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1.1A Preview of Calculus

1.1 Finding Limits Graphically and Numerically
Example 1. Estimating a Limit Numerically

Evaluate the functionf (x) = x/(vx+1-1) at several points neax =0 and use the

. - X
results to estimate the limiim ———.
“0yx+1-1

Solutio :

(%11) plot2d([x/(sqrt(x+1)-D1,[x,-1,1]);

L@ e FE - plot2d([expr > x_range > options]) » plot2d £ Maxima [IV5] ﬂ%ﬁ‘?ﬂ il |
maxima EEEIER - @3 P gunplot SAGEIH - |

expr * hLP R RGHITFRE > g HLRL X/ VX +1 - 1FHE R

x_range © kLl x SRR BfE ﬁ[/ﬁ‘fl R X IR A iVlFﬁ}” FrEpEy
flF R AR PN T ?F[\_yiﬁi’ T ﬁﬂjsﬁgl ﬁ%iﬁ[g Al IHQ LQ@F[

X DI O B A G - B fl -
LD, 1, 1

Optlons &"F[ VLL‘ P Jjg[‘%ﬁhﬂa,F[ ’ ‘{/D;&LFI,U&]EL"I ) H%JIIJI%/;FTFJ‘J CL"[ ’ ;’&LF[(’J‘I\ ’J‘ ’ ;’&Lfrq- . .%’v‘
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|! znuplot graph

x/(sqrt(x+1)-1)

-1 -0.5 0 0.5 1

-1.04110, 2.66737 X
X

(%12) Tx/(sqrix+1)-1); /g — 1A ———  HFE PPl f

JX+1-1

i

1||x+1—1

(%o0Z)

(%i3) limit(Ex,0;  [FIEE )  limit(hAH - MEGREr - ] = £ ER

: X e .
%Jﬂwéjoz’@M@@ﬂX’WWMX%ﬂﬁO
X+1-

(%03) =2

(%i4) Timit(F,x,2);  [E [R5 ¢ 7 WL SR SE T EJF‘ =4 % maxima > S} H
\ﬁn‘i%%?@fjfﬁupf T maxima fiF ] GBSl JHE

=

iZc0d)  lim

2{—}21"}':4-1 -1

The table lists the values of f(X) for several x-values near 0.



X -0.01 -0.001 | -0.0001 0 0.0001 0.001 0.01

f(X) | 199499 | 1.99950 | 1.99995 ? 2.00005 | 2.00050 | 2.00499

From the results shown in the table, you can estimate the limit to be 2. This limit is
reinforced by the graph of f (see Figure 1.6).

Example 2. Finding a Limit

Lx#2

Find the limit of f(X) as X approaches 2 where f is defined as 1‘(x){O w=2

Solution * (%il) f(x):=1; //%_’%zﬁ‘@\'f f(x)=1
(2o0l) flxi:=1

(%12) plot2d([f],[x,-1,4]); Fé?ﬁ%‘ﬂ}ﬁﬁ #E5 * plot2d([expr * X_range * options]) plot2d|
bl Maxima FU5@IE 71 » maxima $0 T EBER  @ 3 P2 sunplot FAGERET - |

expr  RLOREGHIIVEEE > IR f0o=1 FrEtiRT

x_range * KL x BIFVEE AR HIEC T E x PR B S5 PR RSy
W IR W THHCY W FRE P ORI T TR
XA B9 B IR AR ERBRAT

=~

options : f k1 W FAEIHE T > YIRBIET T > RIS TRICT o RS AR 2

(F0Z)




IR croplot zraph

1.01

1.005 1

0.995 1

0.99 ' ' '
-1 0 1 2 3 4
3.24690, 1.00544 X

Because f(x)=1 forall X otherthan X =2, you can conclude that the limit is 1, as

shown 1n Figure 1.7. So, you can write lerr; f(x)=1. The fact that f(2) =0 hasno

bearing on the existence or value of the limit as X approaches 2. For instance, if the

X#2
function were defined as f(X) = {]2" K= the limit would be the same.

Example 3. Behavior That Differs from the Right and Left

Show that the limit does not exist. Iing H
x-0 X

Solution

(%11) f(x):=abs(x)/x; [/ EF [FHE %  FFEE T L ()

I
(2o0l) flx):i=—

iy



(%i2) plot2d([fl,[x,-1,11);  FéIlf+E 72 ¢ plot2d([expr » x_range » options]) * plot2d
I Maxima FAGTIR T ] > maxima T E G - @ S PEPL gunplot gl - |

expr * kol BI Y e iﬁl’ﬂﬂ% FriEeTE

x_range gl x SIOEE. &R F‘,?ﬁﬁ ") fﬁﬂ%x fpRg &S ST TRy
gl R PP T *F' Ty i %ﬁ'ﬁ%f ﬁ%iﬁ[glp ST T JL%I*FI

XA PIHFRR T PR o= AR CpRRAT] - TOER R U Ve

AL, L 1)
options : ?F‘ [dm J{@Hﬁh‘iﬁ'fﬁ > YIS < IIW/ fFJ 0 PO ] s SRS

=~

IR T REH T - Maxima B3 7 0 EJE*T]@@A R

Division by [0
#0: £ (x=0.0)
-— an error. To debug thiz try debugmede (true);

(%i1) plot2d([abs(x)/x,abs(x)/x], [X, -10,10] [y,-10,10D$ | % (il ks GilfilE - |
plot2d([3Y— [FkEe > -+ 5% n (WEEET » [x Epvsafi] > [y fpvsg) //EIE"E 0
SR engf - AORLZS PR IR e 7 Il 17'}]5( T




IR croplot zraph

10 | abs(X)/x —

abs(x)/x

-10 ' '
-10 -5 0 5 10

3.52461, 10.8421 )4

(%i3) fabs(x)/x; [/~ *ﬂf;‘?“ i » THFEC E AL f

=]
(%03) —

X

(%i4) limit(f,x,0); Hﬁ/li}ﬂ o limit(h A =431 £ 5

i A |X| RGBT x > BT X TR O

(%o0d) uand

(%i5) limit(E0; [/ (P16 o) S B SEOPIFOAS = -+ maxima > 25 1) U
R WA R e T . maxima ik 7 ﬂ”ﬁgjﬂ}/% |

=]
(%oh) lim —

x—=0



|>4

Consider the graph of the function f(X) = From Figure 1.8, you can see that for

L

that no matter how close X gets to 0, there will be both positive and negative x-values
that yields f(X) =1 and f(x)=-1. Specifically, if O (the lowercase Greek letter delta)

positive x-values % =1 x>0 and for negative x-values -1, x<0. This means

1s a positive number, then for x-values satisfying the inequality 0 < |><| <0, you can

classify the values of [X/Xas known. This implies that the limit does not exist.

Example 4. Unbounded behavior

1
Discuss the existence of the limit I|m v

Solution * (%il) f(x):=1/x"2;  //EF—~ [l X—lz  FFEe 7 L £

(5ol) fix)i=—

(%12) plot2d([f],[x,-2,2]); Fﬁé?ﬁ%ﬂ}ﬁ @ © plot2d([expr > x_range * options]) p10t2d|
! Maxima FURGIRHE ] > maxima #5 EERY - @ S PP gunplot fAgEIET - |

expr KLU EISAEIIRE » SR~ B
T

x_range kb x FUFSREA AT > Hy e VR BRSSP Ry
WIS B0 B Ty B R F'éﬂftﬁﬁ[w T %'*F'
Ex e BI R p ﬁé@ﬁ;[ﬁ*gq[gpﬂ}ﬁ RN Vet
A iR, -1, 1] -

optlons }F[El R @qﬁ BEIE S YIRIIE %/ FJ ST ISR ’%"‘LE‘IJ' .

4#’




IERE R > Maxima B O fIofH {7 IR

Division by [0
#0: fi(x=0.0)

-— an error. To debug thiz try debugmede (true);

(%i1) plot2d([1/x"2,1/x"2], [x, 10,10, [y0.50D8 | ff i téifflffi 7 * plot2d((57 |
[P0 50 B B [ Yk OF 1 -
RS PRI TRFR e T IR el

plotZ2d: expression evaluates to non-numeric value somewhere in plot

plot2d: expression evaluates to non-numeric valus somewhsre in plot

|! znuplot graph

>0 12—
12—

40 [

30 |

20 |

10 [

0 . .
-10 -5 0 5 10

4.30118, 46.6349 X

(%i3) £:1/x72; [/~ A= ‘— » R F AL

1

(%03) —
z
X

(%i4) limit(f,x,0;  |ffHIEUF 5 ¢ limit( A - flEG

=131 § E5 75




P =4 > 1 C[ &= 42 7 v vy N T
EARD R = RS x o FEED X TR 0
X

(%o0d) oo

(%i5) limit(Ex,0); 71155 (P67 o) @ 14 P S RIFOES S - o maxima s 257 U
R LR T B ’maX|maB°ﬂ rfA ;ﬁ}lﬁ |

1
(%051 lim —

=0

Let f(x)=1/x?.In Figure 1.9, you can see that as X approaches 0 from either the right
or the left, f(X) increases without bound. This means that by choosing X close enough
to 0, you can force f(X) to be as large as you want. For instance, f(X) will be large

than 100 1if you choose X that is within 1—10 of 0. That 1s,
1 1 o
0<|x< Tl f(x) = = >100. Similarly, you can force f(X) to be than 1000000, as

follows. 0<|X < Floc = f(x)= X—12 >100000Q Because f(X) is not approaching a

real number L as X approaches 0, you can conclude that the limit does not exist.

