)

|

(%i4) m : subst([x=a,y=b],m); //}{fj’ x=a- y=b f** = m i[> § ?U,%‘M&:%

(%o4)

oA

(%i5) [x0,y0] : [a,b]; //F%x0 =a,y,=b
(505) [a, Bb]

(%i6) tangent : y = m*(x-x0) + yO0; /A AU 20 y = m(X = %) + Y, }{ﬁ’&ﬁ
Xo) Yo (&7 Al st A=

F(x—a)

(o8] ¥= T+

b

The level curve has the equation
X2 — yz =a?-b?
x> —y*—-(a®-b*) =0.

Put w=x*-y?-(a®*-b?*) = 0.



Then — =2x, — =-2y
X oy
At (ab), Mo2a Mo o
0Xx oy

Tangent Line - 2a(x—a)—-2b(x—-b) =0.

Sope - ﬂ:-ﬁ:g_
ax -2b b
Example 6.

Find a—W(x, y) and a—W(x, y) where
oX oy
w= x> +2y®+3z°, z=e*",

Solution: (%i1) z:(%e)\G*x+y); /g — frire™ » £tz

(301)] 3e¥*t X

(%i2) W:x"2+2%(y"2)+3*(2"2); [IF T — FrEx® +2y* +32% - £ fiw

(302) 3 3e’ YHIEI o 242
(o%i3) diff(w,x);  [i53 1037 7, ¢ difter(yyie o 50 @0 el w lio x
)

(203) 30 %2 '¥FH2¥l o

(%id) diff(w,y);  [%53 pufp 4y ¢ differ( > BIEOTRVR@ER)] IS w Yy
ey

(304) B %

eZ [w+5 K]+4 v
a—W(x, Yy, Z2) = 2X, a—W(x, y,2) =4y, a—W(x, Y,2) =6Z.
0x oy 0z

% - 585x+y % = e5x+y )
ox Ty

Then Z—W(x, y) = 2x + 6z [Be>*Y = 2x + 30ze™"Y
X



= 2x + 30’V

‘;_W(X’ Y) = 4y + 62 |]35X+y = 4y + 682(5x+y) .
y

Example 7.

Find the tangent plane to the ellipsoid

x> +2y*+3z2° =6

at the point (1, 1, 1) (see Figure 11.6.10).

Solution: (%i1) dzdx(expr,x,z) := -diff(expr,x)/diff(expr,z); //Z5 {1+ I

g:_aF/ax
dx oF /0z

—diff{expr, x)

(%3ol) dzdzl{expr, x, 2i:=
diff({expr, =)

(%i2) dzdy(expr.y.2) = -diff(expr.y)/diff(expr.z); /5 Ff 15 1435 92 = ~OF 1Y
dy  OF/oz

—diff{expr, ¥)

(%02) dzdviexpr, v, 2):=
diffi{expr, =)

(%i3) Fix"2+2*y"2+3*272-6; [[H !~ Adilix® +2y? +3z22 -6 - {7 F
(203) 3 z°+2 yi+x’ -6

(%i4) m1 :dzdx(Fx,z); [GFf F (0 2% SRSV 2 HEff LR E ml

(%o0d) ——

(%i5) m2 :dzdy(F.y,z); /6] F {7 57 FAEESEU 0 @A LR m2

2 ¥
(%cb) ——
3=



(%i6) m1: subst([le,y=1,z:1],m1);//}-{iﬁ’ x=1>y=1>z=1{%"* = ml{fif[1»
1
fal [ B et
JRI -3

%06 -
(%06) 3

(%i7) m2: subst([le,yzl,zzl],mZ);//}{ij x=1>y=1>z=1{%" =X m2 i1~ H

2
ER[F-=
17 3

o7 2
(%o7) 3

(%i8) [x0,y0,z0] : [1,1,1]; //I?;“x0 =ly,=1z,=1

(so08) [1,1,1]

(%i9) tangent : z-z0 = m1*(x-x0) +m2*(y-y0); /[t Fu ] [ 2 241
2=2y =My (X=%0) + My (Y = Vo) » IRl X, Yo, 2o [ F  ZTH A A
ZiFr-11 x-1
3 3

(%cf) z-1=

Put F(x Y,2) =x*+2y*+3z° - 6.

