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101 VECTOR ALGEBRA
Examplel  Find the components of the vectors represented by the given directed
line segments.

@ (32),(5)).
X -component = 5-3 = 2, y -component = 1-2 = -1.

X -component = 2-0 = 2, y -component = -3-(-2) = -1.

(il) A:3,2];
(301) [3,2]

(%i2) B[S, 1];
(302) [5,1]

(%i3) B-A;
(303) [2,-1]

(%14) C:[0,-2];
(%o0d4) [O0,-2]7

(%15) D:[2,-3];
(%05) [2,-37

(%i6) D-C;
(306) [2,-1]
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|! znuplot graph

3.53?5’5, -4.26131

(%1118) load(draw)$
draw2d(xrange = [-6,6],
yrange = [-5,5],

head_length = 0.2,

vector([3,2],[2,-11),

vector([0,-2],[2,-1]),

line_type = dots,
xaxis=true,xaxis_color=blue,yaxis=true,yaxis_color=blue);

(%0119) fgr2d{vector, vector)]

Example2  Let A bethe vector with components -4 and 1, and let P be the point
(1, 2). Find Q sothat W} represents A.

Q hasthe x-coordinate 1+(-4) = -3 and the y -coordinate 2+1 = 3.
Thus Q= (-3, 3).
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(%18) A:[-4,1];
($08) [—4,17

(%110) P:[1,2];
(3010} [1,2]

(%111) Q:P+A;
(30ll) {-3,3]

U8 cuplot graph

2

1.??13’@. 3.36872

(%15) load(draw)$
draw2d(xrange = [-6,0],
yrange = [-2,5],
head_length = 0.2,

vector([1,2],[-4,1]),
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line_type = dots,
xaxis=true,xaxis_color=blue,yaxis=true,yaxis_color=blue,label(["A",-1,2.8]));

(2oa) [gr2d{vector, label)]

Example3  Thevector A with components 3 and -4 has length

|A=3?+(-4)? =5.

(%112) sgrt(372+(-4)"2);

P3olZ) G

Example4d LetA=2-5, B=i+3|.
(@ FndA+B, A-B, -A,and6B.
A+B = (2+1)i +(-5+3)] =
= (2-1)i +(-5-3)j =i -§
~A=(-1)A = (D2 +(-1)(-5)j =-2i +5j,
6B = 6(i +3j) = 6i +18j.
(b) Find the vector D such that 3A + 5D = B.

5D= 3A+B,
D= 1(—3A+B).
5
= Lz2+ i+ (3em) +3)
5 5
18.
=i+ —j.
5

(%115) A:[2%1,-5%]];
(30l15) [21,-5 5]

(%116) B:[1*1,3*]];
(%3o0lé) [1,3 77
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(%117) A+B;
(30l7) [31i,-2 7]

(%118) A-B;
(30l1B) [1,-8 7]

(%119) -A;
(3019) [—-2 31,5 3]

(%120) 6*B;
(2020) [6 41,18 7]

(%121) D:1/5*(-3*A+B);

15 j
(8021) [-1,——]J

Example5  Atriangle has vertices (0, 0), (2, -1), and (3 ,1). Find the vectors
counterclockwise around the perimeter of the triangle and check that their sum
isthe zero vector.

Thethree vectors are
A =(2-0)i + (-1-0)j =2 —|,
B=(3-2)i +(1-(-1) =i+ 2,
C =(0-3)i +(0-1)j =-3i .
Their sumis
A+B+C=(2+1-3)i+(-1+2+(-1))] =0i +0j.
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(%0124) A:[2*1,-1%3]-[0,0];
(3024} [21,-7]

(%125) B:[3*1,1*5]-[2%1,-1*]];
(3025) [1,2 3]

(%126) C:[0,0]-[3*1,1%*]];
(3026 [-331,-7]

(%127) A+B+C;
(%027 fO,0]

-3

3.1130'12, 5.19698
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(%i25) load(draw)$
draw2d(xrange = [-2,5],

yrange = [-3,5],
head_length = 0.2,
vector([3,1],[ -3,-1]),
vector([0,0],[2,-1]),
vector([2,-1],[1,2]),
line_type = dots,

xaxis=true,xaxis_color=blue,yaxis=true,yaxis_color=blue,
label(["A",1,-0.8]),label(["B",2.6,-0.2]),label (['C",1.2,0.8]));

(#0Z6) [gr2d{vector, vector, vector, label, label , label)]