Example 5. Oscillating Behavior

) : o .1
Discuss the existence of the limit lerrg sm;.

Solution * (%i1) plot2d([sin(1/x),sin(1/x)], [x, 0101] [y.-1.5,1.5D$ [% [ FrHeaaipi]
[ + plot2d (57 {59 n (W priide] » [x WfFms’] - [y Gpomsp] /i
T O @ - RIS Pl ey 5 IR - &Y




IR croplot zraph

12 " sin(1lx) ——
sin{1/x)

-1.5 ' '
-0.1 -0.05 0 0.05 0.1

0.0307300, -1.46586 b4

(%12) f(x):=sin(1/x); /[ H:55 E‘r@'rsin% > PR £ 7R L i £(x)

1
(5021 flx):= Sin(—]

H

(%13) plot2d([f],[x,-2,2]); Fﬁé?ﬁ%‘ﬂ}ﬁ @ © plot2d([expr > x_range * options]) p10t2d|
I Maxima [roagiiie £+ maxima T EER 2 PEPL gunplot AT © |

C R Se AT > =R g T
expr * AL EEIVETEE g B sinS FrREHT)

x_range © fk x fHAGEES. FR E'[/H\FI[HFIEX fpRg A SR TRy
O BT T Ry W e R ] JH* LR
X PIF R PR T AR AR o IR sma Sl
CAEIFERL, -1, 1] -

optlons }F[El R @qﬁ BEIE S YIRIIE %/ FJ ST TSN ’%"‘LE‘IJ' .

4#’



IR e T > Maxima 275 0 fofe Ij\aﬁ S R

Division by [0
#0: fi(x=0.0)

-— an error. To debug thiz try debugmede (true);

(%id) Esin(lfx); /R~ At sin% R £ et

| (1J
(%o0d) =1in|—
Iy

(%i5) limit(f,x,0); [yl 47 ¢ limit( LA AglGadgy » aefi)

IF=F31 § £S5

1 e
RV R sm; » AARE RS x o FEfE RS X TR 0

(%05) ind

(%i6) limit(f,x,0); |7 =5 9 ) 0 &4 A T P9AE" » & maxima > #5{f) !
‘%’T&lﬁ HREAFE T maxima mﬁjﬁéﬂlﬁxﬁ?ﬂ

1
i%0B)1  lim Sin(—J
X —0 "

Let f(x)=sin@/x). In Figure 1.10, you can see that as X approaches 0, f(X)
oscillates between -land 1. So, the limit does not exist because no matter how small you
choose 0, it is possible to choose X, and X, within J units of O such that
sinl/x,) =1 and sin@l/x,) =—1, as shown in the table.

X 2/n | 2/13n | 2/5n | 2/Tn |29n | 2/11n X -0

sin(/ x) 1 -1 1 -1 1 -1 Limit does not exist.

Example 6. Findinga J fora Given &

Given the limit I)!rr; (2x-5) =1 find O such that |(2x -5) —]] < 001 where

0<[x-3<J.




Solution * (%il) £:2*x-5;  //E:F— FFEy2x-5 » FrEy €78 L i f
(30l) Z2x-5

(%12) plot2d([f],[x,0,50]); f@ [ilTE 7 e © plot2d([expr » x_range * options]) ° plot2d|
I Maxima i YAgTlleE ] > maxima 47 E [lﬂﬁi‘f ff&j P gunplot ¢l [ - |

expr * RLRIGRIVEREL ZLF:L [7TkL 2x-5 ﬁ;@gﬂﬂ/

x_range © kLl x SIAYER ffE E['H‘H HEE xAipE > 2 PPy
JHIFEE FifRl y[lexij@yig[ » ﬁ%rﬁ’* TF 1B Iiﬂ%tﬁfg PO LE,[?F[
Exfr bl ﬂ@mlﬁﬁ*@érﬁl@ﬁ@%JILJ%@EWWH AN HTEY 29-5, %0
L kg, 0,5 ] -

options : ? s p%;@qﬁg > YIFRPIBE ug«[m/fﬂ'fﬁja'[ ) SEEUA | SR

=5

o
S

(%o2)

I! znuplot graph

-6 : : : :
0 1 2 3 4 5
-0.571705, -7.70526 X

(%i13) plot2d([f],[x,2.995,3.005]); /U I b RS (e x qipv A 0 R
2.995~3.005 » PNELIV £=0.01 []| 6 =1/2(0.01)=0.005

(%03)



IR croplot zraph

1.01
1.008 |
1.006 1
1.004 1
1.002 1

2"x-5

1t
0.998 |
0.996 1
0.994 1
0.992 1

0.99 ' ' ' ! ' ' ' ' '
2.995 2,996 2.997 2,998 2999 3 3.001 3.002 3.003 3.004 3.005

2.99929, 1.00447 X

(%i4) £:2%x-5; /T — HAEZ 2x-5 0 HAEEE PR fif
(%o0d) =Z2x-5

(%i5) limit(fx,3); (RIS 5 ¢ limieHAH=S - RplGagy  #m] ey £ g
F 0 RS 0x-5 0 RIARELET x o AR x HETRS 3

(%o05) 1

(%i6) 'limit(f,x,3); £ [P 7 L A BRIV > & maxima > Z5 [}
\!ﬁ AR T maxima‘ﬂij‘ﬂ\fﬁiiﬁ%ﬁ?ﬁﬁ?“\
(%06) lim 2x-5

H—=3

In this problem, you are working with a given value of & —namely, &= 001. To find

an appropriate 0, notice that |[(2x=5) =1 =[2x~ 6 =2x~3| Because the inequality

|(2x-5) =1 < 001 is equivalent to 2x—3 < 001, you can choose



1 ) ) o
o= > (001) = 0.005 This choice works because 0<|x—3 < 0.005 implies that

|(2x-5) =1 = 2x~3 < 2(0.005 = 001 as shown in Figure 1.13.

Example 7. Using the &—0 Definition of Limit

Use the £€—0 definition of limit to prove that lerr; Bx-2) =4

Solution * (%i1) £:3*x-2; //EF— [l 3x-2 » FrEy €78 P i f
(%cl) S x-2

(%12) plot2d([f],[x,0,5]); F“xé?ﬂ%*['fﬁ 7@ ¢ plot2d([expr * x_range * options]) ° plot2d‘
! Maxima FURGIRHE ] > maxima #5 EEE - @ S PP gunplot fAgEET - |

expr + AL » AL 332 FrEe

x_range * L x HIRVEE. ffE Fﬂh’l'f\]j%ﬁ{[‘;fﬁigx qiAVEE B > 2SR T F‘Jty
flF R AR PPN T ;r‘F’[th‘y il > ;ﬁa%sﬁ E’léﬁ?&%ﬁﬁpf}& T - th‘f;I;r‘F’[
X B FrB R R sl ORI > (TOPFTERYS 3g-2, 4Vl
LTI R, 0, 5] -

options : }‘F{iﬂ EL»F[(*};@%IETE ) 0['35%@%51 , H%:[IL%/;F”J‘?J & ﬂchFmJ\ | ;&frlj N

Ry
= o

=~

(F0Z)



IR croplot zraph

12 1

10 [

3"x-2
)

-2 : : : :
0 1 2 3 4 5

2.55733, 0.267368 b4

(%i3) £:3%x-2;  // Y — AT 3x-2 0 RS FEEL L
(%03) 3Ix-2

(%i4) limit(f,x,2); Hﬁ”ﬂ}ﬂ S limit(H A A
T A 3x-2 @R@E}ﬁw X » B ET, X H ﬂf{\\

(%od) 4

=451 £ £

(%i5) limit(f,x,2); \*EJE%}?WFEJ@ (A SRR > & maxima » 25 :H
R AR e T . maxima i 7 ﬂ“ﬁg? T
(%051 lim 3 x-2

K32

You must show that for each € >0, there existsa 0 >0 such that |(3x -2) —4{ <&
whenever 0< |X —2| < 0. Because your choice of 0 depends on &, you need to

establish a connection between the absolute values |(3x -2) —4{ and |x - 4



|(3x=2) -4 =[3x-6=3x-2 So,foragiven €>0 youcanchoose =¢/3. This
choice works because 0<|x-2<d= % implies that

|(Bx-2)-4=3x-2|< 3(%) =& as shown in Figure 1.14.

Example 8. Using the &€—0 Definition of Limit

Use the £~ definition of the limit to prove that lim x? = 4.