Then F,(x,y,2) =2%, F,(x,y,2) =4y, F,(xy,2)=6z.

F,A)=2 F @)=4 F,@Q1)=6.

The tangent plane has the equation
2(x-D)+4y-1)+6(z-1) =0.
Find 0z/dx and 0z/dy at(1,1,1).

x F,@) 6z 3z
oz__F W) _ _4y_ 2y

dy F, @ 6z 3z



At(1,1,1), %=1 9
0X 3 oy

2
5

11.7 Maximaand Minima

Example 1.

Find the maximum and minimum of = x* + y* - xy — X on the closed rectangle
O0<x<10<y<l.

Sepl - The region D is sketched in Figure 11.7.4.

Sep2 - %=2x—y—l g—§:2y—x.

Sep3 - 2x-y-1=0, 2y-x=0.

Solving for x and y we get one critical pointy:%, ng.
The value of z at that point is
2 1 2 2 1
2=+ () -2 -2=-1
3 3 33 3 3
Sep4 - We make a table.
Boundary Line z Maximum Minimum
x=0, O<y<1 y? 1 at (0, 1) 0 at (0, 0)
x=1 0<y<1 y? -y 0 at corners _1 t(ll)
4 2
y=0, O0sx<1 X% =X 0 at corners _1 t(l,O)
4 4
y=1 0Osx=<1 x? +1-2x 1 at (0, 1) Oat(1,1)

The values from Step3 and 4 are also shown orkigtetsof D in Figure 11.7.5.

Example 2.

For a package to be mailed in the United Statgsalbgel post, its length plus its girth



(perimeter of cross section) must be at most 8daacFind the dimensions of the
rectangular box of maximum volume which can be etbily parcel post.

Sepl - Let x,y, and z be the dimensions of the box, with the length. We
wish to find the maximum of the volum¥ = xyz

given the side condition

length + girth = z+ 2x + 2y = 84.

We eliminate z using the side condition and expregs as a function ofx and
y.

z=84-2x-2y,

V =xy@84-2x-2y).

Since x,y, and z cannot be negative the domain is the closed tigang

0<x, O<y, 0<84-2x-2y.

This is the same as the closed region

0<x<42 0<y<42-X.

The region is sketched in Figure 11.7.6.

Sep2 - %—V:84y—4xy—2y2,
X

a—\/:84x—2x2—4xy.

oy
Sep 3 - 84x-4xy—-2y® =0,

84x—2x* —4xy =0.

Since x>0 and y > 0 at all interior points, we have
84-4x-2y =0,

84-2x-4y=0.

There is one critical point

x=14, y=14

V = (84-28-28) (1404 = 2(14)°.



Sep4 - On all three of the boundary lines
x=0, y=0, 84-2x-2y=0
we haveV = 84-2x-2y)xy= 0
Therefore the maximum value &f on the boundary ofD is 0.
Conclusion The maximum ofV is at x=14,y =14, where V = 2(14)°® (Figure

11.7.7). The box has dimensions

x=14, y=14, z=28.

Example 3.
Show that the functionz=¢€*Iny has no maximum or minimum.

Solution: (%il) z:(%e)*x*(log(y)); /[ "~ frire Iny » &7

(201) %e® logiy)
V4

(%i2) diff(z,x); |53 of5 4 ¢ differ(ie > 1050 jURBER)| ISR Z Y x et

[
71

(202) %e® logiy)

(%i3) diff(z,y); 335 - differ(Fi - pifks [oale) sz [y Brfkss

X

te
(E03)

F

(%i4) solve(((%e)X)ly,y); [LAH="4 1) ¢ solve(hAH=S » Adgy)| /F=FE A= 1

e < AR LEI Zp[ o 5
v ARGy o HH

(so04) T[]

The domain is the open region

—0<X<o0, 0<y<o,



The partial derivatives are

0z _ 0z _€"
=e’lny, —=—.
0x ay 'y

There are no critical points because/dy is never zero. Therefore there is no

maximum or minimum.