Example6  Findtheangle between A=3i —4j andB =i +].
|A=/3%+(-4)2 =25 =5,
B|= V12 +12 =2,
B- A=(3-1)%+(-4-1)? =4+ 25 = /29,

A" +[B-[B-A" _25+2-29

0= =
248 252
.2 _ 2
10/2 10
0 =arccos[—£].
10

@O0
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(%128) norm(x,y):=sqrt(x 2+y"2);

(%o0Z8) norm{x,y}-‘=*u|xz ""_':-f’2

(%129) A:norm(3,-4);

(Eo02%3) 5

(%130) B:norm(1,1);

(2030) ~/2

(%132) norm((3-1),(-4-1));
{3032) /29

(%134) cosP:(25+2-29)/(2*5*sqrt(2));

%034y —

1
542

Example 7  Find the unit vector and direction cosines of the given vector.
First find the length., then the unit vector, and then the direction cosines.

@ A=2i+j |A=v22+12=45

Unit vector = A = 2+ ]
A 5
Direction cosin&-(i-ij
J5 5
(b) B=5i-12 B =52 +(-12)* =169 =13
Unit vector = E = M
B| 13
Direction cosines = (E,—g)_
13 13

@O0
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j

NiR

Unit vector = =]

-h\H‘

Direction cosines = (0, 1).

(%138) norm(x,y):=sqrt(x 2+y"2);

(%038 norm{x,y}-‘=*u|xz ""_':-f’2

(%139) A:[2%1,1%]];
(#2035 [= 4, 3]

(%140) U:A/norm(2,1);

L.
(toa0) (==, T 7

A5 Afs

(%141) B:[5*1,-12%]];
(3041) [5 31 ,-12 ]

(%142) Bmorm(5,-12);

(5042) {51‘ lzj;
. S
137 13

(%143) C:[0,5/4];

i
%043 0,—
(%o » o r r‘}j

(%144) Clnorm(0,1/4);
($o044) [0O,F]

CRENEIRS S

1

_ 1. gz Ly L
© C= Cl=0%+ (D% =7
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Example8  Find the vector A which has length 6 and direction cosines
(-1/2,4/312).

A = 6(-1/2)i + 6(~1/3/2)j =-3i + 3+/3]

(%146) A:[-1/2,5%sqrt(3)/2];
ERN N

5046 _
(2o }fz’z

I

(%147) 6*A;

(%047) [-31,3%7%2 57
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102 VECTORS AND PLANE GEOMETRY
Examplel  Find avector equation for the line through the two pointsA(2, 1) and
B(-4, 0). Thevector D = B — A from A to B isgiven by
D =(-4-2)i + (0-1)] =-6i .
Since A isaposition vector and D adirection vector of the line, the line has
the vector equation
X=A+tD
=2i+j+t(-6i ).
In general, the line L through points A and B has the vector equation
X =A +1(B-A) because A is aposition vector and B-A isadirection
vector of L.

(%149) A:[271,1%]];
(#2085 [2 4, 3]

(%150) B:[-4*1,0%5];
(%050) [—-4 1,07

(%151) D:B-A;
(%051) {—641,—7]

@O0
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|! gnuplot graph

1.6

147
127

1t
087

067

02t o

o/./

X/6+213

o
v

discretel | r

-0.2

-2.13803, 01471737

(%132) xy:[[-4,01,[2,111%
(%133) plot2d([discrete, xy], [style,points])$

(%134) plot2d([x/6+2/3],[x,-5,5]);
LEo34)

(%152)

plot2d([[discrete,xy], x/6+2/3], [X,-5,5],
[style, [points,5,2,6], [lines,1,1]]);
{%052)
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Example2  Find avector equation for thelinein Figure 10.2.8:
2x—-3y=1.
Sep 1 Find two points on the line by taking two values of x and solving for y.

1 1
x=0, 0-3y=1, =-=., (0-=
y y 3 ( Q

x=1, 2-3y=1 y=
Sep 2 Find a position and direction vector.
) 1.. 1.
P=0i+(-=>) =-=].
(QJ 3
. 1 1. . 2.
D=@Q-0)i+(= -(-=)=1+ =
(1-0) (3 (3m 3)

Sep 3 Use Theorem 1. The vector equation is
X=P+tD

1. . 2.
=——1 +t(1+—
3 ( 3D

(%160) P:[0%1,(-1/3)*]];

(hﬂ)fm—éj

(%157) D:[1%#1,(1/3)*3]-[0%1,(-1/3)*]];

2
(%o0l37) (1 ,T_F

(%161) X:P+t*D;