Solution : (%il) f:x"2; /3~ FrErx® » FrEe €L i f

(201) x°

(%12) plot2d([f],[x,-5,5]);

F@ﬁ%ﬁ[?ﬁ 1 plot2d([expr * x_range * options]) » plot2d kL Maxima FYagri!fE 1 ’|
maxima T EER 0 @3 PUPL gunplot SRGEIET - |

expr * ALERIRGEIVEEE - 35 kL X* FriBi i)

_Ell

x_range KL x SO BT+ o ARTE T AR RGBT B B Py
BHIFEE. EfEl > P P ;r‘F’[th‘y il > ;{ﬁ%sﬁ E’léﬁ?&%ﬁﬁpf}& s P zpar;[* th‘f;I;r‘F’[
X+ YIRS T R » (IO o7 M
A AL, -5, 5] -

options : }‘F{iﬂ EL»F[(*};@%IETE ) i/[lﬁﬁ%’]@ﬁ;l , H%:[[ﬂé/;r"J‘FJ & ﬂ’vg,L‘E’[(jJ\ | ;&frj N

=~

(F0Z)



IR croplot zraph

20 |

191

X2

10 [

0

-6.31890. -3.55263 b4

(%13) plot2d([f],[x,1.9995,2.0005]); //D['f[ﬁﬂ » [ CRLZS (1 x qip Ed g 0 Al
1.9995~2.0005 » NELIV £=0.001 F[] 0 =1/2(0.001)=0.0005

(%03)



IR croplot zraph

4.0025

4.002 1

4.0015 1

4.001 1

4.0005 |

X2

4 L

3.9995 1

3.999 1

3.9985 1

3.998 ' ' ' ' '
1.9996 1.9998 2 2.0002 2.0004

2.00027, 4.00222 b4

(%i4) fxA2; g~ R )E s AT L

(20d] x°

(%i5) limit(f,x,2);  [FIEeE 7 imit( DAE- o fiGany » g T
S HFHT K MA@ E) X o AOlE L X TR 2

(%cb) 4

(%i6) Timit(£,x,2); [ 15525 161 7 S E 2R 5 S8 TR OR Y > 7 maxima » 23 (] 15
B WA T maxima i @3 T

(306) lim x°

=2

You must show that for each & >0, there exists a 0 >0 such that ‘XZ —4 <g
whenever 0< |X - 2| < 0. To find an appropriate 9, begin by writing

‘XZ _4 =|x=2|x+2. Findall x in the interval (I, 3), you know that |[x+2 <5. So,



letting O be the minimum of &£/5 and 1, it follows that, whenever 0 < |X —2| <0, you

have ‘Xz —4 =|x-2x+2| < (%)(5) =& as shown in Figure 1.15.

1.2 Evaluating Limits Analytically

Example 1. Evaluating Basic Limits

a. im3=3
X2

b. limx=-4

X——4

c.limx?=2%=4

X-2

Solution *

a. (%il) £:3; /gt — A 3 AR PP i f
(%o0l) 3

(%i2) limit(f,x,2); [T limit( A S AR )| ey f R
TR I 3 MHIABHETL x o B L X T 2

(%0Z) 3

(%i3) limit(f,x,2);  [F] /5 1767 2 W L R SR IVAE Y > v maxima > 5}
‘!ﬁ VAR R maxima‘ﬂ&?\fﬁiﬁ{éﬁﬁ%?“\

(%03) 3

b. (%il) fix; /ET— R X HFEE FFL i f
(%ol =

(%i2) limit(f,x,-4);  [Fsin 4 limit( HAIZY S RG> sl R R
T AR x o RGBT x o BRI X BT -4

(3o0Z2) -4




(%i3) Timit(Ex,-4); [F B 7167 ) B R SERTAVES" » 7 maxima > 25 1) (]
e AR I T maxima fifF T a’*ﬁﬁ% -
(503 lim ==

X—=»-4

c. (%il) £:xA2; [/ — HFFEX? > HFEE E AL

(201) x°

(o6i2) imit(fx,2);  [FIEGE 7 T e gy B )1 s
TRV HFI P MUY x o RS X TR 2
(5c2) 4

(%i3) 'limit(f,x,2); \* FEES (P67 2 W SR A SR ET VRS =Y > 1 maxima > 5 {1}
P e AT maxima B ] PR e
2

(%03)  lim 3

Xx—=2

Exmaple 2. The Limit of a Polynomial
Iirr; (4x* +3)

Solution :

(%il) f:d*xn2+3;  [IFH s — 1A AX? +3 5 A EF L fif

(301) 4x°+3

(%i2) limit(f,x,2); Hﬁjﬂ@ﬁl, limit( A= > AU
TRV R A +3 0 SRR x o AR xfegm

(%o2) 19

=51 £ £55




(%i3) Timit(f,x,2);  [FF25 10 2 W SR BRI ORS S & maxima - 23]} L
[ DR o maxima B | i

(203) lim 4 x°+3

X =2z
lim (4x® +3) = lim 4x® +1im 3 Property 2
X2 X2 X2
= 4{lim x*|+1im 3
kﬂz ) im Property 1
= 4(2°)+3 Example 1
=19 Simplify.

Example 3. The Limit of a Rational Function

2
Find the limit : lim X" **2
x-1 x+1
Solution *
(%DM#%HW@M;Uﬁ*#ﬂﬂﬂigﬁz’ﬂ%*&‘WWf
KZ +x+ 2
(F0l) —m

x+1

(%i2) limit(Ex,1);  [fHEYF 6] ¢ limitCh A o AIEGEE w0y £ S e

o X2+ X+2 . R o
BV HEAN————  FEESET TS x o FEEL x TR ]
X

+

(%0Z) =2

(%i3) 'limit(f,x,1); \* FEES (167 2 W SR SR ETH VRS =Y > 1 maxima > Z5 {1}
R DA ep - T maxima i @5 T A




x2+x+2
(o3 lim ——

x+1
Xx—=1

Because the denominator is not O when X =1, you can apply Theorem 1.3 to obtain
im X +x+2 _1P+1+2 _4 _
x-1  x+1 1+1 2

2.

Example 4. The Limit of a Composite Function

a. Because Im(X’+4)=0°+4=4 and lim Jx=2 it follows that

Iirrg\/x2+4=x/2=2.

b.  Because Ixin;(sz -10)=2(3*)-10=8 and I)!rrslﬁ/; =2 it follows that
Iirr;3\/2x2 -10=3%8=2.
Solution -

a. (%il) fisqri(xA2+4); /il — R X + 4 I EEm L i
(301) ~lx°+4

(%i2) limit(Fx,0);  [FIEGE 0 ¢ limieHAH=S > RylGagy  #m] /irefy] £ g
FHl A X + 4 RHIRBEET x o L x BT 0
(Foz2) 2

(%i3) limit(fx,0); [ (525 (P67 20 WA A BRI PRS0 & maxima > 25 [P
B DA E T maxima fiE T @R EI AR

(203)  lim ~ x°+ 4

* —=0



b. (%il) F:Q2*xM2-100M(1/3);  /fg o~ A R/2x% =10 - A R i

($01) (2 %% - :Lu)l’I3

(%i2) limit(f,x,3); [ o]« mit( DA o e - ] e g

EH D LA Y212 10 » FHIVBYIEL x - FIRIET X HTH 3

(o) &

(%i3) limit(Ex,3); 711525 (P10 o) @ BB SRS » 7 maxima > 257}
B RS R - T maxima fiE T rﬁﬁﬁ? ]

lsz2
(303) lim (2 %% - 10)

X =3

Example 5. Limits of Trigonometric Functions

a. Iirrgtanx =tanQ) =0
X —

b. lim(xcosx) = (lim x)(lim cosx) = 7rcos(r) = —
X7 X7 X 7T

c. limsin®x =lim(sin)> =0 =0
X-0 x-0

Solution *

a. (%il) fitan(x); /g~ — HAEZY tan(x) - HAEZY FFEPU
(%2011 tanix)

(%i2) limit(f,x,0); @HH” limit(hAE=S - RG> | ]
FVHHE tan(x) o @H@E&#ﬁ X > B[R xR 0
(%cz2) 0




(%i3) limit(Ex,0); 71155 (P67 o) @ 14 P S RIFOES S~ o maxima > 257 U
B AR maxima fiF T K’*ﬁﬁ% -
(%03) lim tanix)

x —=0

b. (%i1) f:x*cos(x); /[ — FEZ xcos(x) > A F L - f

(5o0l) xcosgix)

(%i2) limit(f,x,%opi);  [EIUE 4] < limit(hAE- - FIEGERE - w5 f
A2 A=Y xcos(x) @H@E}ﬁ X o SRS X #TAS o nij[ TR HE
%p1

(%02) - %pil

(%i3) "limit(f,x,%pi);  [F] 125 (76 2 W TR A S BT oA > 7 maxima » Z5 {7}
R A ep - T ) maxima ik T ¢ T

(%03 lim xcosix)

H o %pl

C. (%i1) f:(SINEQ)N2; /i~ 4 F=E sin2 (x) o S &L i f

(301) sin(x)°

== £/

(%i2) limit(f,x,0); iU, F limit(Ch AR
LV A sin? (x) o FEREET x o SRS x%’ﬂﬁ”
(%cz2) 0

=131 £ 5557

(%i3) 'limit(f,x,0); ¥ [ (P9 2 L P SR PRS- 7 maxima » 2

7N

‘nu AR T maxima B T B R E
(303) lim sin(x)
X =0

Example 6. Finding the Limit of a Function

. N e |
Find the limit : lim .
x-1 x-1




Solution * (%il) plot2d([(x"3-1)/(x-1)].[x,-2,2]); L@Eﬂ i @t  plot2d([expr °]

‘x _range options]) plot2d k! Maxima [IY¢flf'ff; 7] > maxima 7 Z[gH - €74 P
ﬂrl J] E/ | I ’ I

expr * kLI IRV LG 13171

T

x_range © hl x HIAGRE fEfEl E'[/H\FI[HFIEX fpRg &S ST TRy

g R 0N T RE Y i Tfﬁi%nﬁ E’Iﬁ*ﬁ;tﬁ[g R e
3—1

XA I BT YRR AR EAVARBRAT R lﬂf/DF}‘[EJWﬁ'b g- 1,1*17);”4‘@5

LA R, -2, 2] -

options : j[F[ [ LLF[J @Hﬁ lﬂf,p ) i;p;g;lgﬁ’l’gﬁa] , [é/ FJ & 75{”4\ ) ’%J\LEJ cee ST