Example 4.

Show that the functionz = x> + 2y* has no maximum.

Solution: (%i1) z:x"2+2*(y"2); [/~ [yblex® +2y* » £z

(20l) 2 y°+x°

(%i2) diff(z,x); [%73 pUtE 5 ¢ differ(Br > BIEOTEVRBGL)] ISz [ x
Brtkss
(%021 2

(%i3) diff(z.y); [ ol ) ¢ differ(fiyle - pI S poRagn| BBz (o y e
i)
(E03) 4 ¥

(%i4) solve(4*y,y);
Hrrhy o HE]i y=0
(fod) [w=0]

HENE T solve(AHE - ABRR) A dy - @

(%i5) solve(2*x,X);
Bl x o 2] x=0
(%cb) [x=0]

HAR ] ¢ solve(RHEY - ) JIRE RSN 2x -

The domain is the whole plane.

We have% = 2X, 9z =4y.
ox ay



There is one critical point at (0, 0). At this pire=0. This is not a maximum
because, for examplez=  at (1, 1). Hencez has no maximum.
Notice that z has a minimum at (0, 0) becausé +2y” is always = 0 (Figure

11.7.9).

Example 5.

Find the point on the plandx -6y +2z =7 which is nearest to the origin.

Solution: (%il) z:(1/2)*(7-4*x+6*y); /[ ﬁ*@r—ﬁ 4x+6y) - LIz

BF—4 x+7

(%ol) -

(%i2) W:x"2+y"2+272; IIH T - [FErx® +y? + 22 0 EFEL i w

(6y-ax+7)
(302} P +32 4 x

(%i3) diff(w,x); [#55 o355 ¢ differ(Fil - B BoS ORBER) 1w IS X
Bty
(303) 2x-2(6yv—4x+7)

(%i4) expand(%); Jr=1 = Bl 5 ¢ expand(hAHFY) /R S0

71
T 4

(304) —-12 3w +10 x—-14

(%i5) diff(w,y);  [f&775p ? - differ(FEe {E;ubfrmﬂﬁﬁglej| TPy R w plipy y
=i eN

(305) 3(6y—4 x+7)1+2 ¥

(%i6) expand(%); Ji= il 471 7]+ expand( A= 20) P
(fo6) 20 vw—-12 x+21




(%i7) solve([-12*y+10*x-14,20*y-12*x+21],[X,Y]); |%1E?“?ﬁ—ﬁ : solve(H A= »
[P0 1 =14 410x =12y = 021-12x+ 20y = 0 > At x >y »
3

: 1
L x ==,y =——
lfex=2.y=-7

1
(507) | [X=E; y=-—11

Sep 1 - The distance from the origin tdx,y,z is \/m It is easier to
work with the square of the distance, which hasr@mum at the same point that the
distance does. So we wish to find the minimum of

w= X +y? + 27

given that 4x-6y+2z= 7

We eliminate z using the plane equation.

:1(7—4x+6y),
2
w=Xx>+y? +%(7—4x+6y)2.

The domain is the wholdx,y plane.

Sep 2 - g_vv = 2x+2G£11(—4)(7—4x+6y) =-14+10x—-12y.
X

g_vv = 2y+2[—]£11E(6)(7—4x+6y) =21-12x+20y.
y

Sep3 - -14+10x-12y =0,
21-12x+20y = 0.

Solving for x and y we get one critical point

2’ 4

Conclusion We know from geometry that the is a point on thenplwhich is closest
to the origin (the point where a perpendicular lirem the origin meets the plane).