2ic 3

tosl |t
(%o06ly [1t, 3

@O0
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® ciuplot graph
1
//
A
05 A
s
.//
o 0 o -
= =
+=)I( /
d
T .05 /
-//
-1 2 /
v
e
-1.5 ' ' ' :
-1.5 -1 -0.5 0 0.5 1 1.5 2
-0.472225, 0.261842 X
(%i63) plot2d([(2*x-1)/3],[X,-1.5,2]);
(3063)
Example3  Find ascaar equation for the line in Figure 10.2.9
X =-4i +] +1(i+6j).
First method By Theorem 1,the line has the equation
Xdz - yd1 = p1d2 - p2d1’
6x—y=(-4)-6-1-1,
6Xx—y=-25.
Second method  We convert the vector equation to parametric equations and then
eliminatet.

Xx=—4+t, y=1+6t,

t=x+4, y =1+ 6(X+ 4).
y =25+ 6x.

Thisis equivaent to the first solution.

B T T

) © &
P R



http://www.npue.edu.tw/academic/math/index.htm

(%169) P:[-4*1,1%]];
($062) f—41,9]

(%170) D:[1#1,6%]];

(3070} (1,6 7]
(%171) X:P+t*D;
{3071y [1it—-41i,6Ft+7]

(%175) 'x=-4+t;

(%o075) x=t-4

(%176) 'y=1+6%t;

(3076) yv=6t+1

(%162) y(0):=1+6*t;

(3062) y(t):=1+6t

(%163) y(x+4);

($063) G(x+4)+1
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1B cnuplot graph

. -4 2 i 2 4
145534871 53:1 5589

(%:i70) load(draw)$
draw2d(xrange = [-6,5],
yrange = [-5,6],
head_length = 0.2,

vector([0,0],[-2,0.5)]),
vector([-2,0.5],[0.5,3.3]),

line_type = dots,
xaxis=truexaxis_color=blueyaxis=true,yaxis_color=blue,
label(["P",-0.8,1]),label(["D",-2.2,2.3]));

(2c071l) [gr2d{vector, vector, lakel,  labkel)]
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Example4  Determine whether the three points
AL3), B(2,5), C(310)

areon the sameline.
Theline L through A and B has the vector equation

X=A+t(B-A)

=i+ 3 +(i +2)) = (1+t)i + (3+2)).

Theonly point on L with x component 3 is given by

3=1+t, t=2, P=3i+7.
Since C is another point with x component 3, Cisnot on L. ThereforeA,
B, and C are not on the same line, as we see in Figure 10.2.10.
Some applications of vectors to geometry follow.

I couplot graph

L | ' | ' | discrete] M
3'%-1
20 1 T

10 1 }

20+

-30 ' ' ' ' ' ' '
-8 -G -4 -2 0 2 4 6 8 10
10.1258, 10.3303 X

(%121) xy:[[3,10],[2,5],[1,2]1$

(%122) plot2d([discrete, xy], [style,points])$

@O0
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(%123) plot2d([3*x-11,[x,-8,10]);
LEozZ3)

(%128) plot2d([[discrete,xy], 3*x-1], [x,-8,10],
[style, [points,5,1,6], [lines,1,1]]);
(%028)

Example5 Let A and B betwo distinct points. Prove that the midpoint of the line
segment AB is the point P with position vector P = %A + % B.
PROOF We shall prove that the point P ison the line AB and is equidistant from A
and B. The line through A and B has the direction
vector D =B - A. Thevector P hasform
p=1a+ lp=n+ 1(B-A):A+ ip.
2 2 2 2
Therefore by Theorem 1, P ison the line AB. To prove that P is equidistant,
we show that the vector from A to P is the same as the vector from P to B
P-A= TA+ 1B_a= I 1A
2 2 2 2

B-P= B- 1A— 1B= 1B—lA.
2 2 2 2

(%15) load(draw)$
draw2d(xrange = [-8,15],
yrange = [-2,15],
head_length = 0.2,

vector([0,0],[-2,6]),
vector([0,0],[10,10]),
vector([0,0],[4,8]),

line_type = dots,
xaxis=true,xaxis_color=blue,yaxis=true,yaxis_color=blue,
label(["A",-1.5,3]),1abel(["B",6,4.5]),label(["P",4,9]),label(["A/2+B/2",4,10]));
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IR couplot graph

10 7 A2+B2

-2

4.63142, 7.33719

Example6  Find the midpoint of the line segment from A(-1, 2) to B(3,3)
The points have position vectors
A=-+2. B=3i+3.
The midpoint P has the position vector

1 1 1, . .. 1,. .. . 5.
P= “A+ “B= Z(-i+2))+ =(3i+3j)=i+ ~j.
> > 2( j) 2( i) f

Therefore P isthe point (1, g ).