—“‘\

(%ol)

|! znnplot graph
%
&
=
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
2.05911, 65.85493 b

(%12) Plot2d([x" 24+ 11 [x-2.20); - //EH1 01X + X+ LR e i
(%502



IR croplot zraph

¥M24+x+1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-0.743798, 4.75401 X

3 _
(%13) f:(x 3-DIx-1); /1 iﬂ}%’?“); 1 s THFESC EFEL i

-1

(%id) limit(f,x, 1); Hﬁ/rﬂ}ﬂl limit(FAE= - Rliag - mah] /] £ gL

x® -
FV
X —

» AR RS x o AR R x HETAT

(%o0d) 3

(%15) Timit(fx,1);  [F ]2 18 2 S B 2 52 BT ﬂ}& U ¥ maxima > 2 {f] L ﬂ
\gn‘i%%?@’ﬁfﬁ[lpf T maxima ik 7 ﬂ“ﬁg? JHE

x3—1

(%051 lim

=1

x—-1



Let f(x)=(x*-1)/(x-1). By factoring and dividing out like factors, you can rewrite

_ (X=D(x* +x+1)

f as f(x)= 1 =x*+x+1=g(x), xzL

So, for all X-values other than X =1, the functions f and g agree, as shown in

Figure 1.17. Because Iirq g(x) exists, you can apply Theorem 1.7 to conclude that f

and ghave the same limit at X =1.

x2=1_ . (x=D(x*+x+1)

lim——==Iim Factor.
x-1 x=1 x-1 x-1
(Xx=D(x* +x+1) . .
im Divide out like factors.
X1 (X 1)
=lim (X* +x+1) Apply Theorem 1.7
X—
=12 +1+1 Use direct substitution.
=3 Simplify.

Example 7. Dividing Out Technique

2
: o . X“+X-6
Find the limit : lim ————.
X- =3 x+3

Solution = (%11) plot2d([(x2+x-6)/(x+3)],[X,-3,3]); F ETlITE T R ¢ plot2d([expr
‘x_range » options]) > plot2d kL Maxima F-A¢f [ ﬁE F1°1] ’ maxima ﬁhl*{hﬁ_ﬁ* rAA . M
PL gunplot fnerisd B%‘[”U |

expr ¢ kLM RGPV R Lﬁﬁf\_ ﬂ}[gﬁf "

x_range * ol x WIANEE AR HEIRE T SR G x R R S5 T RS
gl R FfE o O ?F[{L_yigw A jt“mf”p ’ﬁ;ft@ AN TIH LTE;,[?F[
X B R T AT s L S 9978
et T AL, -3, 3] -



=

options : ?“F’[;H k&’E{fjﬁ@ug‘[li;_?fE] ) {/[l;'&LFI’:JEZﬂB'[ ) Qg[lﬂ/ r‘ﬁjj & s ;'*SLEISH\'J‘ , ;*ggﬁj -

Z

= o
S

(%cl)

IR =oplot graph

1
—_
T

(XM 2+x-6)/(x+3)

3
4 f
-5 ' :
-3 -2 -1 0 1 2 3
-0.243605, 0.261447 X

2 —
(%12) EA24x-6)IGca3); M — %:(36 R L et
XZ +x-6
(Fo2)
x+3

(06i3) limit(tx,-3); [ 2, it A < e« @) e £
2
+ _ S AT} S e o
X—+X36  AIGBEEET x o FET X T3

LA R

(%03) -5



(%i4) limit(Fx,-3);  [F (25 118 o W FA SRR AORS =S 7 maxima 25 i) (]
e LA g e T - maxima ik T 5 A

z
X +x-6

(%o4d) lim

H—=- 23

x+3

Although you are taking the limit of a rational function, you cannot apply Theorem 1.3
because the limit of the denominator 1s 0.

2
. X"+X-6 .
lim =——=——lim(x*+x-6)=0
X--3 X+3 X--3

Direct substitution fails.
— Iims(x +3)=0
Y

Because the limit of the numerator 18 also O, the numerator and denominator have a

common factor of (X+3). So, for all X# =3, you can divide out this factor to obtain

x> +x-6 _ (x+3)(x-2)
Xx+3 X+3

X>+Xx-6

f(x) =

=x—-2=9g(x), x#-3. Using Theorem 1.7, it

= Imx-2

Im
follows that x--3 Apply Theorem 1.7.

=5 Use direct substitution.

This result is shown graphically in Figure 1.18. Note that the graph of the function f
coincides with the graph of the function g(X) = X— 2, except that the graph of f has a
gap at the point (-3, -5).

Example 8. Rationalizing Technique

Jx+1-1

Find the limit : lim
X-0 X



Solution * (%i1) plot2d([(sartCe+1)-1)/x],[x,-1,2]); L@ua, £ ¢ plot2d(fexpr |

‘x _range options]) »_plot2d &l Maxima [UaélilFi ) > maxima 5 Z[g[H > G P
ﬂrl ;] [/ o '

expr kLRGSR lﬁﬁjﬁ—‘ﬁl_lmgﬁsﬂﬁl%

_tange KL x WO # + SRT I x OB R 55 Ly
g R N T RE Y i ;{j&wﬁ FIE *ﬁ;{gﬁ[glpﬂx » T JLFQI}F,

) . 1
X B9 F RFr lR RBHAT + BIEs Y——

ek LRI ERLg, -1, 2] -
options * 4 H W AURGIRLZEE - YRR - IR C o A R

= °

(%ol)

IR croplot zraph

0.9

087

0.7 71

0.6

(sqrt(x+1)-1)/x

057

047

0.3

-1 -0.5 0 0.5 1 1.5 2

0.0894500, 1.02132




(%i2) f:(sqrtx+1)-1)/x;  //E b~ A= —Xxl_l > AR EPL fif

1Jx-+1 -1

i

(%0Z2)

(%13) limit(f,x,0); Hﬂylﬁi}ﬁﬁ Dlimit(CH A > AfRAEE ?ﬁ'c?‘[éﬂ)| //ﬁ[’?]f%ﬁr]ﬁ’%g
Jx+1-1
X

ENWAITEE > i RUREle R x > FE D x TR 0

1
(%03) —
2

(%id) 'limit(f,x,0); [/ 25 (8 2, W8 4 3 BB VAR =S > 7 maxima » 23}
R v VRO T maxima P T i T A
1Jx-+1 -1

A

(%041  lim

x—=0

By direct substitution, you obtain the indeterminate form 0/0.

oA X+1-1 .
lim———=—Ilim(vx+1-1) =0
x-0 X X0
Direct substitution fails.
—|limx=0

x-0

In this case, you can rewrite the faction by rationalizing the numerator.

«/x—-kl—l_(«/x—-l-l—lJ(\/x—-i-l+1J
X B X \/mﬁl

(x+1) -1

X(WX+1+1)

X
X(vx+1+1)



_ 1
C Ix+1+1

X#0

Now, using Theorem 1.7, you can evaluate the limit as shown.

m«/x+1—1 1

1
=lim =
X0 X x~0 «/x+1+1 1+1 2

. . o1 .
A table or a graph can reinforce your conclusion that the limit s > (See Figure 1.20.)

X -0.25 | -0.1 | -0.01 | -0.001 0 0.001 | 0.01 0.1 0.25

f(x) |0.5359|0.5132 | 0.5013 | 0.5001 ? 104999 | 0.4988 | 0.4881 | 0.4721

Example 9. A Limit Involving a Trigonometric Function

. o tanx
Find the limit : IlmT

Solution * (%i1) plot2d([tan(x)/x],[x-(%p/2,(%pi)/2Lly,-2.4D; @A Tk ]
h)ot2d([exp1 » x_range > options]) » plot2d %L Maxima fl Jw@ﬁ%ﬁfﬂ i maxima 7 Z
EER {1 P gunplot “FAGEIHY) - ‘]

expr + RLITRGRIT UL [

x_range L x IACEE AR TE'[/H\FI R X IR > 2y PRy
flF R AR PN T ‘}‘F‘T\_‘y gl > 755 at}UrFA 1F léﬁlf’;f{ﬁ!g[p RN JLFOI}FI
X FFRIZ PRS0y ORI 15-2~4 > b9 B ORI A
EPIARBRA -

options : 1H LRURGTRIEFT » IREYETEL o BISFTRL 10 SRS R

e

o
S



plotzZd:

expression evaluates to non-numeric value somewhere in plot
(xo0l)

IR croplot zraph

tan(x)/x

-2 = *
-1.5 -1

-1.17551, 0.818421

-0.5

(%12) f:itan(x)/x; /ol — A tanx

> HAZE L

tan( x|

(%o02)

X

. tanx
A

W

i

(%i3) Limit(F,x,0); [ E 5 ¢ limit(HAH= - RIU@gy - aafil] /) f s

LS

s PGSR x o AEEES x BT 0
X
(503) 1

(%i4) 'limit(f,x,0);

FLF S T W P TR & maxima > {7}
kﬁr‘n}gﬂiggxﬁqﬁqﬁpjg ro J’rnaXHnaﬂﬁfﬁgﬁﬁﬁsﬁﬁgﬂg?w

tani x)

(%cd)  lim

=
X —0



Direct substitution yields the indeterminate form 0/0. To solve this problem, you can write
tarx as (sinx)/(cosx) and obtain

tanx sinXx 1
lim——=lim| —= | —— |.
x-0 X x-0\ X COSX

Now, because

. sinx . 1
lim——=1 and lim =1
x-0 X x-0 COS X

you can obtain

tanx . sinx Y ,. 1
Iim——=| lim—— | im——
x-0 X x-0 X x-0 COSX

= (D(D=1. (See Figure 1.23.)