Therefore w has a minimum and it must be at the critical point



Example 6.

Find the maximum and minimum, if any, of the fupati

1
ST Py
Solution: (%il) Z:L/((x+y)"2+(x+1)"2+y"2); [~ [l
1
(x+y)? +(x+D* +y*

 EPEL iz

1

(%ol
{y+x}2+y2+(x+l}2

(%i2) diff(z,x);
Bty

RS odn a ¢ differ(Flly - pIrgo) fORBRR) SRS Z s x @

ZlpFpt+xI+2(x+1)
[Fo2d)

z
(prxit+pleixe 1))

(%i3) diff(z.y);
i)

ko3 g 4] ¢ differ(Frl - frfoT pURBRE) IRz flipo y @

Z{F+EI+2 ¥
(E03)

z
(prxit+pleixe 1))

(%i4)
SOIVe([-(24(y+x)+2* (x+ 1)) ((y+X) 24y 2+ (x+ 1) 2)) 24 (x+y)+2*y) () 2y
2+(x+ 12y 2L [k [T ¢ solve(uAE= - @) /I AR 1

2(y+Xx)+2(x+1) 2(y +X) + 2y o o

- LI\ =% ML’I 3 5 { N 7i£

(y+ %)%+ Yy +(x+D?)? ((y+x)° +y?> +(x+1)?)? Ry HE
X:—E y:}
37 3

1
(5o0d) [[x=-—7 jf:;] ]



Sep 1 - The domain is the whol€x,y) plane because the denominator is always

positive.

Sep2 ¢ L= {20+ y)+ 20+ DX+ )7 + (x4 4y,

g—;=—[2(x+ y) + 2y][(x+y)? +(x+1)? +y?]

Sep 3 - The partial derivatives are zero when
2(x+y)+2(x+1) =0, 2(x+y)+2y=0,
or 2x+y+1=0, x+2y=0.

The critical point is

x=—g, y:E, and z=3.
3 3

Sep4 - Let E be the hyperreal region
-H<x<H, -H<y<H
When H is positive infinite.

Sep 5 At a boundary point ofE where x=+H,(x+1)? is infinite so z is
infinitesimal. At a boundary point whergg =+H , y” is infinite so again

z is infinitesimal.
. , " . 1
Conclusion z has a maximum of 3 at the critical pomt—%,é). 2z has no

minimum.

The region E is sketched in Figure 11.7.12.

Example 5.
Find the dimensions of the box of volume one withauop which has the smallest

area (if there is one). The box is sketched in F&dil.7.13.



Solution: (%i1) z:1/(x*y); /3~ E}‘[Q\'f% » B iz

1
(%0l) —
Xy

(%i2) AX*y+2*x*z+2%y*z; [/ - E}‘[Q?XY*'%*L; PR A

2 2
(¥0Z) x yvt—1—
_'P" s

(%i3) diff(A,x); %53 pudE 1 - differ(Fplle > fel %) Elf’ﬁﬁ*gld //%F}*@?A FITFS X
i
z
(503) ¥y—
Xz
(%id) diff(Ay);  [f53 od5 5 ¢ differ(fl > BIROTOR@E0]  IBTECA fliEY y
RRE TR

z2
(%04 :x:——2
¥

(%i5) solve([y-2/(x"2),x-2/(y"2)],[x,Y]); |¢J?E?“f§fﬁ . solve(H A= ’%@@\ /l

PR L y - X B Xy X =2,y = Y2
X

2

(%o0b) [[x=1.25992109538175%, vw=1.258821085381759], [x=
1.0911236355971721 %1 -0.62995052494744, v=1.081123635971721
51 —-0.62996052494744] , [x=-1.091123635971721 %1 -
0.629960524594744, vw=-1.0911=23635971721 %1 —0.62996052494744 ]

]

Sepl- Let x,y,and z be the dimensions of the box, with the height. We want

the minimum of the area
A=Xxy+2xz+2yz

given that



xyz=1.