(%11) A:[-1%1,2%]];
(5ol) [-1,2 3]

(%12) B:[3*1,3*]];
(302) (31,3 7]

@O0
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(%13) P:(A/2)+(B/2);

(303) fi,E'Z—JJ

(%i11) load(draw)$

draw2d(xrange = [-3,5],
yrange = [-1,5],
head length =0.1,

vector([0,0],[-1,2]),
vector([0,0],[1,5/2]),
vector([0,0],[3,3]),

line_type = dots,
xaxis=true,xaxis_color=Dblue,yaxis=true,yaxis_color=Dblue,
|abel (["A(-1,2)",-1.8,2]),label (["B(3,3)",4,3]) | abel (["P(1,5/2)",1,3]));

(30lZ) [grid{vector, vector, vector,label ,label  label)]

3T P& Bi(3.3)

-1

2.2154’&. 25490 2 i 0 ! 2 3 4 2
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Example7  Provethat the diagonals of a parallelogram bisect each other.
PROOF We are given a parallelogram ABCD, shown in Figure 10.2.13.
Since the opposite sides represent equal vectors, we have
B-A=C-D.

The diagona AC has midpoint %A + %C and the other diagonal BD has

midpoint % B+ % D. We show that these two midpoints are equal. The

Equation 2 gives

C=B-A+D.
Then 1A+ 1C: 1A+ E(B—A+D): 1B+ 1D.
2 2 2 2 2 2

Thus the two diagonals meet at their midpoints.

Example8  Provethat the lines from the vertices of atriangle ABC to the midpoints
of the opposite sides all meet at the single point P given by
1 1 1

P= ZA+-B+-C.
37 3 3

PROOF We are given triangle ABC, shown in Figure 10.2.14. Let A',B,C bethe
midpoints of the opposite sides. We prove that all threelinesAA, BB',CC’
pass through the point P.
The point A’ has position vector

= 1gs e
2 2
Theline AA hasthedirectionvector A —A. AA hasthe vector
equation X=A+t(A —A).
The computation below shows that P ison theline AA
P= EA+(EB+EC): EA+ g A
3 3 3 3 3
=A+ % (A'-A).

A similar proof showsthat Pison BB andCC .

@O0
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103 VECTORS AND LINE IN SPACE

Examplel GivenA=i-j+2kandB=2i-2k,findA+B,A-B, |A,and3A.

A+B=(1+2)i+(-1+0) +(2-2k =3i —]j.
A-B=(1-2)i+(-1-0)j+(2-(-2)k =—i —] + 4k.

A= 1%+ (-2 +(2%) = /6.
3A =3i-3j +6k.

(%15) A:[1,-1%),2%K];
(503) [1,-d,2k]

(%16) B:[2%1,0,-2%k];
(306) [24,0,-2k]

(%17) A+B;
(%07) [31,—-3,07

(%18) A-B;
(508) [—-1,-3,4Kk]

(%19) 3*A;
(309) [34i,-37,6k]

(%110) norm(x,y,Z):=sqrt(x " 2+y"\2+722);

(%010) normix, v, Z):=alx® +y°+3°

(%111) norm(1,-1,2);

(2011} /6

@O0
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Example2  Findtheanglebetween A =i—-j-kandB =2i +] +Kk.

IA=y12+(-D)? + (1% =3
B|=+2% +1% +1? = /6.

B- A=y(2-D2 + (- (-1)? + (1- (-D)?

=+/1> +22+2%2 =3,

cosf =——=0. 0 = arccos0 = %
(%113) A:[1,-1%3,-1%k];

(%0l3) [1i,—-F,-k]

(%114) B:[2*1,3.k];
($0ld4) [21,7,k]

(%115) norm(x,y,Z):=sqrt(x2+y 2+72);

(3015) norm(x, v, Z):=~x® +y° +2°

(%116) norm(1,-1,-1);
(3016} /3

(%117) norm(2,1,1);
(3017) /6

(%118) norm((2-1),(1-(-1)),(1-¢-1)));
(3018) 3

@O0
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Example3  Find the unit vectors and direction cosines of the vector A = 2i + j— 2k.
We first find the length, then the unit vector, then the direction cosines.