Example 10. A Limit Involving a Trigonometric Function

sin4x
N

Find the limit : lerr(l)

Solution * (%il) plot2d([(sin(4*x)/x)],[x,-(%p1)/2,(%pi)/2],[y,-2,6]); Fé?ﬁ%‘ﬂ?ﬁ T ‘
h310t2d( [expr » x_range > options]) > plot2d L Maxima [l ﬂ%ﬁfﬂ i maxima $u5 =
‘Lﬁﬁif "Aj [ PL gunplot Fagrl | - |

expr * kL REEIVENEY > i lH ism4xﬁ.}[§(ﬂ%ﬁm
x_range * L x fIFUEE. SR ’?[/H‘H R x iR gl 25 PP

fIF R Al Z/LI%'JT#” ’yiﬁ[ e ﬁ%rﬁ’* TF 1B *J%tﬁ’g[pﬂ\ T T LE,[?F[
L RIS PRy W $5-2~6 0 bYIE P R R
Lp JT@E}WWH

options : }‘F[i[?[ VLL’F[@,%@H%IETE ) y[l;ﬁ%lfjﬁﬁ] ) q%[[ﬂj/ FJ e "IMI UA] ;&fﬁ cee ST

=~

(%ol)



IR croplot zraph

-0.329'r B X

(%i2) f:sin(@¥x)hx; /[~ HFH sin4x

> HAZE AL

zin(4 x)
(502) ———

X

(%i3) limit(f,x,0); [t limit(ChA=S > Ajfvag » mm)

. . Sin4x
EE R

=131 § E5 757

» AR R X o BREEE X TET 0

(%03) 4

(%i4) limit(Ex,0);  [F25 110 2 WIS SR BRI PRS- 7 maxima - 25 9] (7]
Bree HAE i g e T ) - maima i T 5 T A

sini 4 x)

(%041  lim

=0

=

Direct substitution yields the indeterminate form 0/0. To solve this problem, you can

. o . sin4dx . Sin4dx _ o
rewrite the limit as lim =4 lim . Multiply and divide by 4.
Xx-0 X x-0 4X



Now, by letting Y =4X and observing that X - O ifand onlyif y — O, you can write

. Sin4dx . Sindx
lim =4 lim
x-0 X x-0 4X

=4@nniﬂij
y-0 \Y

=40

=4.  (See Figure 1.24.)

1.3 Continuity and One-Sided Limits
Example 1. Continuity of a Function

Discuss the continuity of each function

a. f(x):1
X
X% -1
b. X) =
909 ==—7
Xx+1 x<O
c. h(x)=+1,
Xx“+1 x>0
d. y=sinx
Solution :
a.

(%11) plot2d([1/x],[x,-1,3]); ﬁ@[ﬁ‘}ﬁﬁgﬂ%ﬁ3p10t2d([expr’x_range’options])’ p10t2dj
L Maxima fU3@E 5 7+ maxima 7 Z[550 0 @ 2 P2 gunplot @I «

expr + KL ERGRIE SETL FE



x_range * £l x H:EIFI JﬂEH R > F{l /H‘f[ I XH:EIE JﬂE[—l FolEl > IS (YT H M35 qs Ty
qIH BT B R {;p.rpj ? oy 55 ﬁ%aﬁ TE Jﬁéftﬁ AT j Lg[fﬁ
X I O R R

options : f¢E HHUAGQIRLE T > D[RR JWE L RS FTRL € AR GRS

—\4 ©

//qE 505 nonremovable discontinuity at x=0

(%cl)

|! znuplot graph

1000
800 1
600 1
400 1

200 1

T

-200 1

1/x
(/—

-400 1
-600 |
-800 1

-1000 ' ' ' ' ' '
4 05 0 05 1 15 2 25 3
-1.67480, -1284.21 X

(%i2) f:1/x;  JE - WE?“% » RS B R

1
(%02) —

i

(%i3) limit(Ex,0);  [IEGE A« LA o FRGany > milh] =45 £ s gas

= . 1 2= 217 1 EE [ TS =
Fo A= MfNASEEL x o AIEED x BETHT 0
X

(%03) dnfinity



The domain of f is all nonzero real numbers. From Theorem 1.3, you can conclude that

f is continuous at every X-value in its domain. At X =0, f has a nonremovable
discontinuity, as shown in Figure 1.27(a). In other words, there is no way to define f (0)
so as to make the function continuous at X = 0.

(%i1) plot2d([(xA2-1)/(x-D)1,[x,-2,41); Rl 7 i#2  plot2d([expr x_range » options]) |
‘p ot2d fl Maxima [ waﬁ%ﬁ‘ﬁ[ il »maxima s = Uﬁﬁ%} 1 PP gunplot 5 .éiﬁJﬂ%[ JI/4°|

IJI/

expr * kLI FIRRIFV e g kL

x_range : gl x SIIEE. &R E[/H\H R X IR > 2y PRy
flF s AR PPN T }F,Lyﬂ;ﬁw 5 JK}I‘JRFA TFIE *ﬁ;iﬁ’g[gﬁ\ P LF;I}F,
L I R PR e ?ﬁ'c&‘[ﬁﬂ}ﬁiggm@g)\rﬁl(“

options : ‘}‘F"[;FI 'LL'EIC’J,%@HE BEIE YIRS [fll W“FJ S Rl RRUE] T

= o
S

I lﬁ%‘ﬂfﬂé/iﬂ removable discontinuity at x=1

(%ol)

IR croplot zraph

2

(xA2-1)/(x-1)

1

-2 -1 0 1 2 3 4
0.150291, 4.86145 X




> A EE L ff

(%i2) £:(xM2-1)I(x-1);  //H T~ ﬂﬂEg“

(%i3) limit(f,x,1); Hﬁjﬂi fl || Climit(HAEEY S fSAEge m[gtl)\ =51 £ t’:ﬁJ -

2
e X
ST Bl

» RIS x o SR x BT 1

(%03) &

(i) TimitCEx, ;[P P 2 S R S P VT v maxima s 75 1 U]
B RS R - T maxima fiE T rf’*;EETﬁ} ]

xz—l

(%041  lim

x—=1

-1

The domain of g 1s all real numbers except X =1. From Theorem 1.3, you can

conclude that g 1is continuous at every X-value in its domain. At X =1, the function

has a removable discontinuity, as shown in Figure 1.27(b). If g(@ is defined as 2, the
“newly defined” function is continuous for all real number.

(%11) plot2d([x+1,x 2+1],[x,-1,4],[y,-1,4]); L@ [il$E @ ¢ plot2d([expr > x_range °
‘options]) > plot2d kL Maxima f*¢i ﬂ%ﬁ‘?ﬂ i maxima ﬁh**ﬂlﬁﬁi‘f fAA F AL gunp10t|
TR

expr © KL RGOS - SEFIL X+ 1X° + LFHeip

x_range kL x IAQEE AR TS',?FFI R ARERQ ML RN Sl i&lFﬁ}Lj RS
gl R PP T ‘T\_‘yqtg[ » 5 Jt}”f TFIE ﬁ?&iﬁﬁlp G iﬁ/IjﬁF[
Ex o P ErEerhp ”@E‘\Tﬁ'&uﬁ [ R AH [

options : ?F[ [l Hgr gug‘,h‘iﬂr‘p » YUASEIEH ug[lnﬂ fFJ SIS S A ;g;g_ffrj. coL T

~



/IFT 11171 continuous on entire real line

plot2d: expression evaluates to non-numeric value somewhere in plot
plot2d: expression evaluates to non-numeric value somewhere in plot
(%cl)

IR croplot zraph

X+l ——
X241

1

-1 0 1 2 3 4

0.172481. 1.69770 X

(%12) f:x+1; Mg = A x+ 1 RS FALL

flit £
(5c2) x4+ 1

(%i3) limit(Fx,0);  [RIEGE 0 ¢ limieCHAH=S > RplGagy @] /ey £ g
F O XL RIRRELET x o BRI x BT 0

(%303) 1

(%i4) Timit(fx,0); € [R5 (1167 7 A P SERTEVAS Y > & maxima > =5 MEH
B S T maxima i i B
i%c0d)  lim x4+ 1

x—=0




(%i5) £:xM241;  JfESl — A X +1 > A G i f

(305) x°4+1

(%i6) limit(F,x,0); A6 ¢ limitChAR=S > AiplU@gy > sfml)  /iF=] £
Fo R X 1 MIARRERET x o B[R x BT 0
(FoB) 1

(%i7) limit(E0; [/ 25 (P17 2 S B S PIFOAS = - 1 maxima > 25 1) U
B AR - T maxima BT ﬁbﬁ{ﬁ?ﬁ@ -

(207)] 1lim x°+ 1

x —=0

The domain of h 1is all real numbers. The function h is continuous on (—,0) and

(0,00), and, because IirT(l) h(x) =1, h is continuous on the entire real line, as shown in
X

Figure 1.27(c).

d.