Eliminating z, we have z = 1 :

Xy

A:xy+g+g_

y X
The domain is the open region>0,y > (@ee Figure 11.7.14).
Sep2 - a—A=y—%, a—A:x—%.

0X X oy y
Sep 3 - y—%:o, x—%=0.

X y

The critical point is x = 32, y= 32,

where A=2%%+2[273 +2[27V% =22/3 + 2573,

Sep 4 - Take for E the hyperreal regions<x<H,s6<y<H where ¢ is
positive infinitesimal andH is positive infinite.

Sep5 - Let (x,y) be a boundary point oE. As we can see from Figure 11.7.15,
there are four possible cases.

Casel x isinfinitesimal. Then A is infinite because2/x is.

Case2 y isinfinitesimal. A is infinite because2/y is.

Case3 x is notinfinitesimal andy is infinite. A is infinite becausexy is.

Case4 vy is notinfinitesimal andx is infinite. A is infinite becausexy is.

Conclusion A is infinite and hence greater tha?f’® +2%* on the boundary ofE .
Therefore A has a minimum at the critical point = 32, y= 2.

The box has dimensions=%/2, y= 32,2=

2

1
Xy

11.8 Higher Partial Derivatives

Example 1.



Find the four second partial derivatives of
z=¢"siny+xy?.

Solution: (%i1) z:(%e)"x*sin(y)+x*(y"2); /g — (ke siny +xy® » £
z

(201) %e® siniy)i+x _Vz

(%i2) diff(z,x); [0 it ¢ difter(Fr - ol o) porBl) Yz s x i
Betko)

(2021 %e® zin(yit+ty®

(%iI3) diff(z,y); \f%f;’} pufE - - differ(Frile o ol %55 F[fﬁ@g@j I Er Z FHpY y 7
Bet&o)

(E03) ze® cos(yite x v

(%i4) diff(z,x,2);
Rl ko) 2%

3 [ £ ¢ differ (il > B PORERY]  EHF B Z 1179 X

(%04) %e® siniy)

(%i5) diff(z,y,2):
RSy 2%

B fof 4 ¢ differ(Fr > RIS OB e Z TPy

(305) 2 x-%% zin(y)

(%i6) diff(%02.y);
B t)

(206) %e® cosiyi+2 v

(553 pdg 0 - differ(Fpie > fel %50 g':ﬁ@g@\ IEE1%02 14y

(%i7) diff(%03,x); |73 Vi1 ¢ differ(frie > Brgss gfﬁ@;@‘ IFEEF%03 [l 1% X
(=N

(307) %e® cosiyvi+2 ¥

0z . , 0Z
—=e’siny+y°, —=e’cosy+2xy.
0x ay



0
— a—(e siny+ y?) =e*siny,

— i(e cosy + 2xy) = —e”*siny + 2X.

0°z
x>
0°z
ay> oy
0°z

—i(e siny + y?) =e*cosy +2y.

0yox ay
0°z
6x6y 6

Notice that in this example the two mixed secondigia 0°z/dydx and 0°z/dxdy

are equal. The following theorem, shows that itasjust a coincidence.

Example 2.

Find the third partial derivatives of =e* siny.

Solution: (%i1) z:(%e)N2*x)*sin(y); //F ™~ [Hire* siny » £tz

(201) 2e®®zin(y)

(%i2) diff(z,x); f%(;’}ﬁlfiﬁ—ll differ(Fyglv > Eis) lLﬁ%’@d IBATEy B 2 FIIFS X Aeh
3iael

(202) 2 22 zin(y)

(%i3) diff(z.y); [ [T 5, - difter By o P OB iz fl1fio y i@
Bk

(203) 3e® ¥ cos(y)

(%i4) diff(z,x,2);
Rl tkoy 2%

e  differ(File > B PURBED)| MRSz P9

(204) 4 %2 zin(y)