IA={22+12+(-2)* =9 =3,
_ A 2i+j-2

I
21 2

Direction cosines=( —,=,—— ).
33 3

(%119) A:[2*1,],-2*Kk];
(%012 (241i,4,-2 k]

(%120) norm(2,1,-2);

PEoz0) 3

(%121) U:A/3;

i zk
A

(s021) [A2
o i
3 73 3

Example4  Find avector equation for the line L with the parametric equations
x=3t+2. y=0-4. z=t+0.
Let P=2i-4j, D =3i +k.
Then L has the vector equation
X=P+tD or X=(2—4)+t@3i+k)

(%122) P:[27*1,-4%3,01;
(3022) [21,-43,0]

@O0
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(%123) D:[3*%1,0,k];
{%3023) [31,0,k]

(%0125) X:P+t*D;
(%025) (31 t+241,-47F,kt]

Example5  Find avector equation of the line through the points
A(3,-4,2), B(0,8,1).
The line has the equation
X =3 -4 +2k +t((0- 3)i + (8 (-4)] +(1-2)k),
X =3i —4j + 2k +t(-3i + 12j - k).

The formula %(A + B) for the midpoint of the line segment AB holds for

three aswell as two dimensions.
(%127) A:[3%1,-4%3,2%K];
(%027) [31,-47,2k]

(%128) B:[0,8%3,k];
($028) (0,8 3,k]

(9%130) X:A+t*(B-A);
(%030) [31i-31t,12jt-44,2k-kt]

@O0
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Example6  Find the midpoint of the line segment AB where
A=(1,4-6), B=(2,6,0).
The midpoint C has position vector

c=%m+44m+auan=§wﬁ—%-

ThusC:(g,S,-B).

(%132) A:[1,4%5,-6%k];
(3022) [1,44,-6k]

(%133) B:[2*1,6*3,0];
(%033) (21,6 3,0]

(%0134) C:(A+B)/2;

331
(%o034) f?,E d,-3 k]

@O0
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104 PRODUCTS OF VECTORS
Examplel  Computetheinner product of i—j + 3k andj +k
(i—j+3K)e(j+k)=1e0+(-1) e1+3e1=2.

(%140) load (eigen)$

(%143) mnerproduct([1,-1,31,[0,1,1]);

PEod43) 2

Example2  Find the cost of one unit of commodity a, 3 units of commaodity b, and
2 unit of commodity c if the prices per unit are 6, 4, and 10 respectively.
cost = (61 +4j + 10k) e (i + 3] +2Kk)
=6el+4¢3+102=38.

(%144) 1nnerproduct([6,4,101,[1,3,2]);
(%od4d4y 38

Example3  Suppose atrader buys a commodity vector

A = 40i + 60j + 100k

at the price vector
P=3i+2 +4k

and then sells it at the new price vector
Q=2 +5 +3k.

Find his profit (or 10ss).

Sincethetrader paysP e A and receivesQ « A, hisprofit is given by
profit=Q e A—-PeA

Thus profit=(2+ 40+5 e 60 + 3 « 100)

—~(3¢40+2+60+4 e 100) = 40.
A positive number indicates a profit and a negative number indicates aloss.
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(%152) load (eigen)$

(%155) F:annerproduct([2,5,3],[40,60,100]);
{%055) AAN

(%156) G:1nnerproduct([3,2,4],[40,60,100]);
(%056) A40

(%157) F-G;
(2057) 40

Example4 A buyer has $7500 and plans to buy a commodity vector B in the
direction of the unit vector

2. 2. 1
= —i+ =]+ =k.
3 3 3
Find the largest such commodity vector B which he can buy if the price
vector is
P=2i +5 +Kk.
We must have B = tU for some positivet, and also
P« B = 7500.

We solvefor t.
7500=PeB=PetU=t(PeU).

[ 7500 _ : 7502 1:7500 1500
PU - %5901~ O
3773773
Thus B = tU = 1000i + 1000] + 500k

Example5 A lawnmower is moved horizontally (in the x direction) a distance of
10 feet. Find the work done if the lawnmower is pushed by aforce F where

(@) |F|=15pounds, 6=30°

(b) F=8i-5 in pounds.

@O0
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(@ cosf = %\/Z_% |§ =10.

W = |F|§ cos0 =15+10+/3 = 75,3 t 1bs.

(b) W =FeS=8¢10+(-5)e0=80 ft 1bs.
The angle between two vectors can be easily computed using the inner
product.