(%i1) plot2d([sin(l,[x,-(%pi)/2,5* (o2 [y~ 1); Rl 4 %58 ¢ plot2d(fexpr - |
x_range * options]) > plot2d L. Maxima FUR@liTE T > maxima gk REN
SO - | '

expr * ALY+ L sInX it

x_range © kLl x SRR BfE F‘,?ﬁfl PR X IR > 2y PRy
gl R PP T *FILYH;E‘ » 5 ja»;f AR ﬁ%iﬁ!glpﬂx T - Lg[;rﬁ
Tx gl IHFE?F‘JL oy SRV ERRI-1~1 0 B R REE AR T e A E;l;rF[JLp SR
il

options : ?F‘ [dm J;@Hﬁhﬂffﬁ > YIS < H\g;[lﬂj/ fFJ 0 PO ] s SRS

~

/IF11[R! /1 continuous on entire real line

(%ol)



IR croplot zraph

057

sin(x)

057

-1 0 1 2 3 4 5 6 7
6.31586, 1.08421 X

Example 2. A One-Sided Limit

Find the limit of f(X) =v4-Xx* as X approaches -2 from the right.

Solution *

(%11) plot2d([sqrt(4-x"2)],[x,-2,2]); L@ [ilTE) 1 e - plot2d([expr > x_range > options]) |
‘p ot2d fl Maxima [ Jw@ﬁ%ﬁ‘ﬁ[ il »maxima s = Uﬁﬁ%‘f 1 PP gunplot 5 623&%[ JI/4°|

expr  ALEIIPIEEY ST A= X [HEH

x_range kb x FUFSREA S > Hy T VR BRSSP Ry
gl SR DI T ,\_yﬁ;ﬁi’ R jﬁpjmﬁgiﬁﬁ% ﬁ[g P T JHE;I}F,
£X%’%HEWWWﬁ@ﬂTm@@Lw@@WW
options : j[F[ | LLEJ @Hﬁ 7ﬂj,p ) y[l;ﬁglfjﬁé’l ) HEJI [//”‘FJ s 1&{[14\ , ﬂgﬁiﬁj L

—\4 ©

(%ol)



B(=1[Ed

{88 znuplot graph

sqrt(4-x*2)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-0.0486000, 1.81671 X

(%12) fisqrt(4-x2);, /T~ HAHANA=XE o A E L fif

(202) ~4-x°

(%i3) limit(f,x,-2); - [FIEGE T limitChAE - RIEGaE - w0 T

TEV RN VA- X2 FIUBEETL X o SRS X ST -2

(%c3) O

As shown in Figure 1.29, the limit as X approaches -2 from the right is

lim v4-x* =0.

x—=2"

Example 3. The Greatest Integer Function

Find the limit of the greatest integer function f(X) = [X] as X approaches 0 from the left

and from the right.

Solution :  PAHEY[IF | Maxima F!! step function.
HELYHIH



As shown in Figure 1.30, the limit as X approaches O from the left is given by

fim = -1

And the limit as X approaches O from the right is given by Iirg[x] =0.
X

The greatest integer function has a discontinuity at zero because the left and right limits at
zero are different. By similar reasoning, you can see that the greatest integer function has a
discontinuity at any integer n.

Example 4. Continuity on a Close Interval

Discuss the continuity of f (X) =+1—x?.

Solution :

(%11) plot2d([sart(1-x"2)],[x,-1,1]); F@ﬁ%ﬁ‘}ﬁﬁ FE5E ¢ plot2d([expr * x_range * options]) |
plot2d L Maxima [z [pi'Ei ] - maxima 7 EEH - @ S PP gunplot ARSI -

expr © KL BIAIIOEEE  SEHELVI= X FrEep

x_range * RL x WTORE > CIRE TR E x WORES w0 S5 y
IR R PP fﬁ:gy il > ;{ﬁ%nﬁ FIE{"JF&%@F{(I’EUJ\/] > P I@ {L_’E',I#F'[
Ex it B9 B R R R R A

options : fF’[;E[ wga;@ugliféjﬁj ) yp;&p’:@ga] ) %‘I[%ﬂﬂ B s ;g;ig[fJJ\/J~ ; ;\g@rrj. -

hray
— o
~

(%cl)



B gnuplot graph H=1E

sqrt(1-x*2)

-1 -0.5 0 0.5 1
-1.30000, -0.142105 X

(%12) fisqrt(1-xA2); [/ h — A V1= R Gl

(202) ~1-x°

(%i3) limit(f,x,-1);  [EIEGE £ © limit(C7E - fIEGese  als)] e e

VLR L- X o RGBT x o FE x BT

(%c3) O

(%oid) limit(f,x,1); IRt 0 c limitChAR=S > Rplvag o sl e f

T V1- X o RGBT x o B, x BT 1

(%cd) O

The domain of f 1is the closed interval [-1, 1]. As all points in the open interval (-1, 1),
the continuity of f follows from Theorem 1.4 and 1.5. Moreover, because

lim v1- x*=0=f (-1 Continuous from the right

pa— i

And



limv1-x*>=0=f() Continuous from the left

X-1

you can conclude that f is continuous on the closed interval [-1, 1], as shown in Figure
1.32.

Example 5. Charles’ s Law and Absolute Zero

On the Kelvin scale, absolute zero 1s the temperature 0 K. Although temperatures of
approximately 0.0001 K have been produced in laboratories, absolute zero has never been
attained. In fact, evidence suggests that absolute zero cannot be attained. How did
scientists determine that 0 K is the  “lower limit”  of the temperature of matter 7 What
is absolute zero on the Celsius scale ?

Solution *

(%i1) plot2d([0.08213¥T+22.43341[T,-300,150D; Bl 1 et * plor2d([expr -
x_range * options]) * plot2d £ Maxima FUAGHRE ] > maxima #REEEE > G )
LI gunplot T¢I - |

e ooV —22.4334
expr KL ORIV ag TRl ——— o 00821 FFECTRT

range * KL ORGSR DL X AR I 55 PP By
flF R AR PPN T }“ﬂi{gy gl > 755 at%f F Iﬁ*ﬁ;{ﬁ[glpﬂx > 3 JLFOI}FI
X PR lglfﬁ@g{rgl%%‘ﬁ@@ I Jm%@gmwﬂ

options ¢ fi-Hl " [AGIRGEEET » JIRSYIVETE » [FE I Ao -

e
— o
=

(%cl)



IR croplot zraph

35

30 |

25 |

20 |

15 1

10 1

0.08213"T+22.4334

5 -

0

-5 : : : : : : :
-300 -250 -200 -150 -100 -50 0 50 100 150

-359.350. -10.6842 T

The determination of absolute zero stems from the work of the French physicist Jacques
Charles (1746-1823). Charles discovered that the volume of gas at a constant pressure
increase linearly with the temperature of the gas. The table 1llustrates this relationship
between volume and temperature. The volume V 1s measured in liters and the temperature
T 1s measured 1n degrees Celsius.

T -40 -20 0 20 40 60 80

\ 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0038

The points represented by the table are shown in Figure 1.33. Moreover, by using the
points in the table, you can determine that T and V are related by the linear equation

V —224334
0.0821:

V =0.08213 +224334 or T =

By reasoning that the volume of the gas can approach O (but never equal or go below 0)
you can determine that the “least possible temperature” is given by
. .V —224334
limT = lim ———
Vo' v-o-  0.0821:

_0-224334
0.0821:

Use direct substitution.



= -27315.

So, absolute zero on the Kelvin scale (0 K) i1s approximately -273.15° on the Celsius
scale.

Example 6.  Applying Properties of Continuity

By Theorem 1.11, 1t follows that each of the following functions is continuous at every
point 1n its domain.

X% +1
COS X

f(X) =x+sinx, f(x)=3tanx, f(x)=

Solution :

The next theorem, which 1s a consequence of the Theorem 1.5, allows you to determine the
continuity of composite functions such as

F(x)=sin3x, F() =V +1, f(xX)= tan%.

Example 7. Testing for Continuity
Describe the interval(s) on which each function is continuous.

a. f(x)=tanx

sin xz0
b. g(x) =

;!
0, x=0

1
Xxsin—, X#0
c. h(x)= X

0, x=0

Solution *



a. (%il) fitan(x); /1T~ Fritan(x) > FEE A i
(50l) tan(x)

(%12) plot2d([f],[x,-2*%pi,2*%pi],[y,-5,5]); f@ [ilTE 1 fe@e ¢ plot2d([expr > x_range ° |
‘options]) > plot2d £L Maxima [IV5€7[ ﬁE ‘}p[ ik maxima ﬁLﬁT]JLHE* bA L gunp10t|

H @@@,m
expr * RLPRESHPVERG > IR HTRL tanGOFF BT

x_range © fL x GAORET. @il 'PW‘P RRE xR B ST Ry
R - IR TRy B ﬁ”J::F" VRIS T T ERA
X SIS PP y PORTR~S > BISt LHE‘?T[‘F' VR T =R AR LR
BEAHIR] -

options : 5 E1 IR » ISR - [HIFT RS 0 O] S

= °

plotZ2d: expression evaluates to non-numeric value somewhere in plot
(302)

|! znuplot graph

tan(x)

-6 -4 -2 0 2 4 6
5.44969, 4.35066 X




. ) ! 71 . .
The tangent function f(X) =tanx is undefined at X = > + N7, N isan integer.