(%i5) diff(z,y,2);
BT 27

53 L differ(FrEe > FIEG) puRBgD) Iy Z flfoy

(205)] —%e ¥ gin(y)



(%0i6) diff(%02,y);
B

S fodn 4 ¢ differ(Fii - fIREOT PVRBLE)  JE%02( 1Yy

(206) 2 2% cos(y)

(%i7) diff(%03,x); [#%5) (045 1 © differ(F8 > RIFET (0] /51%03 119 x
et

(207) 2 3e” % cos(y)

(%i8) diff(z,x,3); [f#5) (1474« differ(Firfie > o) @) /I Z it x
BT 35

(208) 8 %e® ¥ sin(y)

(%i9) diff(z,y,3);
iy 3%

53 foti )« differ(Fiily > RIS OB ez fIEo y

(200] —%e ¥ cos(y)

(%i10) diff(%04,y); |55 fiud 4y © differ(Fjje » o155 pURdg)| /%04 1fY y
= iae

(3010) 4 3e® % cos(y)

(%i11) diff(%05,x); |5 fiu4r; 4 : differ(Fly - fI#3 fURal0)] /%0819 x
Cliaced

{%o0lly -2 2ol ¥ ziniv)

9z _ 2e*siny, 9z _ e’ cosy.
ox ay

0%z . . 0°Z _ ..

— =4e”*siny, — =—-e”*siny.

ox? oy ’
2 2

0z _07z =2e”* cosy,

0yox  0xdy
3 3

% =8e™siny, —5 = -e”* cosy
9° ’

> 2; = 4e”* cosy, aaTz=-262XSiny-
X0y xoy



Example 3.

If z=1f(x,y) has continuous second partials=rcosgd, and y=rsiné, find
a°z/or?.

Solution: (%il) x:rcos(theta); /&=~ #@&Lyr cosd » AL fix

(250l) r cos=ia)

(%i2) y:rrsin(theta); //E " — &g sing » &Ly

(502Z) rs=inld)

(%i3) depends([z],[x,Y]);
HIX ~ yﬂ%%l’%ﬁ
(%03) [z({r cos(8), ¥rasiniail]

F1EMI9TE €7 ¢ dependsii HIPMIVRBGR] /4 2

(%i4) diff(z,r);
Bet% o5

d d
(%04) sin(g)|l— z|tco=(8)|— =
d{rsin(g)) d{recos(a))

(553 padg 0 - differ(Fpie > fl %50 FI’U/%‘@@‘ I8y z [l1pY r g

(%i5) diff(z,r,2); |53 [ofs% ¢« differ(Fl » IR VRBE) 1SSz FlIpY 1
RErTET 2%
(%c5) =inla)

d¢ 42
z [tcos(8) ) z ||tcos(d)
a(x? sin(e)?) d(rcos(O)d(r sinl8))

sinl8)

d° , a2
z|+tsin(8) . Z
d(rzws{e}z) dircos(@Vd(rsin(a)

cosia)




(%i6) expand(%); //*'] expandfF’[ /'\J S5 R g2

. 2 a4 2 d°
(%0cA) =in(a) z|teoco=ia) z|+2 co=ia)
a (22 sin(e)?) a (22 cose)?)

dZ
=in(a) z
dircoz(@Nd{xr sinl8))

We use the Chain Rule three times.

%zg%+%ﬂz%cos€+%sin9.
or oxor dyor ox oy

— = 9 (coseg) + 9 (sineg)
or ox" or oy

= cost9i (Q) + sim9i (%)
or 0x or oy

2 2 2 2
= (220X, 020, o0 (020X, 0 20Yy g
Ox~ dr dyox or Oxdy or  gy“ or
2 2 2 2
:a—zzc03249+ 0z sindcosd + 02 cosHsim9+a—zzsin26
0Xx 0yox oxoy oy
2 2 2
:a—fc03249+2 92 sin@cos@+a—zzsin26?.
0X oyox oy