Example6  Find the angle between the vectors
A=3i+)-Kk, B=-i+5 +Kk.
AsB 3(-1D + 15+ (1ol 1

cos6 = = —
IAIB| 3211211212152 +12  11s27

arccos

1127
Hereisalist of algebraic rules for inner products. All the rules are easy to
prove in either two or three dimensions.

Example7 Testfor ALBand A| B usingtheinner product.
@A=3i+j-k,  B=i—3j+k.

We compute AeB and |A|B|.

AsB=-1, |A|B| = 11.
Since AB=0, not ALB.
Since AsB=+|A|B|, not A|B
(D)A =2i — /3] +Kk, B=-48i+ vJ6j- v2k
AsB=-8+2, |AlB=82.

Therefore  A| B

(©0A=3i+j -k, B=i-3.
AeB=0.
Therefore A1 B.

@O0
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Example8  Find avector perpendicularto A =4i —7j.
Answer B =-7i 4.

MR cooplot zesph

-10

11.8072, -1 a5g5)

(%i1) load(draw)$

draw2d(xrange = [-12,12],
yrange = [-10,10],
head_length = 0.5,

vector([0,0],[4,-7]),

vector([0,0],[-7,-4]),

line_type = dots,
xaxis=truexaxis_color=Dblueyaxis=true,yaxis _color=blue,label(["B",-4,-1.5]),label (["
A".3,-4]));

(3o02) [gr2divector, vectoxr, label ,label)]
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Example9 Find AxB where
A=4i—j+Kk, B=2-k.

i ]k

AxB=|4 -1 1

0o 2 -

=((-1D)(-1)-1 ¢ 2)i + (1 » 0-4(-1))] + (4 » 2-1(-1) « O)k
=i +4j + 8k

105 PLANES IN SPACE

Examplel  (For sketching aplane where a, b ,c and d are nonzero.) Sketch the
plane x+2y+z=2.
Step 1  Find the points where the plane crosses the coordinate axes.
x-axis:When y=z=0, x=2.
The plane crosses the x-axisat (2, 0, 0).
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y-axis:When x=z=0, y=1
The plane crossesthe y-axisat (0, 1, 0).
z-axiss When x=y=0, z=2
The plane crosses the z-axisat (0, 0, 2).
Step 2 Draw the triangle connecting these three points, as shown in Figure 10.5.2.
Thistriangle liesin the plane.

Example2  (For sketching a plane where two of a, b ,c are nonzero and d= 0.)
Sketchtheplane 2x +z=4.

Step 1 Find the points where the plane crosses the x- and z-axes.
The plane crosses the x-axisat (2, 0, 0).
The plane crosses the z-axis at (0, 0, 4).

Step2 Theplaneis paradléd to the y-axis. Draw arectangle with two sides parallel to
the y-axis and two sides parall€ to the line segment from (2, 0, 0) to (0, O,
4), asin Figure 10.5.3. Thisrectangle liesin the plane.

Example3  (For sketching aplanewith d = 0.) Sketch theplanex + 2y —z=0.
Step 1 The plane passes through the origin because (0, O, 0) is a solution of the
equation. Find another point where x=0 and athird point where y or z=0,
x=0, y=1, z=2,
x=1, y=0, z=1
Step 2 Connect the points (0, O, 0), (0, 1, 2), (1, O, 1) to form atriangle which liesin
the plane, asin Figure 10.5.4.

Example4  Theplane 2x + 3y — z = 5 has the normal vector
N=2i+3 -k
and the vector equation
(21+3—k)eX=5.

Example5  Find the vector and scalar equations for the plane with position and
normal vectors
P=3i-j-2k, N=i+j+4k.
We first compute N e P,
NeP=1e3+1le(-1)+4e(-2)=-6.
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A vector equation is (i+)j+4k) e X =-6.
A scalar equation is X+y+4z=-6.

Example6  Find the plane with position vector P = k and direction vectors
C=-2i+j+k, D=-j.
First we find anormal vector of the plane,
N=C x D=(1e0-1e(-1)i+(1e0-(-2) «0)+(-2)(-1)-1e0k

=i+ 2k.
Then NeP=1e¢0+0e0+2e¢1=2
The plane has the vector equation (i +2k) e X =2
and the scalar equation X+22=2.