At all other points it is continuous. So, f(X) =tanx is continuous on the open intervals

...,(—3—”,—5}(—5,5) (” 3”) ..as shown in Figure 1.34(a).
2 2N\ 2222

b. (%il) gisin(lx); /45 - E}‘[E‘(Tsin(%) g

1
i5ol) Sinﬁ—]
Iy

(%12) plot2d([g],[x,-2,2],[¥,-2,2]); L? [ TR ¢ plot2d([expr » x_range > options])
plot2d ! Maxima [AETIA'F 7] > maxima T EEH - f '*Aj [ PL gunplot gl [f!™ -

’ |

expr RS TURGRIGER » SEFULSInGD) Fi

x_range kL x IAQZE AR TS',?FFI PR X IR A i&lFﬁ}” FrEpEy
gl R PP T ‘F’[%\L_‘yij[ ) 5 ja»JrFA AR ﬁ?&iﬁﬁlp G iﬁ/IjﬁF[
X RIS P Ly fpo R -2~2 It R PR AE Ry
ATl

options : ?F Ed-pRe H{;{,hiﬂr‘*{ s PIFSPIBE T qga[ui/é FJ SRR SR

=5
== o

=~

(%o2)



IR croplot zraph

sin(1/x)
o

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
2.13680, 2.15895 X

Because Yy =1/X is continuous except at X =0 and the sine function is continuous for
all real values of X, it follows that y =sin@/X) is continuous at all real values except
x=0. At x=0, the limitof g(x) does not exist (See Example 5, Section 1.2). So, g
18 continuous on the intervals (-, 0) and (0, ), as shown 1n Figure 1.34(b).

c. (%il) hix*sin(1/x); /)5 E’}'[E}?x sin(%) ; E’}*@'fﬁiﬁwﬁrh
o[3)
(50l) =in|—|x

(%12) plot2d([h],[x,-2,21.y,-1,11); @il 53 it ¢ plot2d([expr » x_range » options]) °|
plot2d . Maxima f gt 1 1] - maxima #07E g - ¢ “Aj [ PL gunplot gl [f!™ - |

expr IO TR Sin€D) B

x_range © kLl x SRR BfE f? SRR HpE x AR g 25 PRy
flF R AEE o PN T ,Lyiﬁw 75 ﬁpjfpﬁﬁﬁii Fﬂ Ol T Lfy}F,
X SEHIZS PR y S aalal-1~1 > b9t Fhlerl o gerorss mlai e
ARl -



options : ﬁ;g[ﬂzﬁ@;@@y;g:g ,0D§R$U§E5}, Ewﬂngﬁij ,;QQUAK»} ,Qliq....;g‘

— o
S

(%o2)

|! znuplot graph
1
057
+><
=
- 0
=
L2]
-0.5
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2.29060, 0.828289 X

This function 1s similar to that in part(b) except that the oscillations are damped by the

) 1
factor X. Using the Squeeze Theorem, you can —|x| < XSIn; < |xl x# 0 and you can

conclude that lerrg h(x) = 0.

So, h is continuous on the entire real line, as shown in Figure 1.34(c).

Example 8.  An Application of the Intermediate Value Theorem

Use the Intermediate Value Theorem to show that the polynomial function
f(x) = x®+2x—1 has zero in the interval [0, 1].



Solution :  (%il) £xA3+2%x-1; /13~ [FEex® +2x =1 > FpEl €7 fie £

(301 x +2x-1

(%12) plot2d([f],[x,-2,2],[y,-2,3]); L@ [fil$E e - plot2d([expr » x_range * options]) |
plot2d L Maxima [ 4] > maxima Sl - f '3/\ 2 P=PU gunplot AGHIHT - |

expr © KL BIAHIIEEE  SEFEL X + 2x— L EepY

x_range kol x fIAVERS. &R F{' R HprE x Al dafid > 25 P

gl EE- FfE o O ? Eyi £ iﬁt%af”p Uﬁ&tﬁ rh[gﬂxj T L%I?F[

Xl SERIES P ) TS -2~3 0 b1 m@m i IR RG ER

WA

Optlons ?F‘ E OISR YRS qg[m/ﬁ'ﬁj S FREU ] GRS

plot2d: expression evaluates to non-numeric value somewhere in plot
(%o

|! znuplot graph

XM 3+2%%-1

-2 : : : : :
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-1.16609, 2.59375 X

Note that f 1is continuous on the closed interval [0, 1]. Because
f(0)=0°+20)-1=-1 and f(@)=1°+2@1)-1=2 itfollowsthat f(0)<O and



f (1) > 0. You can therefore apply the Intermediate Value Theorem to conclude that there
must be some € in [0, 1] such that f(c)=0 f has a zero in the closed interval [0, 1].

as shown 1n Figure 1.37.

1.4 Infinite Limits
Example 1. Determining Infinite Limits from a Graph

Use Figure 1.41 to determine the limit of each function as X approaches 1 from the left
and from the right.

IR croplot zraph

1(x-1)
o

-3 - - - -
-3 -2 -1 0 1 2 3
2.78576, 2.90329 X




IR croplot zraph

1(x-1)"2

-2
-2

2.65310, 4.23842

|! znuplot graph

-3
-2

-0.547384, 2.76395




IR croplot zraph

AN(x=-1)12

-3 - - - -
-3 -2 -1 0 1 2 3
-0.858721, 2.21063 X

Solution *

a. (%il) £:1/(x-1); /g~ %?E?“‘i » RS B P i f

1

(%o0l)

x-1

(%i2) 'limit(f,x,1);  [F]F 25 [P0 ) S BRIV > & maxima > 25 [}
\ﬁﬁ 1 HAE R maxima‘ﬂij‘ﬂ\fﬁiiﬁ%ﬁ?ﬁﬁ?“\
1

(%021 lim
x-1

=1

(%i3) limit(f,x,1); IR limit(Ch A fluage o w0 f A

e > 1 Cle=% 247 173 o 5 N
EBY A RGBT X+ L X T 1
X —

(%03) dnfinitv

. 1 . 1
im——=-o and lim—— =
x-1 x—-1 x-1" x -1



1

b. (%i4) f:1/(x-1)"2; /5~ AE L
(%i4) f:1/(x-1) i ifec (x=1)2

> A EPEL i f

1

(304)
(z-1)°

(%i5) 'limit(f,x,1); ‘“‘ Eifi& g7 r“@y%[ﬁ\fjgﬁ FUF‘ U T maxima o 2
\M e R T ' | » maxima fif 7 ﬁﬁﬁ%,“\

1

N

(%051 lim .

(%i6) limit(E,1); (I £ ¢ limitCAEY - ARG - ] /=] f e

. 1 o e o

Fo VR (x-1)? » MR x o FETEIE x HETAT 1
X_

(%06B) o

lim 5 = Limit from each side isoo

x-1(x=1)

C. (1) f-LieeL); Mt = RS = o P LT

1

(%o0l) -

-1

(%i2) 'limit(f,x,1); 71525 (76 2, E Sk T s = rj maxima > =y ']} {

[ AR T maxima i ¢ T
I T
1
(%021 - lim
-1

x—=1

%ﬁmmeu @H@w limit(hAE=S - RG> | /] £

Fl A — x  AIAREEEY x o AR x T ]

(%03) dnfinitv



.o -1 .o -1
im———=0o gnd lim—— =-
x-1" x =1 x-1" X =1

-1
(x-1°

d. (%il) £-1/(x-1)72;  Jftt— A= » HREF B

1
(%o0l) -

(x-1)°

(%i12) 'limit(f,x,1); ‘fjﬁﬁffy e R TR+ 7 maxima s B
‘%ﬁ&lﬂ ﬂﬁﬁ?ﬁﬁr[ﬁmpf T maxima mﬁjﬁgﬂlﬁxg?h‘
1

(%021 - lim
z
X%lfK—lj

(96i3) limit(f.x,1);  [FIEGE ) « mit( 7= - EGeny - a1

e ~ _1 o V= VAR ) [, — S —

t@wﬂW?( DZM@MM@mx’m@mX%ﬁﬂl
X_

(%031 —oo

. -1 o o

lim 5 =~ Limit from each side is — 0

x-1(x-1)

Example 2. Finding Vertical Asymptotes

Determine all vertical asymptotes of the graph of each function.

1
. f(x) =
& 1= 5
x? +1
b. f(x)=
9 x? -1

c. f(x)=cotx

Solution *

a. (%D EVQAHD);  EF i  FE e f

1
2(x+1)



(%0l) ——
Zix+1

(%12) plot2d([f],[x,-3,11,[y,-5,5]); L@ [fil$E e - plot2d([expr » x_range * options]) |
‘plot2dj§L Maxima Eifli“@‘q%ﬁ‘?ﬁ 7’ maxima 7 £ mﬁi‘f '3'\ F AL gunplot 5 6?3&5‘[ JI/4°|

con - L BRARIE 3L o R

x_range * kL x fHIpVEE fajal - F{' /H‘H R x iR > 25 PP
il B AR PP T ? Eyi £ ﬁ%af“ T Uﬁ&tﬁ rh[gﬂ\ T T L%I?F[
il RIS rﬁﬁaﬁay o AT-5~s - é@ﬁwm@p AR -

optlong }F[El LLpJ @uﬁ‘lhﬂf,H ) z/pvga@ ﬁﬁu ) [F[I %/ JFJ & wlkﬂﬁ\ , 3»'%@1- .

4#’

plotZ2d: expression evaluates to non-numeric value somewhere in plot
(302)

|! znuplot graph

1(2*(x+1))

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1
-0.660659, 3.04737 X




When X =-1, the denominator of f(X) = 18 0 and the numerator 1s not 0. So,

1
2(x+1)

by Theorem 1.14, you can conclude that X =-1 1is a vertical asymptote, as shown in

Figure 1.42(a).