Example7  Find the plane through the three points
P-1,3,1), Q1,273, S-1,-1,0).
The plane has position vector
P=-1+3 +k
and the two direction vectors
C=Q-P=2i—j + 2k,
D=S-P=-4 —k.
A normal vector of the planeis
N=C x D=((-1) (-1)-2(-4))i + (2 0—2(-1))j +(2(-4) — (1) » Ok
=9i + 2] -8Kk.
Then NeP=9(-1)+2e3+(-8)e1=-11.
The plane has the vector equation (91 +2j -8k) e X =-11
and the scalar equation Ox +2y-8z=-11

Example8  Determine whether the plane 3x -2y + z =4 and theline
X=@i—j+k)+t(i +] — k) arepardlél.
The plane has the normal vector N = 3i — 2] +k
Theline has the direction vector D =i +j — k
Wecompute NeD=3el1+(-2)el1+1(-1)=0

Example9  Find theline L through the point P(1, 2, 3) which is perpendicular to
the plane 3x — 4y + z = 10.
The plane has the normal vector N = 3i — 4] +k
Therefore N is adirection vector of L, and L has the vector equation
X =P+1iN,
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=i+2) +3k +t(3i —4j +k)

Example 10  Find the plane p containing theline X =i + t(j + k) whichis
perpendicular to the planex + 3y — 2z =0.
The given plane g hasthe normal vector M =i + 3] — 2k
and the given L has the direction vector N which is perpendicular to both M
and D, so we take

i j K
N=MxD=[1 3 -2, N=5-j+k
01 1

The vector P =i isaposition vector of L and therefore a position vector of p
S0 p has the vector equation
NeX=NeP
(5i—j+k)eX=5
and thescalar equation 5x-y+z=5

Example11l  Findthe point at whichthelineX =i—j+k +t(3i—j — k)
intersectsthe plane3x — 2y + z = 4.
The line has the parametric equations
x=1+3t, y=-1-t, z=1-t.
We substitute these in the equation for the plane and solve for t.
3(1+3t)-2(-1-t) +(1-t) =4,
6 + 10t = 4,
{= 1
5
Therefore the point of intersection is given by the parametric equations for

thelineat t = —%.

>
I
aln
<
I
I
[ RN
N
"
glo

Example12  Findtheline L of intersection of the planes
4Xx -5y +z2=2,
X+2z=0.
Step 1 To get aposition vector of L, we find any point on both planes. Settingz =0
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and solving for x and y, we obtain the point S(O, — % , 0) on both planes.

ThusS= - %j isaposition vector of L.

Step 2 To get adirection vector D of L we need avector perpendicular to the normal
vector of both planes. The normal vectors are
M=4i-5+k, N=i+2k

i ]k
We take D=M x N= |4 -5 1
1 0 2

= _10i — 7j + 5k.

ThusL istheline X = —%j +t(-10i — 7] + 5k ).

106 VECTOR VALUED FUNCTIONS

Examplel  Find the vector equation for a particle which moves counterclockwise
around the unit circle, and is at the point (1, 0) at time t=0
The motion is given by the parametric equations
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X = COst, y=sint,
and the vector equation X =costi+sintj.

Example2 A ball thrown at timet=0 with initial velocity of v, inthex direction
and v, inthey direction will follow the parabolic curve
x=vt,  y=v,t-16t°
The curve hasthe vector equation X = vti + (v,t —16t%)j.

Example3 A point on the rim of awhed rolling along aline traces out a curve
called a cycloid. Find the vector equation for the cycloid if the wheel has
radius one, rolls at one radian per second aong the x-axis, and starts at t=0
with the point at the origin.

Aswe can see from the close-up in Figure 10.6.3, the parametric equations
are X=t—sgint, y =1- cost.
The vector equationis X =(t—sint)i + (1- cost)j.

Example4  The space curve
X =costi +sintj +tk
isacircular helix. The point (x , y) goes around a horizonta circle of radius
one whose center isrising vertically at a constant rate.

Example5  In economics the price vector may change with time and thus be a
vector valued function of t . Find the price vector function P(t) for three
commodities such that the first commodity has price t?, the second has price
t +1, and the price of the third commodity is the sum of the other two (t > 0).
The answer is

P(t) = tZi+ (t+1)j + (t*+t +1)k.

10.7 VECTOR DERIVATIVES
Examplel Find dX/dt where

X = t"3 + t_11j+2tk' t=-1.
+

dX/mzét”3L4t+34j+2k

dX /dt isundefinedat t=0. and t=-1.

@O0
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Example2  Find the vector equation of the tangent line for the spiral
F(t) = costi + sintj + %tk
at thepoint t=x/3.
The derivative is F'(t) = — sinti + costj + % ik

At t=7x/3 thetangent line has the equation
X=Krnl3)+tF(x/3)
NER T V3. 1

1. . 1
or X=(Zi+ —j+ =K)+t(——i+ =j+ =Kk).
(2 2J 12) ( 2 ZJ 4)

Example3  Find the length of the helix
X = costi + sintj + %tk,

Fromt=atot=Dh.