2

b. (%11) N2+ DIxN2-1);  //EF— f}@\f ﬁ[@?fﬁﬁ”llfﬁ?f

(%12) plot2d([f],[x,-5,5],[y,-5,5)); L? [ T e plot2d([expr » x_range * options])
plot2d k. Maxima fi5é) {1 ] * maxima T Z g - f '*Aj [ PL gunplot gl [f!™ -

’ |

expr KLU EISHGIIRE SR
x_range : kl x flIVEE=. FIE! ﬁ[/ﬁ‘ﬂ e X AR B 25 it . J?F‘

FHIF R Al Z/LI%'JT?F}” Sy il = ﬁt%rﬁ’* AR *J%tﬁfglpﬂx T T LEﬁF[
X i lﬁ%giylr'ﬁ; &y AVAE-5~5 » LIt PR PR e %‘c?[ﬁl?ﬁ@pfﬁ@g’(
ARl -

options : }‘F El F[ng &gﬁliﬂf[ ) Z/Dw@\ﬂ JF}'FTE ) ug;[lﬂ/é ‘J'Fjj & ,.,’“g}LF[fJJ\,J\ , ;}5‘@?] -

=5
== o

=~

plot2d: expression evaluates to non-numeric value somewhere in plot
(%o



|! znuplot graph

(XM 2+1)(x"2-1)

2t
4t
-4 -2 0 2 4
0.680233, 4.32697 X
2 2
. . X +1 X“+1
By factoring the denominator as  f(X) = = you can see that the

x> -1 (x-D(x+1)
denominatoris 0 at X=-1 and X =1. Moreover, because the numerator is not O at these

two points, you can apply Theorem 1.14 to conclude that the graph of f has two vertical

asymptotes, as shown in Figure 1.42(b).

c. (%i1) ficotx); /[ FrEicot(x) » [k EFE R f

(%cl) cotix)

(%i2) plot2d([f],[x,-2#(%pi),2*(%epi)[y,-7,7);  péilit'$i1 1 %t = plot2d([expr - |
\X_range » options]) »  plot2d £l Maxima El@;@ﬁgﬁi}al[ maxima ,ﬁmjﬂjﬁﬁ e P\f\
I gunplot 7SI H7 - |

expr * KL RASHIVFRY A IR coted FHEIRT)

X_range - EL_ X gjlj[ﬁ’:jﬂgﬁi FulE - E,{/H\F[J N j[F[iL: X jIF[EmﬁE{‘ FaE > Z6 F[J [Hﬁ%: y
R B R PR Y B R G R T SR



X EEE RIS PTRLAGE y IESTR-7~T > b 39} e PR T = AR T
A -

options : 31H LAURGTRIEE » YIRS o ISFTRL S0 SIS

=~ °

The number 0.0 i=n't in the domain of cot

plot2d: expression evaluates to non-numeric value somewhers
(%o

I! znnplot graph
: : : : : — [
6 L 4
4 L 4
2 L 4
x
=5 0
(&
2t 1
4t 1
6| 1
-6 -4 -2 0 2 4 6
6.81470, 7.55632 X
.. . COSX
By writing the cotangent function in the form f(X) = cotx = pree

You can apply Theorem 1.14 to conclude that vertical asymptotes occur at all values of X
such that sinx=0 and cosx # 0, as shown in Figure 1.42(c). So, the graph of this
function has infinitely many vertical asymptotes. These asymptotes occur when X =nn,

where N 1s an integer.

Example 3. A Rational Function with Common Factors

in pleot



x? +2x-8

Determine all vertical asymptotes of the graph of f(X) = 724

Solution * (%il) f:(x 24+2%x-8)/(x"\2-4);  //H:F—~ 1}5( 2X 8 * FFEE £ L f

KZ+2;{—8
(50l) ———m

x2—4

(%12) plot2d([f],[x,-4,3],[y,-3,5]); L@ [fl$E 7 @ © plot2d([expr » x_range * options])
plot2d L Maxima fi A 71 7] > maxima ﬁh*ﬂ[lﬁﬁi‘f BAj P~ gunplot FAErIIHT -

)

expr * RO RGO LS

x_range © kLl x §IfCEER BfE ﬁ[/ﬁ‘fl R X IR > 2y PRy
gl R PP T ?FILYH;E" e ja»Janl ﬁ?&{ﬁ[g SRR S Lgifﬁ
XA RS ALy SIPVERR-3~5 - p L9 e pVRRR T s e AR
AR -

options © §57 1 < IURIEETI - ISR [T RL €7 0 SO A

=~

plotZ2d: expression evaluates to non-numeric value somewhere in plot
(302)



|! znuplot graph

(X"2+2"x-8)/(x"2-4)

0
At
ot
3 :
-4 -3 -2 -1 0 1 2 3
-4.80039, -4.13684 X
. X?+2x-8 . L
(%i3) £:(xA2+2%x-8)/(x"2-4); [/~ JUIE?“ﬁ. s THFEFY L [ £
KZ +2 x-8
(%03) —mM8M8
2':2 -4

(%id) limit(Fx,-2); IS 1 mit D7E= o Rylbegy a1 £ Egj e
X>+2x-8

BV AT = GGG x o B x 02
X —

(%04d4) dnfinity

Begin by simplifying the expression, as shown.

(x) = X*+2x-8  (x+4)(x-2) _x+4
T x2-4  (x+2)(x-2) x+2’

X% 2

Atall X-values other than X =2, the graph of f coincides with the graph of
g(x) =(x+4)/(x+2). So, you can apply Theorem 1.14 to g to conclude that there is a

vertical asymptote at X =—2, as shown in Figure 1.43. From the graph, you can see that



. x®’+2x-8 . x®’+2x-8
im =—=" “=—-w and lim =—"" "=
x--2  x?-4 x--2*  x?2-4

Note that X =2 1s not a vertical asymptote.

Example 4. Determining Infinite Limits

Find each limit.

x? —3x . X2 =-3x
n

Solution : (%il) f:(x2-3*x)/(x-1); //H5 ﬁ[QF » EFe € L
XZ -3 x
(%cl) ———
-1

(%12) plot2d([f],[x,-4,6],[y,-6,6]); L@ [fl$E 7 @ - plot2d([expr » x_range * options])
plot2d L Maxima fi A 71 7] > maxima ﬁh*% mﬁi‘f "Aj P~ gunplot FAErIIHT -

)

2

expr  RLIEISAGIIIEET + ERL

1 PR

x_range * kbl x §IIVEE R ﬁq?ﬁﬁ PR X IR B 25 I'FEJ“JFI’ Mty
R AT O PRy Bl at%sﬁ FIE ﬁ?&iﬁ[g[p G - ERHR
T X xﬁFE‘IMFEHﬁEy A EATE-6~6 > DI FRECTIPARRL o2 BT ) CpRRLE
AR -

options : }‘F[i[?[ VLL’FK’J;\@H%IETE ) i/[l;ﬁLF]fjﬁ%]ﬁ] ) [”]%//F FJ e "IM[ U] ;&fﬂ cee ST

=~

plotZ2d: expression evaluates to non-numeric value somewhere in plot
(302)



|! znuplot graph

6

-4 -2 0 2 4 6
-2.97093, 5.38816 X

x% —3x

(%i3) f:(x"2-3%x)/(x-1);  //E b — A » A AL f

(%id) limit(f,x, 1) [E1FES FIE o B s e maxima > 25 P
R T VRO T maxima i T T A

(%o04) lim

=1

(%i5) limit(Fx, 1); (G- limith A - RpIEG@gy - mea| //if] £ Ees
x? —3x
x=1

= SURT 5 RGBT x o FEET x T 1

(%03) dnfinity

Because the denominator 1s O when X =1 (and the numerator 18 not zero), you know that



x? —3x

the graph of f(X) = has a vertical asymptote at X =1. This means that each of

the given limits is either o or —oo. A graphing utility can help determine the result.
From the graph of f shown in Figure 1.44, you can see that the graph approaches oo

from the left of X =1 and approaches —oo from the right of X=1. So, you can

2

. X =
conclude that lim 1 =00 The limit from the left is infinity.
x-1 X —
X =3x o
and lim 1 = —o00, The limit from the right is negative infinity.
x-1" X —

Example 5. Determining Limits

. 1 .
a. Because lim1l=1 and lim— =0, you can write
X-0 X-0 XZ

. 1
lim :|.+—2 =00, Property 1, Theorem 1.15
x-0 X

=31 £ 5

(%i1) Limit(1+1/x72,%,00;  [FpIGE 5 @ limit(HAE=Y > FylRGagy  mfi)
T R L ISR x AL X TR O
X

(%ol oo

b. Because Iir?(x2+1):2 and Iirrl1(cotnx):—00, you can write
X— X

X%+l
lim =0. Property 3, Theorem 1.15
x-1" COl 7X

(%i1) Timit((A24+1)/cot(Topi)x),x,1); I 1 limit WA= iy #fal)]

2
[ T L2 — RN X +1
I £ R A R
col 7K

s AyFSASET Y x o ATEEL x BT

(%c0l) O

c. Because lim3=3 and lim cotx=o0, you can write

X-0 X-0



lim 3cotx = o, Property 2, Theorem 1.15
x-0"

1= £

(%il) limit(3*cot(0),x,0) U4 ¢ limit(hAREEY - Avagy - i)
B A Beotx o AIEAREL T x o EERILT x BETH 0

(%0l) dnfinitwv