%:—sint, ﬂ:cost, %:%

dt dt dt

S= J' sin t+cost+—dt
16

-j th—j —dt——(b— a).

Example4  Find the velocity, speed, and acceleration of a particle which moves
around the unit circle with position vector
S= costi+ sintj.

\elocity: V= —sdginti+ costj
Speed: V|= Vsin’t+cos’t =1
Acceleration: A= —costi— sint]j
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|! zouplot graph

-10

—%D 5 0 5 10
9.43004, 9.2035

(%i25) load(draw)$
draw2d(implicit(x"2=25-y"2,x,-6,6,y,-6,6) ,xrange = [-12,12],

yrange = [-10,10],
head length = 0.2,

vector([4,3],[-4,-3]),
vector([4,3],[-3,9]),

line_type = dots,
xaxis=truexaxis_color=blueyaxis=true,yaxis_color=blue,
label(["V",3,6]),label (["A",2.5,1.9)]));

(#20Z6) [gr2diimplicit, vector, vector, label , label)]

Example5  Find the velocity, speed, and acceleration of aball moving on the
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parabolic curve
S= yti+(v,t-16t%)j.
Velocity: V= vti+(v,-32t)

Soeed: V|= J V2 + (v, —32t)?

Acceleration: A =-32j.

|! zouplot graph

8.54449,-13.5000 © 0 ° 10

(%:i64) load(draw)$
draw2d(implicit(y=-(x-3)"2+9,x,0,10,y,0,20) ,xrange = [-8,13],

yrange = [-18,18],

head_length = 0.2,

vector([1.5,6.75],[3,8.29]),
vector([1.5,6.75],[0,-15.75]),

line_type = dots,
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xaxis=true,xaxis_color=blue,yaxis=true,yaxis_color=blue,
label(["V",2.3,11]),label (["A",1.8,-3]));

(%2063) [gr2diimplicit, vector, vector, label, label)]

Example6  Find the position vector of a particle which moves with velocity
V= —sginti+ costj + sintcostk
andattime t=0 hasposition F(0) =i+ 2k
we find each component separately by integration.
f,'(t)=-sint, f,(0)=1
f,(t)=cost +C,.
l=cost+C,., C, =0
f, (t) = cost.
f,"(t) =cost, f,(0)=0
f,(t)=sint+C,.
0=sn0+C,., C,=0
f,(t)=sint..
fy'(t)=sintcost, f,(0)=2.

f3(t)=%sin2t+03,
1.,
2=—-sn“0+C;, C,=2.
2
1.,
f3(t):§sm t+2.

F(t) =costi + sintj + (%sinzt+2)k.
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10.8 HYPERREAL VECTORS
Examplel Let ¢ beapostiveinfinitesma and H be a positive infinite hyperrea

number. Thevector 5si+ g2k isinfinitesimal. Itslengthis

V2562 +0+&* =6/25+¢&% ~0.

Thevector ¢i +j +k isfinite but not infinitesimal. Itslengthis

Je? 412 +1% =2 + 222,

Thevectori + ¢ + Hk isinfinite. Itslengthis

Vl+&?+H? >H.

Example2  Here are some vectors of type (b), (c), and (d)
(b) Thevector B =singi + cose¢ | hasreal length but nonreal direction
(wheree isapositiveinfinitesimal ). B has length one.

B| —\Jsin?¢ +cos? ¢ =1.

However, B isitsown unit vector and is not real, so it has nonreal direction.

(c) Thefollowing vectors have nonreal lengths but real directions.
3ei+4ej,infinitesimal length 5¢,
(6+3¢)i +(8+4¢)j, finitelength 5(2 + &),
3Hi + 4Hj, infinite length 5H.

All three of these vectors are parallel and have the same real unit vector

U= §|+ ﬂ]
5 5

(d) Thevector D =i+ ¢ hasnonrea length and nonreal direction. Its

lengthis V1+&? , and itsunit vector is

@O0
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Example3  Thevectors
A=2i, B=2i+¢gj, C=—¢i+ &?%j
are ailmost parallel to each other. Their unit vectors arei ,

- . g?
+

2 . & . .
i + j o~ i, i j
Va+e? Va+e? Vel + e Ve? +¢&*

~ -l
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